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Simultaneous Measurement of Ionization and Attachment Coefficients* 


MELVIN A. HARRISONT AND RONALD GEBALLE 
Department of Physics, University of Washington, Seattle, Washington 
(Received March 4, 1953) 


Measurements have been made of pre-breakdown currents in four gases: oxygen, air, freon-12 (CCl:F2), 
and CF;SF;. The behavior of these currents differs from that previously attributed to all gases in that 
semilogarithmic graphs of current against electrode separation at constant E/p exhibit initial curvature, 
being concave toward the electrode separation axis. At low E/p an apparent saturation is found. This 
behavior is interpreted as resulting from a reaction of dissociative attachment of the kind AB+e=(AB~)* 
=.1+B~. On this basis simultaneously determined values of the ionization and attachment coefficients 
can be deduced. In oxygen and air these parameters, when determined from separate experiments, show a 
somewhat anomalous behavior. The apparent anomalies are explained with the result that ionization is 
found to commence at lower, and attachment persist to higher values of E/p than previously suspected 
In freon-12 and CF;SF; it is found that the ionization coefficient is about an order of magnitude larger 
than reported for similar gases when no account is taken of possible attachment. The attachment coefficient 
is observed to be larger for halogen-containing molecules than for the same halogens when free. Cross 
sections for attachment are computed for oxygen and air. Dependence of the cross sections on mean electron 
energy is discussed with reference to energy scales in these two gases 


INTRODUCTION tion coefficient a is the mean number of ionizations per 
cm in the field direction produced by electron collision. 
Although in complex gases more than one type of 
ionizing process may occur, no attempt has been made 
as yet to separate out the corresponding contributions 
to a. At large separations, as is well known,’ significant 
deviations from Eq. (1) are observed. These are 
explained in terms of secondary ionizing processes 
which take place at the cathode or within the body 
of the gas. Such processes cause a more rapid increase 
of current with electrode separation than is indicated 
by Eq. (1) and are essential to the occurrence of 


W* have reported previously! on simultaneous 
measurements of the ionization and attachment 
coefficients in oxygen. Since that time two additional 
papers?* describing measurements of attachment in 
oxygen have appeared, and we have extended our 
procedure to air, CCl,F2 (freon-12), and CF;SF;. It is 
the purpose of this paper to relate in more detail the 
method we have employed, to present our results in 
these gases, and to discuss these results in comparison 
with those of other workers. 

Following Townsend‘ it has been generally assumed 
that the current in a pre-breakdown discharge between 
plane parallel electrodes is described for sufficiently 
small electrode separation by the familiar equation, 


breakdown. 

In complex gases and in those containing electro- 
negative atoms other reactions result from electron 
collision. Ions which are produced in such processes 
affect the density of current carriers in a manner quite 
different from the ionization processes described above. 
Many types of ion-producing reactions have been 
observed, principally through the use of mass spectro- 
graphs. At present we confine ourselves to three, 


i= ige*?, (1) 


where 7 is the total current, 7p the initial electron current 
at the cathode, d the electrode separation. The ioniza- 


* Supported in part by the U. S. Office of Ordnance Research. 
t Now at Seattle Pacific College, Seattle, Washington. 

'R. Geballe and M. A. Harrison, Phys. Rev. 85, 372 (1952). 

* A. Doehring, Z. Naturforsch. 7a, 253 (1952). 


‘P. Herreng, Cahiers phys. 38, 7 (1952). 
‘J. S. Townsend, Nature 62, 340 (1900). 


5L. B. Loeb, Fundamental Processes of Electrical Discharge in 
Gases (John Wiley and Sons, Inc., New York, 1939), Chap. IX. 
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Fic. 1. Typical variation of Ini with d in oxygen at 11.2 mm 
pressure. Each curve gives the results of a run at constant E/p. 
Data are normalized to the same ip. Solid curves are drawn from 


Eq. (5). 


designated as follows: 

(A) Direct attachment, AB+e=AB 

(B) Dissociative attachment, A B+e= (AB-)*=A+B-. 
(C) Dissociation into ions, A B+-e= At+ B-+e. 


We assume that at a given value of mean electron 
energy, characterized by the experimental parameter 
E/p, where E is the field strength in volts/cem and p 
the pressure in mm of mercury, one of the reactions 
predominates and the others can be neglected. Further- 
more we permit only those electrode separations which 
are small enough that secondary ionizing processes of 
the kind leading to breakdown have no appreciable 
effect. Focusing our attention on reactions of the types 
A and B, we describe the attachment process by a 
parameter » which we define in analogy to a@ as the 
mean number of attachments per cm of drift in the 
field direction. In order to find the current which flows 
when this process and ionization by collision occur 
simultaneously, we make use of equations of continuity 
as follows: 


(2) 
(3) 


On,/OL4-V.ON-/ OX = AVM e— NVeMNe, 


On, /OL+-0,ON, /OX= AVMNg, 
On_/Ot+v_On_/Ox= NUN. (4) 


In these equations the subscripts e, +, and — refer, 
respectively, to electrons, positive ions, and negative 
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ions, while » means numerical density, and v stands for 
drift speed in the gas. The steady-state solution for 
the total current, with suitable boundary conditions, 
is found to be 


i= iol aw ‘(a—n) | exp[ (a— n)d ]—ton ‘(a—n), (5) 


as previously given. When reaction C predominates, 
the appropriate equations have the solution 


(6) 


where A is a coefficient describing the rate of reaction 
C in the same manner that 7 describes the rates of A 
and B. Solutions can be readily written down for 
situations in which reactions B and C occur together 
and in which secondary ionization processes described 
by the usual coefficient y are present as well, but these 
are of no present concern. 

Ordinarily a is measured by determining the slope of 
a semilogarithmic graph of i against d, on the assump- 
tion that Eq. (1) is correct.‘® Experimental evidence 
indicates that this is valid procedure for a large number 
of gases. It has also been applied to gases in which 
reactions of types A, B and C are known to occur.7'* 
Now semilogarithmic graphs of Eqs. (5) and (6) are 
distinctly nonlinear. However if a is much larger than 
n and/or A, the deviation from linearity will be difficult 


i= tof. (a+ ) a@ ] exp (ad) — 10A, a, 
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Fic. 2. Typical variation of Ini with d in air at 60 mm pressure 
with normalized ip. Solid curves are drawn from Eq. (5). Multipli 
cation is much greater than in oxygen because of the smaller at 
tachment rate. 


® Reference 5, Chap. VIII. 

7B. M. Hochberg and E. J. Sandberg, Compt. rend. acad. sci. 
U.R.S.S. 53, 511, (1946). 

8K. Masch, Arch. Elektrotech. 26, 587 (1932). 
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to observe. A similar ‘Jifficulty occurs when the range 
of d is limited to large values, even if @ is only slightly 
larger than 7. In this event the additive terms in the 
equations are negligible, and the coefficient actually 
deduced will be a—»n. If d, because perhaps of instru- 
mental limitations, is confined to small values (a few 
mm), the deviation again will be hardly apparent. 
The slope of a straight line drawn through the experi- 
mental points in this case will have no simple interpreta- 
tion. It is apparent from this discussion that only if an 
extensive range of d is covered by experiment can the 
extent to which attachment and dissociation affect the 
discharge current be fully determined, and true values 
of the coefficients deduced. 


APPARATUS AND PROCEDURE 


The electrodes are polished copper disks 9 em in 
diameter, with contoured edges. The anode is perforated 
at its center with about 400 holes within a circle of 
2cm diameter, and is rigidly mounted to the Pyrex 
vessel. A carefully made nut and screw with 40 threads 
per inch permit the cathode to be separated any distance 
between 0 and 4cm through the agency of an iron 
armature which can be rotated by an external magnet. 
Ultraviolet light is admitted through a quartz window 
directly above the anode and falls normally on the 
cathode. The light intensity is monitored by a photocell ; 
occasional adjustment of the load resistor is necessary 
to maintain sufficient constancy. The Pyrex vessel is 
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Fic. 3. Typical behavior of In i in freon-12 at 6.5 mm pressure 
for various values of E/p. Solid curves are drawn from Eq. (5) 
Curvature is much more pronounced than in oxygen or air due to 
the very large attachment coefficient. 
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Fic. 4. Typical variation of Iné with d in CF;SF; at 4.4 mm 


pressure. Solid curves are drawn from Eq. (5). The saturation at 
low E/p is particularly apparent here. 


made from a 5-liter flask and provides a minimum 
clearance of 4.5cm. A coating of Dag on the interior 
wall of the vessel insures an equipotential boundary. 
Connection of this coating to a voltage divider permits 
adjustment of the wall potential. It was found possible 
to keep current diffusing to the wall less than 1 percent 
of the total even at the greatest electrode separation. 

The vessel and electrodes have been thoroughly 
cleaned and baked at temperatures exceeding 400°C in 
vacuum and an atmosphere of hydrogen for several 
hours whenever it appeared desirable. Occasionally 
when either the electrodes became visibly coated or the 
initial photocurrent was found to be smaller than 
normal, the electrodes were removed and mechanically 
cleaned, and the baking process was repeated. The 
apparatus has not been used unless a pressure of less 
than 10->mm of mercury could be maintained for 
several hours in the closed-off vessel. 

In order to be sure that the effects to be reported 
were not instrumental, measurements were also made 
in two gases, hydrogen and nitrogen, which are free 
of any reactions involving ions except ionization by 
collision.*-" Semilogarithmic graphs of current were 


% Mass spectrographic investigations have produced no evidence 
for the existence of N~ or Nz” (see references 10 and 11). H~ has 
been reported in very smal! amounts (see references 12 to 14) but 
no estimates of the cross section for its formation are given. The 
present apparatus would have detected a process with a mean 
cross section of 1072! cm?. 

Tate, Smith, and Vaughan, Phys. Rev. 48, 525 (1935). 

J. T. Tate and W. W. Lozier, Phys. Rev. 39, 254 (1932). 
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4 , linear within the accuracy of the measurements, except 
that under certain conditions a slight concavity to the 
electrode separation axis was noted at separations less 
than three turns of the screw. This effect was found as 
well when the photocurrent was measured in vacuum. 
Similar observations have been reported!® and explained 
in terms of the reflection of light back up through the 
holes in the anode. The effect seems definitely correlated 
with the degree of parallelism of the electrodes; when 
they are visibly nonparallel, no concavity is observed 
Hochberg for these gases. It has been found possible to correct for 
and Sandberg this effect, utilizing the results of vacuum measure- 
ments. The correction is about 3 percent at one turn, 
1 percent at three turns. 
\ Attempts were made to obtain considerable purity 
Masch and - of all the gases used. Hydrogen was admitted through 
Sanders . . Pie sy ak 
‘ a palladium thimble, and in addition other samples of 
tank hydrogen were passed slowly over hot copper and 
through a liquid nitrogen trap. Behavior of hydrogen 
treated in these various ways was identical. Nitrogen 
for use in measurements was generated by decomposi- 
——— ‘ 4 . 7. tion of NaN;, and was passed through a liquid nitrogen 
15 20 25 30 35 40 4 50 trap. Oxygen was produced in three ways: by de- 
Pye mmx cm/volt x 103 composition of Hg0, KMnQ,, and MnOz, with suitable 
liquid nitrogen traps to remove impurities. Again no 
wn Sharation of ioniatio coeicient with P/E for omg” difference among them could be detected. Air from 
present work. For a discussion of the other curves see text. outside the laboratory was filtered through a plug of 
glass wool and passed through a liquid nitrogen trap. 
Or Freon came from a commercial cylinder and was 
distilled in vacuum several times before admission from 
FREON-I2 a trap cooled to the temperature of liquid nitrogen. 
6.5mm CF;SF; obtained from the Department of Chemistry'® 
° 10 mm was purified in the same manner as freon. Gas 
— pressures were measured with a mercury manometer. 
During all manipulations except admission of the last 
two gases a liquid nitrogen trap served as protection 
against mercury contamination. Subsequent checks 
indicated that no detectable contamination was 
admitted in these latter operations. Samples of all gases 
were changed frequently. At no time was there evidence 
that a gas had altered its properties while measurements 
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were being made. 

High voltage was supplied by a regulated negative 
supply, and was read with a calibrated resistor and a 
potentiometer. lonization currents were passed through 
one of a set of calibrated resistors which were frequently 
checked against each other. The potential drop across 
the resistor in use was read with a Dolezalek electrom- 
eter. Electrode separations were determined by counting 
4 . 1 1 1 revolutions of the screw. Current measurements were 
6 8 10 12 14 «= 6 made for varying separations at constant E/p. The gas 
was never permitted to break down. At sufficiently 
large &, p, when the electrode separation was increased 

Te Se ‘ igati e ie ry £- re, ) 2. . 

Fic. 6. Variation of ionization coefficient with p/E for treon-12— tg more than about 2 cm, a conditioning of the cathode 
and CF;SF;. Solid curves are drawn by inspection through data of 
the present work. For discussion see the text. = ey ee : , or 

oA sa ‘6A. A. Kruithoff and F. M. Penning, Physica 3, 515 (1936) 

2 W. W. Lozier, Phys. Rev. 36, 1417 (1930). 16 Gene A. Silvey and George H. Gady, J. Am. Chem. Soc. 72, 

‘SH. D. Smyth and D. W. Mueller, Phys. Rev. 43, 116 (1936). 3624 (1950). We wish to thank Dr. Silvey and Professor Cady for 

4Q. Tiixen, Z. Physik 103, 463 (1936). supplying this compound, 
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surface appeared to take place which affected the 
initial photocurrent. To eliminate this effect, measure- 
ments in this range of Ep were carried out at either 
reduced pressure or reduced light intensity. 


DATA 


Samples of data obtained in the gases are shown in 
Figs. 1 to 4. The;solid curves in these figures are 
computed from Eq. (5). By a careful curve-fitting 
procedure values of a@ and 7 can be found from each 
curve. The procedure fails when at low E/p it is found 
that »>a, and the current hardly rises above io. At 
high E/p the magnitudes of » and a@ are reversed, the 
curvature is slight, and while a can be determined 
with considerable accuracy, » cannot. 

It can be seen that a straight line drawn through the 
points for separations of greater than one cm will pass 
reasonably close to all of them, and the deviations could 
be taken for experimental scatter. A straight line could 
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Fic. 7. Dependence of attachment coefficient on F/ p for oxygen. 
Solid curve drawn by inspection through present data. Comparison 
data are given directly in reference 24 but have been computed 
from the results of references 2, 3, and 23 as discussed in the text. 


similarly be drawn through the points, say, between 
0.2 and 0.8 cm. Neither of these gives the correct @ in 
the region of E/p where detectable curvature exists. 

Data of this nature were taken in oxygen at pressures 
(measured at 20°C) from 11.2 to 40.3 mm; in air, from 
40 to 80 mm; in freon-12, from 6.5 to 20 mm; and in 
CF;SF;, at 4.4 and 6.1 mm. During a run at constant 
E/p individual points, particularly those at small 
separations, were repeated to check their reproducibil- 
ity. In each gas the range of E/p extended throughout 
the region of applicability of the method for these 
pressures. 

RESULTS AND DISCUSSION 
1. Measurement of a pf and n/p 


Several factors have led us to base our analysis of 
the curves on Eq. (5) rather than Eq. (6). Important 
among them is the apparent saturation exhibited by 
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Fic. 8. Dependence of attachment coefficient on E/p for air 
Solid curve again drawn by inspection. Scatter is greater than for 
oxygen because of the smaller curvature in Fig. 2. Compar 
ison curve computed from the results of reference 23. The consider 


able difference in magnitude has as yet no explanation. 


curves of Figs. 1 to 4. Such behavior is consistent only 
with the first of these equations. Furthermore in oxygen 
and in many complex gases it has been found that 
reactions of type B appear at electron energies of but 
a few volts,'’~” whereas those of type C require more 
than ionization energy. Since dissociative attachment 
results from resonance capture of an electron, the cross 
section for this process can attain large values; e.g., a 
maximum of 107'® cm? has been reported recently for 
Sk. Under conditions of the present experiments 
where ionization is just assuming a dominant role it 
seems quite unlikely that C should occur to an appreci- 
able extent. 

On this basis Fig. 5 shows values of a/ p found for 
oxygen and air plotted against p/E. This scale of 
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Fic. 9. Behavior of the attachment coefficient with #/p in 
freon-12 and CF;SF;. Curves are drawn by inspection. Scatter in 
the CF;SF;s is principally because these were the first data to 
be taken 

17 W. W. Lozier, Phys. Rev. 46, 268, (1934). 

18R. F. Baker and J. T. Tate, Phys. Rev. 52, 683 (1938). 

19 R. H. Vought, Phys. Rev. 71, 93 (1947). 

*” A. J. Ahearn and N. B. Hannay, J. Chem. Phys. 21, 119 
(1953) 
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abscissas is chosen because it produces for many gases 
a nearly linear graph. The solid curves are drawn by 
inspection. Included for comparison are results of other 
investigations.® 7!” It should be noted that the measure- 
ments of Masch* and of Hochberg and Sandberg” 
were made with separations between 0.2 and 0.8 cm, 
while Sanders™ did not extend below one cm. The first 
of these authors remarked on the probable effect of 
attachment on his oxygen data but did not analyze it. 
In air, where the effect of attachment is considerably 
diluted, curvature of the semilogarithmic graphs is 
slight for all E/p. Agreement between results of the 
quite different measurements of Masch and Sanders in 
this gas is readily accounted for by this circumstance. 

There are no published data with which to compare 
the curves of Fig. 6 directly. Hochberg and Sandberg’ 
have given values of a/p in several complex gases con- 
taining electronegative atoms, measured with separa- 
tions of less than one cm. In agreement with their work 
and consistent with the high dielectric strength of such 
gases we find the net electron multiplication to be 
appreciable only at values of E/p considerably larger 
than for simple gases. The magnitude of a/p however is 
larger by about one order than reported by these 
authors. 

Figure 7 shows the behavior of the attachment coeff- 
cient deduced for oxygen, reported in part previously.' 
Included for comparison ate results of earlier investiga- 
tions”: as well as two recent studies.?* As not all of 
these authors presented their results in this form, it has 
been necessary to recalculate the coefficient making 
use of appropriate auxiliary data. In this form these 
curves represent as nearly as possible the original data, 
independent of computations involving drift and 
random speeds. Since their data up to the present have 
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Fic. 10. Mean cross section for attachment in oxygen plotted 
against mean electron energy. All curves are calculated from 
those of Fig. 7 using the auxiliary data of reference 29. 


1 F, H. Sanders, Phys. Rev. 41, 667 (1932); 44, 1020 (1933). 

 B. M. Hochberg and E. J. Sandberg, J. Tech. Phys. (U.R.S.S.) 
12, 65 (1942). 

%N. Bradbury, Phys. Rev. 44, 883 (1933). 

™R. H. Healey and J. W. Reed, The Behavior of Slow Electrons 
in Gases (Amalgamated Wireless, Sydney, 1941), p. 94. 
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been interpreted only in the light of an attachment 
process, incipient electron production has appeared as a 
falling off of the attachment coefficient. It is in the 
region where a/p and n/p are of comparable magnitude 
that three of.their curves exhibit a sharp decline. 

Figure 8 presents the attachment coefficient in air 
and, for comparison, that deduced from Bradbury’s 
paper.” It will be neted that the magnitude of the 
coefficient is considerably less than in oxygen. It is 
expected that it be less in approximately the ratio of 
the mole fractions of oxygen in the two gases, in other 
words, that the peak in air should be about 0.02 
attachments per cm per mm. It seems reasonable that 
such a value would be attained at higher E/p than could 
be reached by the present apparatus. The positive 
slope over most of this curve as contrasted with the 
negative slope observed in oxygen is attributed to the 
differing energy scales of the two gases. Our data seem 
to indicate, within the precision of the method, a slight 
upturn below E/p=30. We are hesitant about the 
validity of this feature, particularly since the curve 
should in some manner join that of Bradbury. Whereas 
in oxygen, the coefficients measured in other researches 
rise to a magnitude comparable with that found in 
the present work, this is by no means true in air. For 
this we have as yet no explanation. 

In Fig. 9 are given the attachment coefficients for 
freon-12 and CF,;SFs; as functions of E/p. Their 
magnitudes are comparable with that reported for 
iodine,” and considerably larger than that found in 
chlorine*® or expected for fluorine. The data in CF;SFs, 
which were taken early in the work show considerable 
scatter, and the curve is sketched only to indicate a 
possible behavior for this gas. The large magnitude of 
n/p in these substances might reflect the possibility for 
multiple reactions of type B. Here again it is apparent 
that the large probability for attachment could cause 
a serious underestimate of the rate of electron 
multiplication. 

It is of some interest to point out that in the range of 
pressures employed no dependence on this parameter 
has been detected for any of the gases studied. 


2. Dependence of Mean Cross Section 
on Mean Energy 


In oxygen and in air it is possible to make further 
calculations. Auxiliary data exist from which the 
variation of mean cross section for negative ion produc- 
tion can be correlated with mean electron energy. The 
cross section is related to n/p by the equation o= (n/p) 
X (v./c)(1/no), where mo is the number of molecules 
per cm’ at a pressure of one mm of mercury, 2, is the 
drift speed of the electrons, and c their mean speed of 
agitation. The mean energy is obtained from diffusion 
measurements in a manner due originally to Townsend.”” 


% R. H. Healey, Phil. Mag. 26, 940 (1938). 
26 V. W. Bailey and R. H. Healey, Phil. Mag. 19, 725 (1935). 
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Several sets™.’”7-® of data of this kind in oxygen and 
air have been reported, with considerable discrepancy 
among them. The discrepancies are relatively unimpor- 
tant in the calculation of cross sections, as only the 
ratio-of the above speeds enters; hence the magnitudes 
of o are probably correct in the two gases. As the energy 
scales (variation of mean energy with E/p) reported 
by these authors differ widely, it has been necessary to 
adopt one for each gas on an almost arbitrary basis. 
In the case of oxygen the data of Brose” have been 
used. Townsend and Tizard” present the most complete 
data for air, but the recent work of Huxley and Zaazou™ 
is probably more reliable. Since the latter authors give 
no data for E/p> 25, an extrapolation has been made. 

Results of these computations are given in Figs. 10 
and 11, for the cross sections compiled from our results 
and, for comparison, the work of the other investigators. 
All curves have been plotted using values of n/p from 
Figs. 7 and 8 and with auxiliary data as indicated in 
the previous paragraph. In oxygen the maximum 
agrees in magnitude with the estimate of Massey, 
80X10-" cm? for the type B reaction, if one recalls 
that the present value is an average over the energy 
distribution. Since this author’s estimate of the (un- 
averaged) cross section for the type C reaction is smaller 
by a factor of almost 4, additional weight is added to 
the reasons for adopting B as the principal process. The 
maxima in oxygen and air again should be nearly in 
the ratio 5:1, deviation from this value being caused by 
differing energy distributions. Present data are not 
inconsistent with this conclusion. The increase of cross 
section as the mean energy approaches thermal values 
has been attributed to a reaction of type 4.*"~* The 


27 J. S. Townsend and H. T. Tizard, Proc. Roy. Soc. (London) 
A87, 357 (1912); A88, 336 (1913). 

28 J. S. Townsend and V. A. Bailey, Phil. Mag. 42, 873 (1921). 

2” H. L. Brose, Phil. Mag. 50, 536 (1925). 

® L. G. H. Huxley and A. A. Zaazou, Proc. Roy. Soc. (London) 
A196, 402 (1949). 

31 F, Bloch and N. Bradbury, Phys. Rev. 48, 689 (1935). 

% M. Biondi, Phys. Rev. 84, 1072 (1951). 

3H. S. W. Massey, Negative Ions (Cambridge University Press, 
Cambridge, 1950), second edition, p. 72. 


aithigp a 


oa 


L3¢ 





154] 


AIR 


~N w > 


CROSS SECTION IN CM? x 102° 


Bradbury 


s 








s 


° 


‘Meat ei — 5 
MEAN ENERGY IN VOLTS 





Fic. 11. Mean cross section for attachment in air plotted against 
mean electron energy. The scale at the bottom refers to the work 
of Townsend and Tizard. That at the top is due to Huxley and 
Zaazou, although energies above 6 volts are obtained by ex- 
trapolation. 


peak found at somewhat higher energy by several 
workers (see Fig. 10) has been correlated with a level 
of the oxygen molecule at 1.62 volts.4-™ Inelastic 
collisions at this energy, it has been suggested, return 
electrons to the very low energy region where they are 
captured by reaction A. Hagstrum*® and_ others,'’ 
however, have shown that reaction B has an appearance 
potential of 6 volts and a peak probability at 8 volts. 
The previously mentioned estimate for the height of 
this peak (80 10~” cm?) provides sufficiently well for 
the presently observed maximum to indicate that 
dissociative attachment is responsible in large part for 
the observed behavior of the oxygen. Since the excita- 
tion function for the 1.62-volt level is presently un- 
known, the contribution of this “reflection” process 
cannot be estimated. 

The authors wish to acknowledge helpful comments 
by interested friends, in particular those of Professor 
L. B. Loeb of the University of California. 


* TD. R. Bates and H. S. W. Massey, Trans. Roy. Soc. (London) 
A239, 269 (1943). 
35H. D. Hagstrum, Revs. Modern Phys. 23, 185 (1951). 
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\n integral expression for the electrical conductivity of thin films in a longitudinal magnetic field is de 
rived by an analysis of free electron trajectories in the film. This is evaluated in the limit of strong magnetic 


fields 


irallel electric and magnetic fields will follow a 
helical trajectory with the axis of the helix parallel to 
the field. The projection of an element of the helix in 
the plane normal to the axis is an arc of a circle. If p 


[' is well known that a free electron moving in 
pi 


is the arc angle in the plane normal to the axis, then the - 


arc length of the element of the helix is ro, where ro is 
the radius of curvature of the electron path in a plane 
normal to magnetic field 1] (ro>=mvc/eH). The radius 
of curvature in the plane normal to the axis of the helix 
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Fic. 1. Projection of an electron trajectory in the plane normal 
to the field direction, and geometric construction to obtain Y; 
O<w<r. 


* Contribution No. 215 from the Institute for Atomic Research 
and Department of Physics, Iowa State College, Ames, Iowa 
Work was performed in the Ames Laboratory of the U. S. Atomic 
Energy Commission 


is r=ro sind, where 6 is the angle made by the electron 
velocity and the field direction. 

Chambers! has shown that if one assumes diffuse 
scattering by the walls, the conductivity o of a thin 
metal sample in a longitudinal magnetic field may be 
expressed by 


o 3 2n ® 
=1-— fasf do f dé sind cos*e~¥"", (1) 
dy 4 S 0 0 


where gy is the bulk conductivity, S is the cross-sectional 
area normal to the field direction, and | is the mean 
free path. w is the angle between the projection of the 
velocity vector in the plane normal to the field and some 
fixed direction in that plane, dS is the differential cross- 
sectional area which includes the projection of the 
electron position in this plane, and y is the angle of arc 
in this plane which a trajectory has traversed since 
striking the wall and is, in general, a function of 6 and 
w as well as of position. The term to be integrated 
represents the effect of the shortened free path for 
those electrons which collide with the walls of the 
sample. 

Chambers! evaluated Eq. (1) for thin wires in a 
longitudinal magnetic field by using geometric argu- 
ments. We use similar arguments for the conductivity 
of thin metal films in a longitudinal field. 

For thin films dS/S can be replaced by dX (7, w, y)/a, 
where X(r, w, y) is the perpendicular distance from the 
film wall to the electron position and a is the film thick- 
ness. Figure 1 shows the geometrical construction which 
gives X=r[cos(w—y)—cosw]. If the trajectory is 
shifted to the right, then, for a given w, W increases; 
shifting the trajectory to the left will decrease y. By 
differentiation we obtain, for a given value of w, 


dS/S=dX/a=r sin(w—y)dy/a. (2) 


By symmetry the scattering effects will be the same 
for both walls. We need only deal with one wall and 
multiply the integrand by two. Similarly we have sym- 
metry for the effects of the polar angle 5, so we integrate 
between the limits zero and 2/2 and multiply by two. 
Equation (1) then becomes 


0 3ro wis 
=1|- f d6 sin*6 cos*6A (6), 


oo Td 


(3) 


'R. G. Chambers, Proc. Roy. Soc. (London) A202, 378 (1950). 





CONDUCTIVITY 


10)=f tu f ay sin(w—pe vr! 


To establish boundary conditions for the p-integra- 
tion we distinguish two cases: 


where 


(3a) 


(1) 


(2) 


a> 2r= 2ry sind, (4a) 


a<2r. (4b) 


Case (1) 


The limits on y (for a given w) are obtained by shift- 
ing the trajectories of Figs. 1 and 2 as far as possible 
to the right and to the left, keeping the endpoints of 
the trajectories within the walls. Thus for O0<w<_m (see 
Fig. 1) we obtain the lower limit on y when the tra- 
jectory leaves the wall at an angle w and the upper 
limit when the trajectory is tangent to the left wall. 
For r<w< 2x (Fig. 2) we obtain the lower limit when 
the trajectory returns to the left wall at an angle w 
and the upper limit when the trajectory is tangent to 
the left wall. The limiting conditions are 


0<Y<w for O0<w<n, 


2(w—m)<Y<w for m<w<2r. 


Using the conditions (5) in Eq. (3a) we obtain 


l - 
A(6)=- [2- 
ro 4rr+P 


(1 e2rr0/t) |. 


Case (2) 

This case has more complicated upper limiting values 

for Y because some trajectories can strike both walls 

(without an intermediate collision). The possible values 
of y for a given w are limited by the relations 

r[ cos(w—y)—cosw|<a_ for 


rl cos(w—y)+1]<a 


O<w<r, 


for m<w<2r, 


as is evident from the figures. Unfortunately, we have 
not been able to express A (6) in closed form for this 
case. A (6) and the contribution of this case to the con- 
ductivity must be obtained by numerical integration. 

If a>2r, then the integrand is only the type dis- 
cussed in Case 1. The conductivity, using Sondheimer’s? 


* E. H. Sondheimer, Advances in Phys. 1, 1 (1952) 
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Fic. 2. Projection of an electron trajectory in the plane 


normal to the field direction; r<w< 2x 


notation, is then given by 


a 3 B 
= {- [2 (1-+-¢"?** | 
oy 16x 4+ 8" 


where kx=a/l and B=a/ro(B>2). In the limit «/A>>1, 
Eq. (7) becomes 


(7) 


a/ao= 1— (3/8x), (8) 


which is Fuchs” result for thick films in zero magnetic 
field. If x/8<«1, Eq. (7) becomes 


a/ao= 1— (39/88), (9) 


independent of the ratio of film thickness to mean 
free path. 
K. Fuc hs, Pro 


Cambridge Phil. Soc. 34, 100 (1938) 
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Angular Aberrations in Sector Shaped Electromagnetic Lenses for Focusing Beams 
of Charged Particles 


EpcAk G. JOHNSON* AND ALFRED O. NIER 
Department of Physics, University of Minnesota, Minneapolis, Minnesota 
(Received March 13, 1953) 


The general expression for the second-order angular aberration of sector shaped electromagnetic lenses 
consisting of superimposed uniform magnetic and radial electric fields used for the plane focusing of di 
verging beams of charged particles is derived. The result is applied to the special cases of pure magnetic 
and pure electric field lenses. The ion optics of a mass spectrometer employing sector electric and magnetic 
lenses in tandem and which has first-order velocity focusing and second-order angular focusing is obtained 


HE development of electronic techniques and the 

successful application of mass spectrometers to 
the measurement of isotopic abundances and gas an- 
alyses suggests that a mass spectrometer might be em- 
ployed advantageously for the precision measurement 
of atomic masses. A properly designed instrument would 
have certain immediate advantages over existing mass 
spectrographs and could in time be developed to the 
point where it might far surpass these instruments. 

An instrument employing magnetic deflection only 
cannot be employed for the precision determination of 
atomic masses. The spread in energy of ions from the 
ion sources limits the resolution. Also, the distribution 
in the energy spread depends upon the type of ion 
studied with ion fragments formed from molecules 
usually having an initial energy obtained in the disso- 
ciation process; thus they will be focused in the instru- 
ment with lower accelerating voltages than are the 
molecular ions, and a measurement of their position in 
the mass spectrum will not be an accurate measure of 
their mass. Hence, it is customary to employ combina- 
tions of electric and magnetic fields which will give 
double-focusing, i.e., which will focus ions having both 
a spread in energy and angle as they leave the ion 
source, 

In a mass spectrograph a photographic plate is em- 
ployed for detecting the ions. Compromises in design are 
often necessary in order to achieve approximate focus- 
ing over a region of the spectrum. Since in a mass spec- 
trometer focusing is required at only one point, it 
should be possible to achieve a more exact focus. 

The sector-shaped electromagnetic lenses usually 
used in the construction of mass spectrometers are 
those in which the mean ion beam enters and exits 
perpendicular to the field boundaries. The first-order 
ion optical properties of such lenses have been worked 
out by Herzog! and others. In the derivations, varia- 
tions of the ion beam in mass, energy, distance from 
optical axis, and angular divergence are limited to 
sufficiently small percentages of the mean values so 
that squares, cross products, and higher order terms 
can be neglected in the treatment. The resolution of 
~ * Present address: Minnesota Mining and Manufacturing Com- 


pany, St. Paul, Minnesota. 
1G. Herzog, Z. Physik 89, 447 (1934). 
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systems employing the optical properties is then limited 
by the effect of these second-order terms, chief of which 
is the second-order angular aberration. A completely 
general expression for this aberration is not available 
in the literature, although formulas applicable to a 
number of special cases are given by Henneberg,” 
Bruche and Scherzer,’ and by Hutter.‘ These include all 
arrangements for pure magnetic lenses; but for pure 
electric lenses, or for combinations, only cases in which 
object and image distances are both zero are covered. 
In none of these special cases, nor in any of the double- 
focusing systems employing two of them in tandem, can 
the final second-order angular aberration be reduced to 
zero. In the next section we shall derive a more general 
expression for the second-order angular aberration, and 
in a following section we shall show that arrangements 
can be constructed in which the second-order angular 
aberration vanishes. An instrument having this property 
could employ a relatively large divergence angle and 
hence have good intensity without a loss in resolution. 


DERIVATION OF SECOND-ORDER ANGULAR 
ABERRATION 


To derive the expression for second-order angular 
aberration we shall, as Herzog did, write the equation 
of motion of a given charged particle as it approaches, 
passes through, and leaves an electromagnetic lens. 
Throughout the treatment the angle of divergence, a, 
will be considered large enough so that its square and 
terms proportional to its square will be significant. 
Variations in other quantities will be considered small 
enough that their squares and also all cross products 
can be neglected. The first and most lengthy step will 
be to find an equation of motion in the lens, or field 
space, which is accurate to the second order. The pro- 
cedure will be to express all quantities, including the 
field intensity, in terms of the mean ion beam and its 
parameters; and in particular all variables will be ex- 
pressed as fractional deviations from the mean values 
so that any power of these variables can be expressed 
as a convergent power series. 

2 W. Henneberg, Ann. Physik 19, 335 (1934). 

3E. Bruche and O. Scherzer, Geometrische Electroneno ptik 
(Julius Springer, Berlin, 1934). 

4R. G. E. Hutter, Phys. Rev. 67, 248 (1945). 
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Consider a sector shaped field area of total angle 
and coordinates r, @ for the particle and with object 
space and image space to the left and right, respectively, 
as in Fig. 1. There will be a homogeneous magnetic 
field of intensity B, perpendicular to the r, @ plane, 
and a cylindrical electric field of intensity E= Eoro/r, 
in the opposite direction to the radius vector. The values 
of B and Ey must be such that the mean ion beam, con- 
sisting of ions of charge e, mass mo, velocity v and 
entering perpendicular to the field area at ro, will de- 
scribe a circle of radius rp and exit again perpendicular 
to the field boundary and along the optic axis. 

If we consider f to be that fraction of the centripetal 
force produced by the electric field we have 


I (move?/1o) = eEo, (1a) 
(1—f) (move/ro) = eBro, (1b) 


and we can express Eo and B in terms of the mean ion 
beam parameters and the dimensionless field charac- 
teristic f. Thus f=0 for a pure magnetic field and f=1 
for a pure electric field. 

Now consider the motion of any given particle with 
charge e, mass m, and velocity v. Forces on the particle 
will have components along the unit radius vector R,, 
and the unit vector perpendicular to it, ¢,. There will 
be no forces perpendicular to the r, ¢ plane. The differ- 
ential equation of motion is: 


m{d’r/d?—r(db/dt)* ]R, 
+ (1/r) (d/dt)[mr'dp/dt }¢, 
= — (eEor)/r)Ri—ev XB 
— el Brdo/dt+ Eoro/r|R, 


+eB(dr/dt)¢:. (2) 


Equation (2) immediately gives two differential equa- 
tions involving the time rate variation of r and @. 
Since the equation involving @ can easily be inte- 
grated to 


dp/dt=eB/2m+C/r’, (3) 


where C is a constant of integration; and since 


dr*/dt? = (dp/dt)? (d?r/d¢?) 


+ (db/dt)(dr/dp)*(d/dr)(dp/dt), (4) 


it is possible to eliminate the time variable and obtain 
the differential equation of r as a function of @. Before 
doing so let 


(5a) 


eas ro(1+p), 


where p will be a numeric representing the fractional 

deviation of r from the mean value ro. If we also let: 
m=mo(1+y), (5b) 

v=v(1+8), 


(5c) 


y and @ are also numerics representing the fractional 
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Fic. 1. Diagram showing path of a charged particle through a 
sector shaped electromagnetic lens. Particle is shown leaving 
object plane at a distance d from optic axis and at a diverging 
angle a 


deviations from the mean mass and mean velocity. 
The dependent variable p will be a function of its value 
at entry into the field area, of y and 8, and of the di- 
verging angle a. If all these are zero p will also be zero 
and the particle will follow the optic axis. Since, in this 
derivation, a is to be an order of magnitude larger than 
the other independent variables, p and dp/d@ will both 
be considered roughly proportional to @ so that only 
the cube and higher order terms in p and dp/d@ will be 
neglected. The squares and cross products of y and 8 
will be neglected. 

Substitution of expressions (la), (1b), (4), (Sa), (Sb), 
and (5c) into the coefficient of R, in Eq. (2) will re- 
sult in: 


d®p/dg?— (2C/16°) (dp/d)? (db/dt) (1+ p)*— (1+ p) 
= — (1+7)"[(1—f) (v0/r0) (1+ p) (dp/dt) 
+ f(v0?/10?) (1+) (do/dt)*}. (6) 


From Eq. (3) the constant C and therefore d¢/di in 

general can be evaluated in terms of the angular ve- 
locity possessed by the particle at the time of entry 
into the field area. Using the subscript 1 to denote 
values at ¢=0, 
(7) 
A particle entering the field area at a point other than 
r), will undergo a change in energy because of the 
variation in potential in the cylindrical condenser. By 
equating energy terms we can solve for v, in terms of the 
initial velocity and the point of entry into the field area. 
We obtain: 


(dd, ‘dt), = (v7 COSA) /1T) = “(1 canis Fa’) / [ro(1+ 1) ]. 


C=[(1+ f—p:*— fp? — a?+ 28+7— fy ]oore/2, (8) 


db/dt=(1—p— fo+3p?+ 3 fp’ — 4p," 
‘ = Pp — Sa?+B vo ‘To. 


(9) 


Substitution of (8) und (9) in (6) will finally result in 
an equation in whic! the mean values mo, v9, and ro will 
cancel out, and only the small fractional deviations 
p, pi, a, B, and y remain. These quantities can all be 
expanded in convergent power series, and by doing this 
and dropping all terms of higher than second order we 
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get a differential equation as follows: 


Ip/de’+ (1+ f*)p—6 
= (1+ f)(dp/dp)?— 3 (1+ f°+4f*)p? 
-SI+ S++ f)pr?--3(1+ fle’, (10) 
where 


6=y7+ (14+ /)B. (10a) 


The quantity 6 represents variation in the particle 
other than those of position and direction in the ion 
optical system. 

Exact solutions to this type of equation are not 
known; however, we are interested only in solutions 
that will satisfy it to a second-order approximation. 
To find these we can replace the second-order terms on 
the right by the square of the first-order solution and 
its derivative. 

The only first-order terms are those on the left-hand 
side. When set equal to zero they constitute the differ- 
ential equation used by Herzog.' The solution is 
straightforward and corresponds to the Gaussian di- 
optrics of the system. Calling the first-order solution 
py we have: 


py () =a sin((1+ f*)')+0 cos((1+ f*)') 
+8/(1+f?). (11) 


aand bare the two constants of integration. The second- 
order approximation to Eq. (10) is then: 


Pp/dé'+ (1+ f)p= (1+ f) (dp,/dd) 
—VAFP HAP) pP— VIF SEL + Poor 
—I+ flar+6, 


where the right-hand side is a function of ¢ alone. 
General solutions to equations of type (12) are known, 

and it can be shown by the method of undetermined 

coefficients that a general solution to (12) is 


(12) 


p(o)=a sin(xpd)+b cos(xp)+4 Ke 1K, (a?+0*) 
+2K sab sin (2x) — (K2/12)(a?—b*) cos(2kp), (13) 


where a and 6 are the two arbitrary constants of inte- 
gration and x, K,, and K» are functions of the field 
characteristic f defined as 


c= (1+ f%)4, 
Ki= (1+ f2+4/%)/x, 
K.= (34+2f+3/2+6/%)/n2. 


The constants of integration are determined by the 
boundary conditions in the object space (see Fig. 1): 


p(OQ)= (d+ aly)/ro, (15) 


(14a) 
(14b) 
(14c) 


where d is the object ordinate and Jo is the object dis- 
tance; and 


p’ (0) = al 1+ (0) ], (16) 


since a is equal to the ratio of velocity components at 
the field boundary. Here the prime signifies derivation 
with respect to ¢. 
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When (15) and (16) are carried out, it can be seen 
that both a and 6 contain terms proportional to the 
first power of a plus terms proportional to a’. In addi- 
tion, 6 also contains terms proportional to 6 and d/fo. 
We will assume that d/ro is a numeric of order equal to 
or greater than a’, so that its square and cross product 
with a can be neglected. This restriction is not detri- 
mental, since in practice object ordinates are either zero 
or the result of a second-order aberration of a previous 
system. The constants of integration are then easily 
evaluated as follows: 


a= a/K—a’lo(4K»—1)/rox, (17a) 


b=d/19—5/x* + allo/ 19+ 02 (EK 1) (1/0? +1 e?/ 170?) 


+ a? (K 2/12) (1 /x?—Ip?/1¢?). (17b) 


We can now write an equation of motion for the 
particle in the image space II (see Fig. 1) with coordi- 
nates y and x: 


y=rop(®)+ xp’ (#)[1—p() ], (18) 


where the coefficient of x is the divergence angle as the 
particle leaves the field area. 

Performing operations indicated in (18) and using 
the above values for the constants of integration we 
obtain an equation of motion in the image space which 
can be divided into four groups of terms: 


y=d{cos(«b)— (xx/ro) sin (Kb)} 

+ (195/x?) {1 — cos (xb)+ (xx/ro) sin (xb))} 

+ af (16/x—xalo/ro) sin (K)+ (lo+x) cos(xb)) 
+a*{l— (4Ke—1)l/«—(3K,+Ke)x/12« 
— (3K \— Ky)xxlo?/12r¢? | sin (xb) 
+[(3Ki+K»)ro/12n?+ (3K 1 — Ko)le?/12r¢ 
~ (4K»—1)xlo/ro | cos (k®) 
+[K olo/6x+ (2K o— 3) (1/x?—Lo?2/ 170?) xx | 
X sin (2«b)+[ (4K 2—1)axlo/ro— (1/n2 
— 12/10?) roK 2/12 | cos(2nb) 


—[{(1 ‘K+ L9?/ 1707) K 170 4]}}. (19) 


The largest contribution to this ordinate will, in general, 
be due to the terms containing the first power of a. 
Conditions under which the coefficient of a vanishes 
result in first-order focusing. We shall call all values of 
x for which this is true /;, the image distance, and shall 
also define two new symbols for simplicity as follows: 
no=lo/ro, ratio of object distance to mean radius, and 
n,=I,/ro, ratio of image distance to mean radius. We 
then have the well-known conditions for first-order 
focusing: 


non: — 1/xK?= (1/K) (no+n;) cot (x). (20) 


Expression (19) without the terms containing @ and 
with x=/; then becomes the image ordinate at a first- 
order focal point. The coefficient of d is the magnifica- 
tion M of the system, and the term containing 4 is the 
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dispersion D due to the mass and/or velocity difference : 
M = cos (xb) — xn; sin (x), , (21) 
D= (15/x?)[1—cos(xb)+ xn, sin(xb) ]. (22) 


These equations are the same as found previously by 
Herzog. 

The last group of terms in (19) represents the widen- 
ing of the image due to the square of the diverging angle 
a and is thus the second-order angular aberration. It is 
a complicated function of the geometry of the system 
and of the field characteristic f [see Eqs. (14) ]. The 
geometry of the system is represented by the field 
angle @ and the object and image distances. The ex- 
pression can be simplified if we define a quantity inde- 
pendent of ® which will express the degree of asym- 
metry of the system, i.e., the relation between the 


object and image distances. We define z as: 
s=cos(tan (xn;))/cos(tan™! (xo)).°* (23) 


For symmetry m=, and z=1. When n,=~, 2=0; 
when mp= ©, z= “. Then, in terms of z and 9, 


xn. =(1/2+ cos (xb) ]/sin (xb) 
kno= [2+ cos (kb) ]/sin (KP). 


(24) 
(25) 
Upon substituting (24) and (25) into the last group of 
terms in (19), we obtain an expression for the second- 


order angular aberration which can be reduced by 
trigonometric manipulation to: 


L= —{K3{ (s+1) csc? («b/2) 

+ (22—2—14+1/2) csc? (nb) J+ Al 2?+1/2 |}arry. (26) 
Here L is used to denote the second-order angular aber- 
ration, and K; and Ky, are combinations of K,; and K» 
such that K3= (/+5/*)/[2(1+/*)?] and Ky= (3—4/ 
+3 f— f*?)/(+/*)?. The magnification and dispersion 
are also simplified when expressed in terms of 2. 

M=-—1/2z, 
D=16(1+1/2)/k°. 
Equations (26), (27), and (28) express the three most 


significant properties of sector shaped electromagnetic 
lenses of the type discussed here. 


(27) 


(28) 


SPECIAL CASES 


The manner in which the second-order angular aber- 
ration behaves with changes in any of the independent 
variables will be examined by considering some special 
cases. 

First consider the aberration when # is an integral 
multiple of #/x. It will be seen that Eq. (26) fails to 
yield finite answers. However, correct expressions for 
these cases can be derived from the last group of terms 


5 With the help of the focusing relationship (20) it can be shown 
that tan~!(«n,;)+tan (xno) +x«b=2, which reduces to Barber’s 
(reference 6) theorem for the pure magnetic case where x= 1 

6 N. F. Barber, Proc. Leeds Phil. Soc. 2, 427 (1933). 
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Fic, 2. Angular aberration L,, for pure magnetic sector lens as 
given by Eq. (30). The ordinate scale for reduced dispersion is the 
coefficient of 6/a? rather than the coefficient of a*ro in Eq. (30) 


in Eq. (19). With the help of Eqs. (20), (24), and (25) 
it can be shown that when ® is equal to kr/x, where k 
is any integer, then z must equal (—1)*t' and mp is 
equal to —n,. Thus, when & is odd, 


L= —[(3Ki+-K2+0'ne?(3K1+3K2— 12) Ja?ro/6x*. (29) 


When & is even, /=0. Inspection of Eq. (28) shows 
that the dispersion D is also zero when k is even. Thus, 
whenever the field angle is an even multiple of 2/k, 
the system behaves in the same manner as the well- 
known 360° pure magnetic case. 


Pure Magnetic Field 


For a pure magnetic field f is equal to zero, x= 1, 
K;=0, and K,=}4. Then (26) becomes 


La= = [2?+1 z la’ro 2. 


This is the same expression as given by Bruche and 
Scherzer.’ Figure 2 shows the variation of L,, with z. 
The second-order angular aberration has its minimum 
value in an asymmetrical analyzer for which z= (0.5)! 
= (),794. 

In mass spectrometers employing a sector magnetic 
field for making mass separations a quantity which is a 
better “figure of merit” for the resolving power than 
the dispersion is the “reduced dispersion.”’ It is defined 
as the ratio of the dispersion to the angular aberration 
and is obtained by dividing Eq. (28) by (30). Its 
dependence on z is also plotted in Fig. 2. The maximum 
absolute value occurs when z=}. Thus a slightly asym- 


(30) 
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Fic. 3. Angular aberration L, for pure electric sector lens as 
given by Eq. (31). Dotted curve shows loci of points of minimum 
aberration. 


metrical analyzer, gives a reduced dispersion 4 higher 
than the symmetrical analyzer used in most single 


focusing magnetic deflection mass spectrometers. 


Pure Electric Field 


For a pure electric field, f is equal to 1, «=v2, 
K;= 4, and K4= —1/12, and Eq. (26) becomes 


L.= —[(3/4)((2+1) csc?(b/v2) 


+- (2? —z—1+41/z) csc?(v2))— (2?4-1/2)/12 Jaro. (31) 


Unlike the pure magnetic case, the result depends upon 
the sector angle ® of the cylindrical condenser, and the 
expression is more complicated algebraically. However, 
for any given value of ® the same type of double 
branched curve as in the pure magnetic case can be 
expected. In Fig. 3 is plotted the angular aberration L, 
as a function of z for three values of ®. 

As in the magnetic case, the lower right branch of the 
curve is the most interesting, as the other branch 
produces the trivial case at s=—1. In general the 
minimum absolute value of the aberration in the right- 
hand branch occurs for z<1. The dotted line traces the 
path of the minimum which can be seen to approach 
— (4/3)a’ro as & approaches /2!. Because of the 
indeterminacy previously, the plot for 
= 7/2! would be a semi-infinite line extending down 


4/3. 
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Simple Symmetric Systems With Superimposed 
Electrostatic and Magnetic Fields 


As an example of how the field characteristic f 
affects the angular aberration consider the symmetric 
case, i.e., z= 1. Then from (26): 


L=- [2K; csc? (xb/2) + 2K, |a’ro. (32) 


In Fig. 4 we have plotted the value of Z for f=1, 3, 0, 
—4, and —1. These five curves give us a general idea 
of the behavior of the aberration for symmetric cases 
as we vary the deflecting field from pure electric to 
pure magnetic, but with both tending to bend the ions 
in the same direction; and then on into the negative 
values of f, where the electric and magnetic fields 
oppose each other but the magnetic predominates. 

We see that for the pure electric field the angular 
aberration has its minimum value of —4a’ro/3 for the 
familiar’ case, P= 2/v2, when the object and image are 
located at the boundary of the field. Also, it is seen that 
for small negative values of f there exist cases where the 
second-order angular aberration is zero. These cases are 
of limited interest in our consideration. In general they 
will not give energy focusing. Also the construction of 
cylindrical electric condensers of sufficient size to give a 
uniform field over the region where an ion beam may 
travel requires a rather large air gap in the magnet 
with the result that the cost of the magnet and asso- 
ciated power source may be considerable. 


SYSTEMS EMPLOYING ELECTRIC AND MAGNETIC 
FIELDS IN TANDEM 


A number of successful double focusing instruments 
have been constructed employing sector electric and 
magnetic deflecting fields in tandem. In these systems 
the image point of the electric field serves as the object 
point of the magnetic field; and they are so constructed 
that any small chromatic aberrations occurring in the 
electric lens are canceled by an equal but opposite 
aberration in the magnetic lens. The compound system 
then possesses velocity focusing as well as first-order 
divergence focusing. Such a compound system is il- 
lustrated in Fig. 5. It is especially true in these systems 
that the second-order angular aberration is the limiting 
factor in either resolution or intensity. For example, 
the instrument of Bainbridge and Jordan’ consists of a 
r/2' electrostatic analyzer followed by a 60° sym- 
metric magnetic analyzer. The angular aberration in the 
electrostatic image plane is —(4/3)a’r. Since the 
magnification of any symmetric magnetic system is 

1, the — (4/3)a’ry will be subtracted from the — a’rp 
of the magnetic system leaving the net angular aberra- 
tion as + 4a’. The instruments of Dempster’ and 
Mattauch” have similar residual angular aberrations. 


7A. L. Hughes and V. Rojansky, Phys. Rev. 34, 284 (1929). 
8K. T. Bainbridge and E. B. Jordan, Phys. Rev. 50, 282 (1936). 
* A. J. Dempster, Phys. Rev. 51, 67 (1937). 

J. Mattauch, Phys. Rev. 50, 617 (1936). 
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With the help of the more general formula for angular 
aberrations, (26), it can be shown that it is possible 
to construct instruments which possess both velocity 
focusing and second-order divergence focusing. 

As noted in Fig. 5, the compound system contains 
eight geometrical parameters: ®,, .¢, Loe, lie, Pm, ms 
Lom, and Lim. The subscript e refers to the electric system 
and m to the magnetic system. These are not all inde- 
pendent since the first-order focusing relationship (20) 
must be satisfied for both systems, and also any pro- 
portional change could be made on all the lengths in- 
volved without changing the characteristics of the 
system. Basically then, there are five independent vari- 
ables. For mathematical work it is convenient to con- 
sider these as ®,, Pn, Z., Zm and the ratio r,/rm. To 
obtain the desired results, two more conditions must be 
met by these parameters; the final first-order chromatic 
aberration must be zero and the final second-order 
angular aberration must also be zero. It is apparent 
that mathematical solutions will exist even though 
three of the five variables are arbitrarily specified. 

For actual use solutions must be found which also 
satisfy a number of practical considerations. These are 
listed below: 

1. All quantities must be real and all field angles 
must be positive. 

2. The object and image distances for the electro- 
static analyzer should be positive and greater than zero. 
Correction for the fringing field at entrance and exit 
.can then be made using the calculations of Herzog."! 








-2| 
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Fic. 4. Angular aberration of several cases of superimposed 
electric and magnetic symmetric analyzers as a function of the 
sector angle ®. 


G. Herzog, Z. Physik 97, 596 (1935). 
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Fic. 5. Typical double focusing system employing electric and 
magnetic lenses in tandem. 


3. The final image slit must be away from magnetic 
or electric fields so that it will be easy to use various 
kinds of detection systems for the ions, e.g., an electron 
multiplier of the Allen” type. 

4. The ion source should be sufficiently removed from 
both the electric and magnetic analyzing fields that if an 
ion source magnet is used for collimating an electron 
beam in the source, its field will not affect the analyzers. 

5. The magnetic field sector must be reasonably 
small, 90° or less, so that the cost of the magnet will not 
be unduly high. 

6. The apparatus must not have unreasonable di- 
mensional tolerances which would lead to exorbitant 
expense of construction. 

To investigate cases where a combination of velocity 
focusing and second-order divergence focusing are 
possible, we will simply solve two simultaneous equa- 
tions—-the first being the velocity focusing condition, 
and the second the second-order divergence focusing 
condition. 


These are: 
(33) 


(33a) 


VU »DADm = 0, 
M whet La=9. 


The dispersions symbolized by D, and D,, are those 
suffered by an ion with the mean mass, mo, but with a 
small velocity difference, 8 (see 5c). The equations can 
be solved by ordinary algebraic techniques and with the 
help of the following expressions from the preceding 
sections: 


i / Ses, (27) 


M,.=-— 


La* — (Zm?-+ 1 ‘Saal me 2, (30) 


L.= —(9[ (2. +1) esc? (#,/v2) 
+-(2,2—2,—1+1/2,) csc?(v2®,) | 
—[22+1/z2.]}aer./12, (31) 


L.,=—a’r.K, (34) 
for simplicity. From (28), with 6=8 and «x= 1, 
Dm=%mB(1+1/2m). (35) 


2 J. S. Allen, Phys. Rev. 55, 966 (1939) ; Rev. Sci. Instr. 18, 739 
(1947). 
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Fic. 6. Variation of ratios of lom, lim, le and 7. to rm as a function 
of &, for instruments which employ electric and magnetic sector 
fields in tandem and for which there is first order velocity and 
second order angle focusing. Figure also shows corresponding 
dispersion per r, per percent of mass difference. 


From (28), with 6=28 and x=v2, 


D.=r8(1+1/2,). (36) 


The square of the divergence angle of the mean beam 
as it enters the magnetic field, a,,”, is of course the square 
of the diverging angle as it leaves the electric field 


that is [see (16) and (18) ], 
Om’ =[p' (#,) P=s2a’. (37) 


Thus in terms of the geometric parameters, ®,, ®,, 
Ze, 2m, and £,/%m, both (33) and (33a) can be satisfied if 


2m= $+([2K./(22+2,.)—2]! (38) 
and 
1e/tm= (1+2m)/(1+1/z.). 


(39) is the velocity focusing condition which is the same 
as that derived by first-order theory. The quantity, 
2K ,./(22+2,.), which we shall call A for convenience, is 
a function of ©, and z,. Thus, whenever ®, and z, are 
such that A is greater than } 


(39) 


i, there will be two real 
ralues of 2m, at least one of them positive, for which the 
second order angular aberration is zero. ®,,, the magnetic 
field angle, does not enter into the mathematical condi- 
tions since, as noted earlier, the actual size of the angle 
does not influence the magnification, dispersion, or 
aberrations in a pure magnetic system. It does enter 
into the practical consideration, however. We shall 
now investigate the range of values possible in A with 
two objectives: (1) to find when A>}? and (2) to find 
the corresponding values of 2». This second objective 
is of interest because of the manner in which the dis- 
persive power of the instrument for a given percentage 
mass difference, y, depends on z». From (28) with 
6=y7 and x=1: 


D=rmy(1+1/2m). (40) 


Thus, the smallest possible value of s,, will produce a 
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system with the largest dispersion. In terms of ®, 
and 2,, 


A=3/2[ (1/2,) csc?2v26,/2+ (1—1/z,)? csc?vV2, | 


— (1/6)(1—1/z,4+1/2). (41) 


~ 


It is evident that. at least for z,>>0, A can be easily 
made as large as desired by reducing the size of ®,, 
so that real values of z,, are assured. 

Very small values of z,, could be had if the quantity A 
were near the value }. By holding ®, fixed and mini- 
mizing (41) with respect to z,, we can find the minimum 
possible value of A, and the corresponding z,, as well as 
z, for any given value of ®,. Table I shows minimum 
values of A and the corresponding values of z, and Z», 
for values of ©, between 0 and 2/v2 radians. This 
covers the entire range of possible values for A nin be- 
cause of the manner in which ®, enters into (41). It 
can be seen that A is always greater than one, and that, 
therefore, second-order focusing can be achieved with 
some real and positive values of z,, for any values of 
#, and z,. Conversely, however, second-order focusing 
cannot be achieved in systems in which z,, is between 0 


TABLE I. Maximum dispersion mathematically 
obtainable for various values of ®,. 


+, Amin Ze 


0° 1.000 - 1.00 
20° 1.050 — 1.092 
40° 1.176 — 1.568 
60° 1.311 —5.975 
80° 1.372 + 2.643 

100° 1.362 + 1.256 
120° 1.337 +1.014 
127°17’ 1.333 + 1.00 


Dispersion /rmé 


—().047, 
—0.153, 
—().249, 
—(0,289, 
—0.282, 
— 0.266, 
—().264, 


~ 1.39) 0.896 


and 1. It can be seen that A,,in is quite insensitive to 
changes in ®,. It approaches the value 1 as ©, approaches 
zero, which means very small negative values of Zm; 
however, when ®, is less than about 65°, values of 2, 
necessary for the minimum values of A are negative. 
Inspection of (25) will show that this would mean a 
negative value of the electric field object distance 
which violates our practical consideration No. 2. 
Practical systems, in which the electric field angle 
®, is less than 65° can, of course, be constructed. 
However, z, must be positive and therefore the values 
of A will be greater than the minimums listed in Table I. 
Figure 6 illustrates how, for a given positive value of z,, 
the geometric parameters of velocity focusing, second- 
order divergence focusing mass spectrometers vary with 
,. The value of z, used is +1. ®,,, the magnetic field 
angle, has been set at 60° for purposes of calculating 
values of Jom and Jj. Values of r./r, and of the disper- 
sion per unit percentage mass difference are independent 
of #,,. The value of r,, has been taken as unity. The value 
of the dispersion per unit percent mass difference is 
plotted as a “figure of merit” for the systems. It can 
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be seen to vary from 0.5 to nearly 0.9 as ®, approaches 
180/v2 degrees. The dispersion in a typical first-order 
divergence focusing, velocity focusing instrument such 
as that of Bainbridge and Jordan‘ is 1.0. It can also be 
seen that for ®, less than 60°, values of r,, lo, lie, and 
lim become prohibitively large. The best dispersion 
occurs for &,=180/V2Z degrees. However, in this case 
l,. is 0, so that practical location of ion source (or col- 
lector) is not possible. The range between &,= 60° and 
120° seems the most practical. 


VOLUME 
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The theory developed here has been used to design 
a mass spectrometer for precision mass determinations ;* 
numerous measurements! have been made. For this 
instrument ©,=90° and #,,=60°, r, and r,, are 18.87 
and 15.24 cm, respectively. oe, lie, fom, and /;,, are 6.61, 


6.61, 34.77, and 20.73 cm, respectively. 


'S A. O. Nier and T. R. Roberts, Phys. Rev. 81, 507 (1951) 

4 Collins, Nier, and Johnson, Phys. Rev. 84, 717 (1951); 86, 408 
(1952) 

'R.E 


Halsted, Phys. Rev. 88, 666 (1952) 
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The Specific Heat Discontinuity in Antiferromagnets and Ferrites* 


Louis N. Howarpt AND J. SAMUEL SMART 
United States Naval Ordnance Laboratory, White Oak, Maryland 
(Received March 24, 1953) 


It is shown that, in a molecular field approximation, the internal energy and specific heat of a ferromagnet 
and antiferromagnet have the same form, regardless of the number of sets of neighbors whose interactions 
are considered and of the signs of the interactions. The Néel theory is used to derive an expression for the 
discontinuity in specific heat in ferrites at the Curie temperature. This discontinuity AC is in general smaller 
than it would be for a ferromagnet or antiferromagnet with the same number of atoms. Numerical calcula 
tions indicate that for most ferrites AC should decrease monotonically as nonmagnetic atoms are substituted 
for magnetic atoms on the A sites. On the other hand, if the nonmagnetic atoms go on the B sites, AC should 


pass through a maximum. 


. ° . 
HE usual approximation of exchange interactions 
by a molecular field gives an expression 


E= —_ S(NRT.)3So(So+1) Ig? (1) 


for the internal energy of a ferromagnet. Here V is the 
total number of magnetic atoms, So the spin quantum 
number of each atom, 7. the Curie temperature, and o 
the reduced magnetization. The magnetic contribution 
to the specific heat of the material is then obtained by 
differentiating Eq. (1) with respect to 7. It is found 
that at the Curie temperature the specific heat should 
have a discontinuity given by! 


(AC \o= SNRSo(So+ 1 \L(So+ 1 2+ So? ] L 


a result which depends only on Sp and not on the mo- 
lecular field or the Curie temperature. 

It is easy to show that, for the same approximation, 
the same results obtain, regardless of the number of 
sets of neighbors whose interactions are considered and 
of the signs of these interactions if the magnetic atoms 
all occupy equivalent positions in the lattice. Thus 
Eqs. (1) and (2) hold for antiferromagnets as well as 
ferromagnets. Suppose we consider interactions of all 


(2) 


* This work was supported in part by the U. S. Office of Naval 
Research. 

+t Now a National Science Foundaiion Fellow at Princeton Uni 
versity, Princeton, New Jersey. 

'! See, for instance, J. H. Van Vleck, The Theory of Electric and 
Magnetic Susce ptibilities (Oxford University Press, London, 1932), 
p. 345. 


sets of neighbors up to and including the ith. Then sub- 
divide the original magnetic lattice into sublattices so 
that (a) all sublattices are equivalent under the group 
of translations of the original lattice, (b) each atom has 
only one kind of neighbors on any other sublattice, and 
(c) each atom has neither ith nor nearer neighbors on 
its own sublattice. Let the number of sublattices re- 
quired be ». Then 


(3) 


Ek=- 3 (Ngur /n)>- S;-H,, 


=I 


where S, is the average net spin on the jth sublattice 
and H,; is the molecular field acting on atoms on the 
jth sublattice. We may write 


H,= = Vike, 


k=l 


(4) 


where y,,S, is the internal field acting on an atom on 
the jth sublattice caused by its neighbors on the kth 
[yic=9, from condition (c)}. Then Eq. (3) may be 
written in the form 


E= 


—4}(N\guz/n)S’zS, (5) 


where § is the column matrix with elements S,, «>, 
S,, S’ is its transpose, and y is the mXn matrix with 
elements y;,. Now if we use the result that the eigen- 
values of y are given by 


7~S=3kT [gueSo(So+1) }'S, (6) 
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Fic. 1. Q as a function of a for \=4 and &. In this and the 
following figures, the points indicate calculated, not experi 
mental, values. 


with |S;|=|S,|, then Eq. (1) follows immediately. 
There are of course » eigenvalues of y but the largest 
eigenvalue and its corresponding eigenvector gives the 
Curie temperature and type of ordering which actu- 
ally occurs. One additional point should be mentioned ; 
ordinarily Eq. (6) is derived for the magnetization at 
or just below 7’, and it is perhaps not immediately ob- 
vious that it holds for all temperatures. However, we 
know that |.S,|=|.5S,| at all temperatures since the 
sublattices are equivalent; then if Eq. (6) holds just 
below 7,, it will hold in general. 

It is of interest to see how Eqs. (1) and (2) are 
changed if the magnetic atoms occupy different classes 
of sites such that all sites of any one class are mutually 
equivalent, but any site in one class is not equivalent 
to any site in another class. The ferrites are probably 
the best-known example of such a case; here the mag- 
netic atoms are situated on two types of crystallo- 
graphic sites, usually called the A and B sites. We shall 
discuss this case explicitly, using the Néel theory? as a 
basis. Although the procedure described above is also 
applicable here with appropriate generalization, it 
seems preferable to use Néel’s notation so that the re- 
sults can be more easily compared with previous results 
of Néel’s theory. 

Let N like magnetic atoms be distributed among the 
A and B interstices of the spinel structure so that there 
are AN atoms on the A sites and uN atoms on the B 
sites. Néel assumes that the A—B interaction is domi- 
nant and negative and that the A—A and B—B inter- 
actions may be either positive or negative. The molecu- 
lar fields are written 


H,= no(aM,— M,), 


where po is defined as a positive quantity and a and 8 
may be either positive or negative. The coefficients mo, 
a, and @ are defined for .V magnetic atoms distributed 
as described above and are independent of whether or 
not there are other A and B sites occupied by non- 
magnetic atoms. M, and M, are the magnetizations of 
the A and B sites, respectively, and are considered to 


H,=no(—M.+8M,), (7a, b) 


2L. Néel, Ann. phys. 3, 137 (1948). 
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have opposite signs. Then the internal energy is 


E=—}4(M,-H.+M,-H,) 
= —4}(NgupSo)*nol ad’o.?— 2dyoa'ot+By7or? |. (8) 

Here oq and o, are the reduced magnetizations of the 
two sites with oa=M./(AN gugSo) and o,=M,/ 
(u.V gupSo). 

The temperature variation of o, and a» is given by 
the relations 

va>= B(gupSo| H, | /kT), 


9a, b) 
04> B(gupSo| H,|/kT), ( 


where B is the Brillouin function for spin So. To find 
the behavior of E near T., we may use the approxima- 
tions for a, and a developed by Néel #* 


Oe’ =p’o7=F (So)pG(a, p)(T.—T)/T. (10) 
for (T.—T)/T <1. Here 
F (So) = (30/9) S{ (So+1)?+S07} (Sot), 
G(A, p) =[Ao+u/p ]/[\e?+u/e"], 
and p is the negative root of the equation 
\p?+ (Aa—p8)p—n=0. 


Combining Eqs. (8) and (10)—(13), we find after con- 
siderable algebra 
« 


(11) 
(12) 


(13) 


AC = (AC)0Q(A, a), (14) 


where d=\a—yp8 and 
2dula?+4Au ] 


- : (15) 
a?+2dAu+ (u—A)a[_a?+4Au |! 


Q(A, a) = 


Thus the function Q(A, a) gives the ratio of AC for a 
ferrite to that for a ferromagnet or antiferromagnet 
with the same number of magnetic atoms. Note that 
it depends on the ratio of the molecular field coefficients 
but not on the coefficients themselves. 

An investigation of the mathematical properties of 
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Fic. 2. Q as a function of x for mixed ferrites of the type 
¥MO(1—x)ZnO-Fe203, where the Za** replaces magnetic atoms 
on the A sites. 


5 Reference 2, Appendix II. 
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Q(A, a) shows that ACQ<1 and that 


lim Q=A, 


lim O=u. 

an a2 

If a=, then Q is unchanged by interchange of \ and 
u; if, in addition, A=~=}, then Q=1. Both of these 
results are to be expected from physical considerations. 
Figure 1 shows Q as a function of a for \=} and A=}. 
Most of the cases of practical interest fall between 
these two values of \. It should be mentioned explicitly 
here that we are considering only the case where the 
ferrimagnetic arrangement has the highest Curie tem- 
perature and that our results do not apply if the doubly 
antiferromagnetic or triangular arrangements studied 
by Yafet and Kittelt have the highest Curie tem- 
perature. 

Finally, we have in general 


Q(A, \—n) = 1. (16) 


The condition a=\—y is a very important one in the 
Néel theory.® It is just the condition that |H,| =| H,| 
and |e,| = !o»| for all témperatures. Then the curve of 
magnetization vs temperature exhibits an exact Brillouin 
behavior, and we get Q=1 as might be expected. 

For most ferrites |H,| > |H,| and Q is correspond- 
ingly less than unity. If a and 8 are determined by some 
independent method, such as analysis of the para- 
magnetic susceptibility data, then Eq. (14) may be 
compared with the experimental data on specific heats. 
However, there is no unique procedure for determining 
a and 6 from the susceptibility data and the results ob- 
tained by different methods differ considerably. This 
fact, coupled with the oversimplifications inherent in 
the Néel theory, make it evident that only an order of 
magnitude agreement should be expected. Comparisons 
were made with the data of McGuire and Howard® on 
Ferroxcube III and of Bochirol’ on Ni and Co ferrite. 
The theoretical and experimental values agree to 
within 50 percent or less in each case. 


*Y. Yafet and C. Kittel, Phys. Rev. 87, 290 (1952). 

® Reference 2, p. 155. 

6 T. R. McGuire and L. N. Howard, Phys. Rev. 78, 342 (1950). 
7L. Bochirol, Compt. rend. 232, 1474 (1951). 
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Fic. 3. Q as a function of y for mixed ferrites of the type 
MO: yFe203(1—y)N203, where N is a nonmagnetic trivalent ion 
which replaces magnetic atoms on the B sites. 


Equation (14) should be fairly reliable in predicting 
how AC varies in a series of related ferrites. As an ex- 
ample, we shall consider a series in which the magnetic 
atoms are gradually replaced by nonmagnetic ones. 
Figure 2 shows Q as a function of x for mixed ferrites 
of the form xMo- (1—.x)Zn0-Fe203. Curves 1 and 2 are 
calculated for typical values of a and 8 with the as- 
sumptions that all of the Zn goes to the A sites and that 
a and 8 are independent of composition. It is to be 
noted that Q falls off monotonically with increasing Zn 
content. The interpretation of this effect is that |H,| 
>|H,| for «=O and that the substitution of non- 
magnetic atoms for magnetic ones on the A sites further 
increases the inequality and diminishes Q still more. 

On the other hand, if the nonmagnetic atoms go to 
the B sites, then the inequality should be lessened, so 
that Q increases and even passes through a maximum 
if Eq. (16) is satisfied for some intermediate composi- 
tion. Figure 3 shows how Q varies as a function of com- 
position when the Fe** ions are replaced by nonmagnetic 
ions N*+ which all go to the B sites. It is seen that a 
maximum does occur for the two sets of a and 8 chosen. 
A series in which such an effect might be expected is 
the nickel ferrite-aluminate series studied by Maxwell, 
Pickart, and Hall* and by Gorter and Herbschleb.® 

8 Maxwell, Pickart, and Hall, Bull. Am. Phys. Soc. 28, No. 2, 
8 (1953) 


FE. W. Gorter (private communication). 
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Experimental investigations of the Hall effects in cobalt, the cobalt-nickel alloys, and Armco iron are 
described in detail. Precision measurements were made with magnetic fields up to 30 kilogauss in order to 
separate the ordinary and extraordinary efiects. The ordinary effect in all the Co-Ni alloys was found to 
be negative and agreed within a factor of two with values expected from only 4s band conductivity. The 
ordinary effect in Armco iron was positive indicating hole conduction in the 3d band. The field parameter 
a was observed to be small and negative for most of the cobalt rich alloys, while it was positive for the 
nickel rich alloys and Armco iron. The limitations in the use of the simple two-band model for explaining 


the data are outlined. No explanation of @ is given 


A. INTRODUCTION 


T has been shown by Stoner! that the number of 4s 
electrons/atom in Cu-Ni alloys at O°K can be 

estimated from the saturation magnetization M,, by 
using a simple band model. This simple band model 
has been extrapolated to Ni and Co and the Co-Ni 
alloys. Since it fits a large amount of magnetic data,’ 
it has been widely accepted.’ It is generally supposed 
that the 4s electrons in these metals are solely re- 
sponsible for their electrical conductivity. Since ordi- 
nary Hall coefficients depend upon the number of 
conduction carriers, Hall measurements should check 
these predictions. One should expect fair agreement 
with measurements made at temperatures well below 
the Curie points of these metals. 

Early Hall measurements on Fe, Co, and Ni, which 
were necessarily made at rather low magnetic fields, 
disagreed in order of magnitude with the predictions of 
this simple band picture and gave positive coefficients 
for Fe and Co. When the conduction is primarily 
electronic, negative coefficients are expected. 

The work of Pugh and Lippert on a number of 
ferromagnetic elements and alloys suggested that these 
discrepancies were attributable to internal magnetic 
fields, proportional to the intensity of magnetization, 
which were much larger than the measured fields. 
Studies of old data on nickel® indicated that if sufficient 
precision were available at high fields an ordinary Hall 
effect could be separated from the extraordinary low 
field value, previously reported. The ordinary coefti- 


* This research was supported by the U. S. Office of Naval 
Research 

t Submitted by one of the authors (SF) in partial fulfillment 
of the requirements for the degree of Doctor of Science at Carnegie 
Institute of Technology 

'E. C. Stoner, Phil. Mag. 15, 1018 (1933). 

$j. C. Slater, z, Appl Phys. 8, 385 (1937). 

3 F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com 
pany, Inc., New York, 1940), pp. 434-436; R. M. Bozorth, 
Ferromagnetism (D. Van Nostrand Company, Inc., New York, 
1951), pp. 434-442 

‘E. M. Pugh, Phys. Rev. 36, 1503 (1930); E. 
T. W. Lippert, Phys. Rev. 42, 709 (1932). 

® Pugh, Rostoker, and Schindler, Phys. Rev. 80, 688 (1950); 
N. Rostoker and E. Pugh, Phys. Rev. 82, 125 (1951) 
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cients obtained from these studies agreed reasonably 
well with the predictions of the simple band theory. 

Recent measurements on Cu, Ni, and the Cu-Ni 
alloys® and on a nickel ferrite’? have confirmed the 
earlier evidence® that the Hall potential difference Ey 
in ferromagnetic materials may be represented by the 
empirical formula 


En= (H+ 42aM )Rol /t, (1) 


where 7=the magnetizing field, M=the intensity of 
magnetization, a=the field parameter, /=the total 
current in the rectangular plate sample, and /= the 
thickness of the sample. 

If only the 4s band contributes to the conduction and 
if this band is nearly empty, the ordinary Hall coeffi- 
cient, Ro, is given by 


Ro= —1/Nn,ec, (2) 


where n,=the number of 4s electrons/atom, =the 
number of atoms/cc, and e and ¢ are the electronic 
charge* and velocity of light, respectively. The measure- 
ments of Schindler and Pugh® on Cu, Ni, and their 
alloys showed that , from Eq. (2) agreed with the 
predictions of the simple band model to within a factor 
of 2. However, there were marked deviations from the 
expected values. For example, there was a large decrease 
in Ro at Ni, which could be explained by assuming that 
there was some 3d band conduction. 

Assuming that both the 3d band and 4s band con- 
tribute to the conduction, Ro for the simple two-band 


model is given by 
a" oi\* 1 
ee ye 
} o Na 


where nq is either the number of holes/atom in a nearly 
filled 3d band or the number of electrons/atom in a 


nearly empty 3d band; the minus sign being chosen 
with the former and the plus sign with the latter. The 


1 


a 


Ry 


0 1s 


6 A. I. Schindler and E. M. Pugh, Phys. Rev. 89, 295 (1953). 

7 Simon Foner, Phys. Rev. 88, 955 (1952). 

5’ By convention, Ro is defined as negative for electronic con- 
duction, as in copper. Here the quantity e is the absolute value 
of the electronic charge 
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total conductivity is designated by o, and the con- 
ductivities of the 4s and 3d bands are designated by oa, 
and ga, respectively. The coefficient Ro approaches zero 
as hole conduction increases and would become positive, 
according to Eq. (3), when o,’/na>o,’/n,. This expla- 
nation for the small negative value of Rp in the nickel- 
rich Cu-Ni alloys seemed plausible because of the early 
work which suggested that the sign of the Hall effect 
in both Co and Fe was opposite to that in Ni and Cu. 

The values obtained for Ro in the Cu-Ni alloy series 
indicated that such measurements could give some 
insight into the electronic configurations in this transi- 
tion group of elements and their alloys. Measurements 
needed to be extended through the Ni-Co alloys to Co 
and to Fe. However, to study these metals, it was 
necessary to employ larger magnetic fields and greater 
precision in measurements than had been available for 
the study of the Cu-Ni series of alloys. 


B. MEASUREMENT PROCEDURE 


For these measurements high sensitivity is important. 
The magnitude of Ey in Eq. (1) can be increased by 
decreasing /, but uncertainties in the determination of 
{ decrease the accuracy when ¢ is made too small. The 
samples® used, unless otherwise stated, were machined 
from cast ingots to 4.5 cmX 2 cmX0.1 cm, annealed at 
800°C in helium for two hours, then slowly cooled to 
room temperature. The sample holder was similar to 
that of Schindler and Pugh,® but pressure contacts 
between the sample and current electrodes were used. 

In making Hall measurements on nonmagnetic ma- 
terials with high resistivity, a number of systematic 
errors are eliminated or reduced" by using alternating 
currents and by reversing the magnetic field. However, 
with ferromagnetic metals, these procedures introduce 
more difficulties than they cure. For example, an 
alternating sample current induces stray potentials. 
This limits the sample current that can be employed 
profitably and thus reduces the accuracy of the meas- 
urements. Furthermore, it is difficult to attain with ac 
measurements the sensitivity of 2K 10~* volt attained 
here with the dc system. Therefore, a de system has 
been adopted for these measurements. 

A diagram of the measuring system is shown in Fig. 1. 
The appropriate potential (either from c and R, for the 
Hall emf, or from the appropriate thermocouple, for the 
Ettingshausen correction measurements) is fed to the 
Wenner potentiometer, 2, where it is balanced to the 
nearest 10-7 volt. The remaining difference potential 
(<10~7 volt) is amplified by the breaker amplifier, 3, 

® The impurities in cobalt in percent by weight as analyzed by 
Westinghouse Research Laboratory are 0.52 Ni, 0.16 Fe, 0.04 Cu, 
0.12 C, 0.07 Mn, and 0.01 S. The impurities in percent by weight 
in nickel as analyzed by the International Nickel Company were 
0.12 Cu and 0.23 Co. The Armco iron was not analyzed but the 
nominal impurities are given as 0.015 C, 0.035 Mn, 0.025 S, 
0.005 P, 0.003 Si, and traces of Cu and Ni. The compositions of 
the Co-Ni alloys were known to within 1 percent. 

0 E. M. Pell and R. L. Sproull, Rev. Sci. Instr. 23, 548 (1952); 
J. J. Donoghue and W. P. Eatherly, Rev. Sci. Instr. 22, 513 (1951). 
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Fic. 1. Schematic diagram of de measuring circuit: |—sample, 


2—Wenner potentiometer, 3—Liston-Folb model 10 breaker 
amplifier, 4—Esterline-Angus recorder, 5—portable Rubicon 
potentiometer, 6—ice bath; a, 6, and c—copper probes (a and 6 
are 4 mm apart), Ri—12 Micropot voltage divider, Ry—variable 
resistor, R;—150-amp, 50-mv shunt, B—degaussing batteries, 
Sa, Sz, Sc—oil immersed switches. 


and recorded by 4. This amplitier-recorder system is 
calibrated by making 10~7 volt changes with the Wenner 
potentiometer at short time intervals. Both the sample 
current and the temperature were measured while 
recording the Hall effect. In order to attain the desired 
sensitivity, complete electrical and thermal shielding 
was needed. Great care was required to avoid electrical 
leakage between the various elements, including the 
ground. Induced voltages in the measuring circuit 
caused by vibration or small magnetic field variations 
were reduced by rigidly mounting the lead wires in 
positions that minimized the effect of unavoidable loops 
in the measuring circuit. With these necessary pre- 
cautions, a sensitivity of +210~* volt was obtained. 
The sample was mounted in the 1 in. gap between 
iron-cobalt poles of a new A. D. Little magnet. These 
poles were truncated cones, tapered from 11 in. diameter 
to 53 in. diameter. The magnetic field could be changed 
rapidly and reproducibly (1 part in 8000) in predeter- 
mined steps or reversed in direction by a current 
control system described elsewhere."' The field was 
uniform to 0.5 percent or better over a 1-in. diameter 
(covering the central region of the sample) for the 
fields used in this work. A small flux coil, mounted on 
the sample, in conjunction with a sensitive galvanom- 
eter arranged as a flux meter, was used to measure B. 
Thermal stability was attained by turning on the 
sample current and magnet cooling system for about 
two hours before making measurements. A number of 
effects can produce temperature variations within the 
sample. The more important ones are the slow thermal 
drift of the magnet and the sample current supply 
system, hysteresis losses within the sample caused by 
changing the magnetic field, the magnetocaloric effect, 
and the Ettingshausen effect. The copper probes and 
the sample constituted a thermocouple so that any 
temperature variation within the sample superimposed 


'S. Foner, thesis, Carnegie Institute of Technology, June, 
1952 (unpublished). 
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Fic. 2. Hall potential difference versus magnetic induction for 
the Co-Ni series of alloys normalized to 1=25.0 amp, ¢=0.1 cm 
for temperatures from 9 to 13°C. 


potentials on the Hall potential. The emf’s caused by 
small thermal drifts were eliminated by observing the 
change in potential for incremental field changes and 
subtracting the potential drift (quite small) from the 
field dependent contributions. Using the copper con- 
stantan thermocouples (Fig. 1), the field dependent 
temperature variation at the probes (such as the 
Ettingshausen effect) could be measured to about 
3X10~°C in spite of a fairly large thermal drift. If 
the Ettingshausen temperature change is measured 
with field reversals (at various fields) the magneto- 
caloric effect (already suppressed to a large extent by 
the thermal conduction of the current leads) is elimi- 
nated, since it does not reverse with field direction. 
The Ettingshausen correction for Ry was less than 1 
percent for all the metals studied, except Ni for which 
2 percent correction was made. The Ettingshausen 
correction for a was 0.1 or less. 

Nearly adiabatic boundary conditions were imposed 
by the method of measurement. For metals, it is usually 
assumed that the heat current, which is conducted 
along with the primary electric current, does not 
produce an appreciable temperature gradient along the 
direction of the primary electric current because of the 
high thermal conductivity. However, a small tempera- 
ture gradient along the sample which reversed with 
reversal of the primary electric current, could be ob- 
served by the thermocouples at probes 6 and c in Fig. 1, 
which were placed about 2 mm apart along the length 
of the sample. The maximum temperature difference 
between probes 6 and ¢ was 0.4°C for some of the 
Co-Ni alloys but was at least an order of magnitude 
smaller for pure Co and Armco iron. Calculations 
showed that the corrections to the Hall effect because 
of the transverse thermomagnetic effects, resulting from 
this temperature gradient, were negligible. A detailed 
consideration of the various electric and thermal effects 
and their boundary conditions has been given by 
Sommerfeld and Frank.” 

122A. Sommerfeld and N. H. Frank, Revs. Modern Phys. 3, 1 
(1931). 
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C. EXPERIMENTAL PROCEDURE FOR REDUCING 
SYSTEMATIC ERROR 


Usually Hall measurements are made by reversing the 
the applied magnetic field and observing the corre- 
sponding changes in potential so that any potentials 
which do not reverse with reversal of the applied field 
are experimentally eliminated. In principle such a 
procedure could be used here. However, with ferro- 
magnetic metals, this procedure introduces several 
difficulties. Generally, in the ferromagnetic materials, 
the Hall potential changes rapidly at low fields and 
much more slowly at fields above saturation. High field 
data must be examined very accurately to obtain Ro 
and a. Thus when the field reversal method is used for 
these measurements, large potentials are observed which 
must be subtracted from each other. Large errors are 
inherent in such procedures. Furthermore, large hyster- 
esis and eddy current losses are encountered in ferro- 
magnetic metals with field reversal, so that extraneous 
thermal effects are introduced which further limit the 
precision. Thus, the incremental method of measure- 
ment leads to much greater accuracy in Ro, especially, 
if the small field-dependent potentials which do not 
reverse with field reversal are eliminated by the 
procedure described in Sec. D. 

Because of the small, extraneous potentials which 
depend on the field but do not reverse with it, the 
observed incremental potentials are different for differ- 
ent directions of the field; i.e., the observed slope of 
En vs B curve at high fields changes slightly when the 
field is reversed. Fortunately, these extraneous po- 
tentials are much less field dependent at high fields 
than at low fields. The errors caused by these potentials 
can be eliminated by averaging the ordinates of the 
curves obtained with the two field directions. 

The origin of these small potentials is uncertain. 
They may be the result of field dependence of the 
resistivity of the sample (magnetoresistance) or to field 
dependence of the thermocouple constant of the circuit 
composed of the copper probes and the sample. While 
both effects must be present, tests indicate that the 
magnetoresistance effect is the most important. 








6 
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Fic, 3. Hall potential difference versus magnetic induction for 
Armco iron, curve D compared with curves B and C by Smith in 
1910 and A by Unwin in 1921, all normalized to 7=25.0 amp, 
t=0.1 cm at room temperatures (curve D at 13°C). 
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In practice, it is not feasible to change R, (Fig. 1) 
during a series of measurements. For this reason R, is 
positioned so that a small bias is applied to the meas- 
uring system to prevent drift from reversing the polarity 
of the potential applied to the potentiometer. This 
avoids the spurious potentials that would be introduced 
by a reversing switch in this circuit. Thus this bias 
depends upon the resistivity of the sample, which in 
turn depends upon the magnitude but not the direction 
of the field. 

Several experiments were conducted to study this 
effect. They included reversing the direction of the 
primary current, changing the setting of Ri, and varying 
the magnitude and reversing the direction of the mag- 
netic field. The dependence of this effect upon the 
material of the sample was also investigated. The 
results of all of these experiments could be satisfactorily 
explained by assuming a transverse magnetoresistance 
effect. Two extensive sets of data for the 11 percent 
Co-89 percent Ni sample were taken, one immediately 
after the other. The primary current direction was 
reversed for one of these sets and R, was carefully 
repositioned to obtain identical bias conditions. The 
positioning of the sample and leads was not disturbed. 
The two values of Ry obtained agreed to within 0.1 
percent. No difference in magnitude of this extraneous 
effect at high fields could be detected. 

If the effect is attributable to a transverse magneto- 


resistance, it should be most noticeable near the Curie 
temperature. To test this, measurements were made on 
on a sample containing 70 percent Ni-30 percent Cu, 


whose Curie point is near room temperatures. As 
expected, the effect was larger than in any of the Co-Ni 
alloys. 


D. EXPERIMENTAL RESULTS 


The variations of Hall emf with magnetic induction, 
B, for a number of Co-Ni alloys, normalized to a 
current of 25.0 amp and a thickness of 0.100 cm 
(values near to the experimental ones), are shown in 
Fig. 2. All of the data presented in this paper were 
obtained by the following procedure. The changes of 
Hall emf with incremental changes in field were arith- 
metically averaged for three or more runs. The same 
procedure was then used for the field in the reverse 
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Fic. 4. Hall potential difference versus magnetic induction for 
Armco iron, showing the high field part of curve D in Fig. 3. 
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Fic. 5. Hall potential difference versus magnetic induction for 
cobalt at room temperature. Curves A and C by Ettingshausen 
and Nernst (1886), B by Smith (1910), D by Unwin (1921), and 
E by Zahn (1904), are compared with the new data F, all normal 
ized to 7=25.0 amp and ¢=0.1 cm. 





direction and the results for the two field directions 
were averaged algebraically to obtain the experimental 
points. In this way, any potentials which did not 
reverse with field direction were eliminated. The 
differences in the slopes of the Ey vs B curves for 
opposite field directions above magnetic saturation 
were less than 1 percent for all the metals except Ni. 

The origin of coordinates for each of the Ey vs B 
curves was determined by observing the change in 
Hall emf for field reversals at some field well above 
magnetic saturation. The curves above saturation were 
straight lines within the accuracy of measurement for 
all of the ferromagnetic metals investigated. 

No previous Hali data are available for the Co-Ni 
alloys, though early results on the elements Ni, Fe, 
and Co are available. The new data on Ni, shown in 
Fig. 2, agree well with older experiments at low fields 
and extend the results to higher fields. 

The new data on Armco iron are shown by curve D 
in Fig. 3. Early results on iron also are plotted in Fig. 3 
for comparison. Curve A™ (which extends only to 6.3 
kilogauss) and B“ are not in good agreement with 
curves C“ and D. This may be explained by the higher 
purity of the iron used in C and D. The high field 
portion of curve D is shown in Fig. 4. It is interesting 
to note that the iron was obviously not saturated 
below 26 kilogauss. 

The rather large spread of the early low field data 
for cobalt is shown by the comparisons in Fig. 5. 
Unfortunately, the values of magnetic induction used 
in the early experiments are not available for curves 
A, C, or D. Curve E extends only to 4 kilogauss. The 
initial slopes of the curves in Fig. 5 are all positive, 
which explains why positive Hall coefficients for cobalt 
are found in the early literature. However, the new 
data taken up to high fields as shown by curve F in 
Fig. 5 demonstrates that the ordinary Hall coefficient 


‘8 F. Unwin, Proc. Roy. Soc. (Edinburgh) 41, 44 (1921). 
4 A. W. Smith, Phys. Rev. 30, 1 (1910). 
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Fic. 6. Cross section of columnar cobalt ingot, etched to show 
the relative positions of samples used for the Hall effect measure 
ments that are plotted in Fig. 7. 


is negative in cobalt, a fact which certainly is not 
apparent from curve B. 

The large discrepancies between the curves in Fig. 5 
suggested the possibility that Hall effects in cobalt may 
be structure sensitive. When the cobalt ingot from 
which the sample was cut was etched and photomicro- 
graphed, the pronounced columnar structure shown in 
Fig. 6 was revealed. X-ray analysis of an unannealed 
section of this ingot indicated the presence of both 
cubic and hexagonal cobalt. Because of the sluggish 
phase transformation that takes place around 300°C, 
such mixtures are fairly common in cobalt. The direc- 
tion perpendicular to the columnar axis was the (100) 
direction in the f.c.c. phase and the (10-1) direction in 
the h.c.p. phase. If the Hall effects are strongly struc- 
ture sensitive, Hall measurements might be expected to 
rary with the orientation of the columnar axis. Accord- 
ingly, two differently oriented samples (designated 1 
and ||, depending on the direction of the columnar axis 
with respect to the face of the sample) were cut from 
this ingot as shown in Fig. 6. The location from which 
the original sample was cut is indicated by the desig- 
nation “mixed” in Fig. 6. While the original sample 
was annealed before the Hall measurements were made, 
the two new samples were left unannealed to preserve 
their orientations. The Hall measurements made on 
these three samples! at fields above 12 kilogauss are 
plotted in Fig. 7. Since the slopes of the three curves 
are nearly the same at high fields, Ro is nearly the same 


1 Notice that the temperature for mixed Co in Fig. 7 is lower 
than for that shown in Fig. 5. A limited range of temperatures 
from 8 to 25°C was used for these measurements. The absolute 
magnitude of the initial slope of the Ey vs B curves increased 
slightly with increasing temperature for all the Co-Ni alloys and 
Armco iron over this range. This temperature dependence agrees 
with Smith’s data below the Curie temperature for iron, cobalt, 
and nickel and also with data of Lippert and Pugh on 70 percent 
Fe 30 percent Ni. 
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for all. The small vertical displacement between the 1 
and || curves indicate that a is only slightly dependent 
upon the orientation. The somewhat larger displacement 
of these two from the curve for the “mixed” crystal is 
apparently the result of the dependence of a on the 
state of anneal. Certainly differences in orientation 
cannot account for the large variations in the Hall 
effects indicated by the curves shown in Fig. 5. 

It appears that the large spread of data in Fig. 5 
must be attributed to the variability in the impurity 
content of the cobalt used. Analysis of the early papers 
of Ettingshausen and Nernst,'® Smith,’ Unwin,” and 
Zahn!’ show that they had great difficulties trying to 
procure pure cobalt. For example, the curves A and C 
were measured on two samples of what was believed to 
be the same material. In a private communication, 
A. W. Smith states that his Co undoubtedly contained 
impurities. Unwin and Zahn both attempted to produce 
electrolytic cobalt. The results of the latter two investi- 
gators (curves D and E) agree more closely with the 
results obtained here for cobalt® shown in curve F. 


E. ANALYSIS OF DATA AND RESULTS 
1. Methods of Analysis 


The analysis of the data follows directly from the 
empirical formula. The Hall constant R may be defined 
by R= (t/1)(0En/0B), and, from Eq. (1), substituting 
H= B—4rnM, 


l OE y OM 
R= = R14 4e(0=1) | (4) 


I OB OB 

so that R= Ry when 0M/dB=0 or when a=1. There- 
fore, when the temperature of the ferromagnetic metal 
is not too close to its Curie point, 0M/dB is so small, 
at high magnetic fields, that R may be considered 
equal to Ry. The slope of the straight line portion of 
the Ey vs B curve above saturation then can be used to 
calculate Ro. When M is a constant equal to M, at 
high fields, a may be calculated in two independent 
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Fic. 7. Hall effect in differently oriented columnar cobalt 
samples compared with an annealed sample having a mixed 
orientation, all normalized to /=25.0 amp and ¢=0.1 cm at 
temperatures between 9 and 13°C. 

‘6H. Zahn, Ann. Physik 14, 924 (1904), discusses the iron im- 
purities in the samples used by Ettingshausen and Nernst. 

17H. Zahn, Ann. Physik 14, 886 (1904). 
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ways’ as a test of the applicability of Eq. (1). Extrapo- 
lating the high field straight line back to the B=0 
axis and substituting in Eq. (1), the intercept is 
4r(a—1)M,RoI/t. Thus, without using the low field 
data, a can be determined if M, is known. The second 
method uses the low field data. Equation (4) may be 
written as 


Ok nx 
(5) 


: 


1 


=| a+ (1—a) 


OB us t 


where yu is the incremental permeability. At low fields 
u>>1 and at high fields u1, so that the ratio between 
the low and high field slopes determines a. Thus there 
are two independent methods for determining a when 
the Ey, vs B curve is a straight line at high fields. In 
general, these two values of a will be equal only if Eq. 
(1) is applicable and if 0M/0B is negligible at the 
highest fields employed. Another method of calculating 
a (equivalent to the first method) is convenient for 
curves of the type shown in Fig. 8. Using Eq. (1) and 
extrapolating the straight line portion at high fields to 
the Ey=0 axis, where B= Bo, 


a=1—(Bo/4rM,). (6) 


For this special type of curve a null detection method'* 
can be used for determining a. 


2. Verification of the Empirical Formulation 


The values of @ obtained from the ratio of the low 
and high field slopes in Fig. 2 are in good agreement 
with the values for @ given in Fig. 9. The low field 
data were too limited for this to constitute a proof of 
the validity of Eq. (1), which here is presumed to have 
been established at low fields by experiments reported 
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Fic. 8. Hall potential difference versus magnetic induction for 
38 percent Co in Ni, normalized to 7=25.0 amp and t=0.1 cm 
at 9°C. 


18 Ferromagnetic metals which show a behavior similar to that 
in Fig. 8 may be examined quite easily to determine @ for the 
other transverse galvano- and thermomagneiic effects. If Eq. 
(1) applies to these transverse effects and if 4/=M, where the 
En vs B curve crosses the B axis, a null detection method can be 
used to obtain @ very simply. By observing the change in the 
transverse potential or the transverse temperature difference 
with the reversal of various values of B until a null is obtained, 
By can be determined. If M, is known from an independent 
measurement, Eq. (4) gives the value of a. 
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Values of Ro and @ vs composition for elements and 
binary alloys from Fe to Cu. 
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previously.‘ A better check was found in the Armco 
iron data where the slopes could be determined more 
accurately; the initial slope from Fig. 3 and the final 
slope from Fig. 4. The value of @ obtained from the 
intercept is 25.6 (using 4%M,= 21.6 kilogauss) while 
that obtained from the ratio of slopes is 26.2. This 
excellent agreement indicates that Eq. (1) is valid and 
that sufficiently high fields were used to accurately 
determine Ro. Figure 4 illustrates the importance of 
making measurements at sufficiently high fields, for the 
En vs B curve does not become a straight line until 26 
kilogauss has been exceeded. The point at 26 kilogauss 
is actually 4X 10~* volt below the straight line while 
the three points at higher fields deviate by less than 
1X 10° volt. 


3. Results 


The results obtained to date with the ferromagnetic 
elements and alloys, including those on the previously 
investigated Cu-Ni alloys,® are shown in Fig. 9. The 
values of Ro were obtained from high field data assuming 
R= Rp in Eq. (2). The values for a were obtained by 
extrapolating the high field straight line portion of the 
En vs B curve to the convenient Ey or B axis. Correc- 
tions® to Ry should be made for the Cu-Ni alloys 
between 20 percent and 60 percent Cu because a was 
large and 0M/0B at room temperatures was not small 
enough to be neglected, since at room temperatures 
these alloys were too near to their Curie points. No 
such corrections were needed for the data on Ni-Co 
alloys. The Curie temperature of these alloys increases 
almost linearly from Ni to Co (Ni 358°C, Co 
1115°C). Thus with measurements made at room 
temperatures, these alloys were far below their Curie 
points and 6M/dB could be neglected at high fields. 
Furthermore, from Fig. 9, a is quite small for the Co-Ni 
alloys. The combination of a small @M/0B and a small 
a assures that R= Ry to a high accuracy. Although the 
Curie temperature for Armco iron is high (770°C), its @ 
is so high that a small correction of the order of 3 
percent for Ry would be required if dM/dB~10™. 
Since no data are available yet for Co-Fe alloys, the 
Ry, are dashed between these two 


lines for @ and 


elements. 
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F. DISCUSSION 


1. The Effective Number of Conduction 
Electrons/atom, n* 


Corrected values of Ro, a, and n* for all the annealed 
samples are listed in Table I. 

The n* was calculated from Eq. (2) and is plotted in 
Fig. 10 along with the number, ,, of 4s electrons/atom, 
inferred from magnetic data.'® The value of n* for 
Armco iron is — 3.02 (i.e., 3.02 holes). For convenience 
in plotting Fig. 10 has not been extended to include 
this point. The data for the Cu-Ni alloys were obtained 
from the work of Schindler and’ Pugh.* The agreement 
between n* and n, within a factor of two from Cu to Co 
is as good as that found for most monovalent metals. 
Compared to the earlier results obtained at low fields 
for Ni, Co, and Fe, this agreement is remarkable. From 
this early data n* was too low in Ni by a factor of 20, 
of the opposite sign and too low in Co by a factor of 
10, and too low in Fe by a factor of 30. 


2. The Field Parameter a 


At present the quantity @ is not well understood. 
Pugh and Rostoker” have recently discussed a number 
of proposals for explaining this quantity and have 
shown that none of them appear entirely satisfactory. 
It appears to be a much more complex quantity than R». 

If a does represent an effective field term, it should 


be observed in other conduction phenomena. Smit*! has 
used a similar effective field formulation for his low 
temperature magnetoresistance data on some ferro- 
magnetic metals and finds a~2 for Ni and a~1 for Fe 
at liquid nitrogen temperature. This is in good agree- 
ment with a= 1.9 for Ni obtained by Jan and Gijsman” 


Pas.e I. Corrected values of Ro, a, and n* for the 
annealed samples. 


Composition 
percent 
Coin Ni 


vecm 
,* 


amp ed n 
1.23 
0.61 
0.44 
0.35 
0.35 
0.36 
0.35 
0.42 
0.53 

~ 3,02 


Ro( Oo" 


0 5.6 

11 11.3 

22 15.6 

38 19.9 

53 19.6 

55 19.5 

70 19.6 

85 -16.4 

100 -13.3 
Armco iron + 2.45 


‘* The value of M, increases almost linearly from Ni to Co so 
that the number of holes in the d band, ma, has been presumed 
to increase in the same manner in this range. Measurements of 
YW, at H=11.0 and 18.0 K oersteds were made for the Co-Ni 
alloys at room temperature. The results agreed closely with 
those at H=10K oersteds, reported by O. Bloch, Arch. Sci. Phys. 
et Nat. 33, 293 (1912), and are not included here. 

*E. M. Pugh and N. Rostoker, Revs. Modern Phys. 25, 151 
(1953). 

21 J. Smit, Physica 16, 612 (1951). 

2 J. P. Jan and H. M. Gijsman, Physica 18, 339 (1952). 
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from Hall measurements at this same temperature. 
They also measured the low field Hall effects for iron 
at low temperatures and thus determined the product 
Roa, but they were unable to obtain sufficiently high fields 
to determine Ro separately. By using the value of Ro 
determined here at room temperatures for Armco iron, 
an approximate value of a can be calculated from their 
data. The result, a=1.3, is again in good agreement 
with Smit’s value of a1 for Fe. This calculation 
assumes that in Fe the low temperature Rp is close to 
that at room temperature, which may not be valid. 
For example, Jan and Gijsman found that Ro in Ni at 
low temperatures was about half that at room temper- 
ature. These limited data do suggest that the effective 
field H+4raM in Eq. (1) may be the same quantity 
observed by Smit in his magnetoresistance measure- 
ments. 


3. Two Band Model 


Although the experimentally determined n* shown in 
Fig. 10 agrees to within a factor of two with n,, the 
deviations are too great to be accounted for by experi- 
mental error. The values of m, plotted in Fig. 10 are 
taken from the two band model that has been used to 
account for the saturation magnetization of these 
metals. If the values of Ro could be interpreted in terms 
of band models, Hall measurements would provide 
considerable information concerning the electronic 
structure of these bands. 

It has been shown’ that the high value of n* in Ni 
can be accounted for by assuming that the 3d band 
also contributes to the conduction. Schindler and Pugh® 
point out that the low values of n* they obtained for 
the alloys containing from 30 percent to 60 percent Cu 
in Ni should not be taken too seriously, since these 
alloys were measured” at temperatures near to or above 
their Curie points. Corrections’ for the fact that 
0M /dB+0 at high fields are in the right direction to 
improve the agreement with predicted values. 

In comparing values of m* with those of n,, it is 
convenient to proceed to the left in Fig. 10 from 20 
percent Cu in Ni toward Co. As Ni is approached the 
rise in n* relative to n, can be attributed to the in- 
creased conductivity in the 3d band caused by the 
increase in the number of holes. The decrease in n* 
beyond Ni can then be attributed to the decrease in 
conductivity in the 3d band because of the decreasing 
mobility in this band as 6*«(k)/dk* approaches zero. 
One might then expect that, when »* goes below n, 
beyond 12 percent Co in Ni, the conduction in the 3d 
band changes to the electronic type. However, small 
amounts of electronic conduction in the 3d band would 
make n* larger rather than smaller than m,. Actually 
Eq. (3) will yield values of n*<n, only for very large 
values of o4/o. This becomes clear when Eq. (3) is 
written in terms of the ratio 6 obtained by dividing the 


now in progress. 





HALL EFFECTS OF 
mobility in the 3d band by the mobility in the 4s band. 


When ¢a/o,=6na/n, is substituted into Eq. (3) 
n* = (n,+6na)*/(n,+6na), (7) 


where the negative sign applies to conduction by 
positive carriers and the plus sign applies to conduction 
by electrons in the 3d band. The conduction in the 4s 
band is assumed to be electronic in all cases, since in 
these metals this band can be considered nearly empty. 

From Eq. (7) the value of n* can be positive and less 
than n, only if 6>1. When 6=1, n*=n,+-nz for elec- 
tronic 3d conduction and n*>n,+n, for positive 
carrier 3d conduction. With Eq. (3) it is very easy to 
account for values of n* that are fairly large compared 
to nm, and impossible to account for values of n* less 
than ,, unless 6>>1, which seems improbable. 

It must be concluded that the two banc model, using 
Eqs. (3) and (7)** cannot account for the observed 
values of Ry in these metals, with m,=20.6. If n, could 
be assumed to be less than 0.35 per atom or could be 
assumed to decrease monotonically from near 0.6 at 
60 percent Cu in Ni to near 0.2 or 0.3 at Fe, the experi- 
mental values for Ro could be explained with the two 
band model, using Eqs. (3) and (7). 

With either of these assumptions the data on Ro can 
be explained as follows: The 3d band is divided into 
sub-bands. The top sub-band is filled to the inflexion 
point near 38 percent Co in Ni. From there on to pure 
Co the conduction in this 3d band becomes electronic 
as the sub-band is further depleted. Since Ro is positive 
in Fe, the contribution to Ry from the 3d band holes 
exceeds the contribution from the 4s electrons. This 
indicates that the next sub-band is being emptied. One 
objection to this explanation is that the choice of any 
value for m, less than 0.6 makes it difficult to account 
for the saturation magnetization, unless one assumes 
some net polarization of the 4s electrons. 

N. Rostoker has suggested that the approximation 
of a spherical Fermi surface used in these models may 
be at fault. For example, the value of n* for copper is 


* In deriving these equations, it is assumed that the bands are 
either nearly full or nearly empty. However, this is not a serious 
limitation if the 4s band can be considered nearly empty. The 
contribution to Ro from the 3d band is relatively small in any 
case. When the 3d band is neither nearly full nor nearly empty 
(say about half full), its conductivity should be so low as to 
produce only a small effect. 

t Note added in proof.—It is generally assumed that the ¢ value 
in these ferromagnetic metals and alloys is equal to 2. Recent 
results of A. J. P. Meyer, Compt. rend. 235, 1382 (1952) showed a 
spectroscopic g value of 2.20 which was independent of concentra- 
tion up to 28 percent Cu in Ni. This would decrease the expected 
value of m, by only 10 percent. 
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Fic. 10. Effective number of electrons, n*, vs composition for 
elements and binary alloys from Co to Cu. The generally accepted 
values of m, are plotted for comparison. 


about 50 percent too high.”® Detailed calculations of 
the band structure by N. Rostoker in collaboration 
with Walter Kohn are now in progress. 


G. SUMMARY 


Room temperature measurements of the ordinary 
Hall constant, Ro, and the field parameter, a, have been 
completed on Ni, Co, Fe and the Co-Ni alloy series. 
The sign of Ro in Fe indicates conduction by positive 
carriers (3.0 holes/atom). For all of the other ferro- 
magnetic metals studied here Ro agrees to within a 
factor of two with the value predicted from the assump- 
tion that all of the conduction is electronic with from 
0.6 to 0.7 electron/atom. This agreement is comparable 
to that of the previous work on Cu-Ni alloys. The 
detailed behavior of Ro in these binary alloys from Cu 
through Ni to Co suggests varying amounts of conduc- 
tion from the 3d band. However, this detailed behavior 
cannot be explained with a simple two band approxi- 
mation without making one of two doubtful assump- 
tions. To explain the data with this approximation, it 
must be assumed either that the mobility in the 3d 
band may be much greater than that in the 4s band or 
that the number of electrons/atom in the 4s band may 
be less than 0.35. Probably this band model is too 
simple and more exact calculations must be made to 
account for the data. 

We are indebted to N. Rostoker for his very valuable 
aid and suggestions in numerous discussions and to 
J. E. Goldman, R. Smoluchowski, W. Kohn, and A. I. 
Schindler for their comments and criticisms. We are 
also indebted to R. W. Turner for the x-ray analysis of 
the columnar cobalt. 

We are indebted to the U. S. Office of Naval Research 
for funds to carry on this research and to the Westing- 
house Research Laboratories for supplying the samples. 


*8 At copper the 4s band is approximately half full. Therefore, 
the large value of n* corresponding to a small value for Ro may 
be merely evidence that the band cannot be considered nearly 
empty. 
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The saturation magnetization of gadolinium has been found to follow a 7! law between 20-250°K. 
The saturation magnetization at absolute zero, determined by extrapolation is 253.6+0.9 cgs units, corre- 
sponding to 7.12 Bohr magnetons. The data fal! considerably below the theoretical curve predicted by the 


Debye quantum modification of the Weiss theory of ferromagnetism for the 857) 


nations have also been made. 


I. INTRODUCTION 


HE ferromagnetic properties of metallic gado- 

linium were reported in 1935 by Urbain, Weiss, 
and Trombe,' and by Trombe.? The value of the 
absolute saturation magnetization was cited as 253.5 
cgs units, and the Curie point as 16°C. The development 
of processes for the separation of pure rare earth salts® 
and for the preparation of the pure metals‘ at this 
laboratory has made it possible to pursue such measure- 
ments further. 

Preliminary measurements were made using a bal- 
listic method with the sample in the form of a torus.° 
Since there appeared to be certain discrepancies between 
these preliminary measurements and those reported by 
Trombe, it was deemed desirable to extend these meas- 
urements to higher fields. This paper is a report on the 
extension of the preliminary measurements. 


II. EXPERIMENTAL PROCEDURE 


The spectrographic analysis of the gadolinium metal 
used was as follows: Ca, detectable, but less than 200 
ppm; Sm, detectable, but less than 600 ppm; Fe, Co, 
and other rare earths, not detected. 

Curie point determinations were made with annealed 
and unannealed samples. Magnetic moment measure- 
ments were made on an annealed sample only. The 
samples were annealed for twenty-four hours at 400°C. 

The magnet used in these measurements was a 20-kw 
Weiss type electromagnet which was constructed at this 
laboratory. This magnet has a 12-inch core which 
tapers to six-inch pole faces. It is capable of producing a 
20-kilogauss field over a 1}-inch pole gap. 

Magnetic moments were measured by a method 
similar to that suggested by Sucksmith.* The gradient 
of the electromagnet was calibrated using a sample of 
99.99 percent pure iron, supplied by Johnson, Matthey 


* Contribution No. 234 from the Institute for Atomic Research 
and Department of Physics, Iowa State College, Ames, Iowa. 
Work was performed in the Ames Laboratory of the U. S. Atomic 
Energy Commission 

' Urbain, Weiss, and Trombe, Compt. rend, 200, 2132 (1935). 

?F. Trombe, Ann. phys. 7, 383 (1937) 

‘F. H. Spedding ef al., J. Am. Chem. Soc. 69, 2812 (1947) 

‘F. H. Spedding and A. H. Daane, J. Am. Chem. Soc. 74, 2783 
(1952). 

5 Legvold, Spedding, Barson, and Elliott, Revs. Modern Phys. 
25, 129 (1953). 

®W. Sucksmith, Proc 


Roy. Soc. (London) A170, 551 (1939). 
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state. Curie point determi 


and Company, Limited. The saturation magnetization 
at 20°C, for this sample, was taken to be 217.8 cgs 
units. The calibration was checked using a sample of 
nickel 99.97 percent pure and assuming a saturation 
value of 54.65 cgs units. 

The calibration samples and the gadolinium were in 
the form of cylinders, 10 mm long and 1 mm in diameter. 
The magnetizing field was calculated using the ex- 
pression 


H=H, cn Ni, (1) 


where /7=the magnetizing field, H)= the applied field, 
]=the magnetization per cm’, and .V=the demagnet- 
izing constant, taken to be 0.0875 for samples of the 
above aspect ratio.’ 

Two methods were used for the Curie point determi- 
nation. In the preliminary measurements with the 
torus, the variation of magnetic moment with tempera- 
ture was observed for a small constant field. The second 
method was to observe the variation of the spontaneous 
magnetization with temperature, using fields produced 
by the electromagnet, where the spontaneous magnet- 
ization was determined by the extrapolation technique 
of Weiss and Forrer.* 

The cryogenic apparatus for the saturation magnet- 
ization measurements and the high field Curie point 
determinations consisted of a double Dewar. The inner 
Dewar contained the sample the temperature of which 
was controlled by a stream of helium gas. The outer 
Dewar contained a heat exchanger and a liquid bath. 
Helium gas was cooled in the exchanger, then mixed 
with a stream of warm helium before entering the inner 
Dewar. The temperature range from 39°-85°K was ob- 
tained with a hydrogen bath, from 85°-260°K with 
nitrogen, 200°-280°K with acetone and dry ice, 280° 
310°K with ice water. The temperature was controlled 
to within a degree for saturation measurements and to 
within a quarter of a degree for Curie point determi- 
nations. 

The temperature was measured by a copper-con- 
stantan thermocouple calibrated over the temperature 
range employed. 

? See R. Bozorth, Ferromagnetism (D. Van Nostrand Company, 


Inc., 1951), pp. 846-849. 
§ P. Weiss and R. Forrer, Ann. phys. 5, 153 (1926). 
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Fig. 1. Representative curves of the isothermal variation of magnetic moment of gadolinium as a function of 1///. 


This apparatus was used throughout, except for the 
20.4°K data. Here the sample was immersed directly 
in the hydrogen bath, and the necessary buoyancy 
corrections made. 


III. RESULTS 

Figure 1 shows sever | of the representative curves 
of the isothermal variation of the magnetic moment as a 
function of 1/H. It was found that the variation, for 
magnetizing fields of 4000-18000 oersteds over the 
temperature range of 20-253°K, is well represented by 

the expression 
on, 7r=o2,7r(1—a/H), (2) 


where oy, r= the magnetic moment per gram, a», 7= the 
saturation moment per gram at 7°K, H7=the magnet- 
izing field, and a=constant. The data were extrapolated 
to zero, using the method of least squares to find the 
saturation magnetization. 

The values of the saturation magnetization, obtained 
by the above extrapolation, are plotted as a function 
of T! in Fig. 2(a). It may be observed that the data 
seem to agree quite well over the temperature range 
examined with an expression of the form, 


Ox, T=Ox,0(1—bT'), (3) 


where oz,o=the absolute saturation magnetization, 
b=a constant, and T7=absolute temperature. It may 
be further observed [Fig. 2(b) ] that there appears to 
be some correlation between our data and the ex- 
pression, 

On, T=Ox,y(1—b7"), (4) 


between 250°K and 130°K, but the data seem to fit 
the 7! expression at least as well if not better than the 
7? expression over this range. Consequently, the 7! law 
is used over the entire range for determining the ab- 
solute saturation magnetic moment. 

Using again the method of least squares, the value of 
the saturation magnetization at absolute zero was found 
to be 253.6+0.6 cgs units. This saturation moment 
corresponds to 7.12 Bohr magnetons. 

In Fig. 3 the ratio of o,, 7/04, is plotted as a function 
of the ratio of 7/6, where @ is the Curie temperature. 
Several curves, obtained from the Debye quantum 
modification of the Weiss theory of ferromagnetism 
for various J values, are also shown. To make com- 
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. (a) The saturation magnetic moment of gadolinium 
as a function of 7!; (b) of 7°. 
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Fic. 3. The reduced magnetization curve for gadolinium; also, 
the theoretical curves for J=1, J=7/2 and J=~, from the 
Debye-Weiss quantum theory of ferromagnetism. 


parison between experimental data and the Debye- 
Weiss theory, the ratio of oo, 7/00,9, where oo, r is the 
spontaneous magnetization, should be plotted as a 
function of 7/6. However, our data indicate that the 
value of the spontaneous magnetization differs from the 
saturation magnetization by only a few percent, which 
would not change the location of the plotted points 
significantly. 

The variation of the square of the spontaneous mag- 
netization with temperature near the Curie point is 
shown in Fig. 4(b). The intersection of the extension 
of the nearly linear portion of this curve with the tem- 
perature axis was taken to be the Curie point, i.e., 
17.74+0.3°C. In Fig. 4(a) the Curie point is deter- 
mined from data obtained by the ballistic method 
using the torus and a small applied field (ie., 23 
oersteds) and was found to be 15.9+0.1°C. 


IV. DISCUSSION OF RESULTS 


Of particular interest is the fact that the value of the 
absolute saturation magnetization obtained by Trombe 
by extrapolation of a 7° plot agrees exceedingly well 
with the value obtained here using an extrapolation of 
a T! plot. This discrepancy was obvious even in our 
preliminary measurements where, for instance, our 
ralue for the saturation magnetization at 77°K was 
some 4 percent lower than that obtained by Trombe. 

Of interest also is the fact that the saturation mag- 
netization of gadolinium follows a 7! law over nearly 
its entire ferromagnetic range. Gadolinium thus seems 
to be peculiar in this respect as other ferromagnetics 
follow a T! law only at very low temperatures. 

Our investigation also showed that gadolinium is not 
as magnetically “hard” as indicated by Trombe, al- 
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though considerably “harder” than iron. The constant 
(a) in Eq. (2) is an indication of this “hardness” and 
has the value of about 170 from our data. This is to be 
compared with Trombe’s value of 1250. This difference 
of “hardness” between our samples and Trombe’s was 
also indicated by our preliminary measurements at low 
fields,‘ using the ballistic method. 

The Curie point found by the ballistic method, 
Fig. 4(a), agrees quite well with Trombe’s value, where 
he has defined the Curie point as the temperature at 
which ferromagnetism disappears in a small field. The 
Curie point is found to be some two degrees higher when 
it is defined as the temperature at which spontaneous 
magnetization. disappears. The disagreement between 
the values of the Curie points does not seem unreason- 
able when the differences in their definitions are con- 
sidered. 
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Fic. 4. (a) The Curie point of gadolinium using the ballistic 
method and an applied field of 23 oersteds. (b) The Curie point 
using spontaneous magnetization. 


It was possible to repeat the data obtained by the 
ballistic method irrespective of whether the Curie 
point was approached from above or below, showing 
there was no temperature hystersis (within at least 0.1°) 
at the Curie point. 

It may be observed that the absolute saturation mag- 
netization is some 2 percent higher than would be pre- 
dicted if only the spins of the 4f electrons contributed 
to the magnetization; this deviation is outside the. 
experimental error. Also, the reduced magnetization 
data points fall far below the curve calculated for the 
‘S7/2 spectrographic state using the Debye-Weiss theory 
of ferromagnetism. Had oo, 7 data been used for this 
plot rather than o.,7 data, the experimental points 
would have been slightly lower than the points shown. 

The authors wish to express their thanks to Jack 
Powell for preparing the rare earth salts and to A. H. 
Daane and Richard Barton for preparing the metal 
samples. 
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Matrix Elements of Spin-Spin Interaction* 
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An expansion of the spin-spin interaction operator allows a derivation of matrix elements using the 
methods of Racah. Formulas are given for configurations involving two nonequivalent electrons and for 
n equivalent electrons. Extension of the results to other configurations may be made using known procedures 


I. INTRODUCTION 


HE consideration of the Heisenberg spin-spin 
interaction operator! in problems of complex 
spectra has proved useful in explaining energy level 
structures showing deviations from the Landé interval 
rule. It has been recognized that there are appreciable 
spin-spin contributions in the spectra of light atoms.’ 
More recently the work of Araki’ and Trees‘ suggests 
that such contributions may be significant in the spectra 
of atoms of quite large atomic number. 

Procedures for computing the matrix elements of 
this operator are available for both two-electron and 
equivalent electron configurations. Marvin® gave a 
treatment of the two-electron case using the method of 
one-electron eigenfunctions and computed elements 
involving s, p, and d electrons. Aller, Ufford, and Van 
Vieck® applied similar methods to the configuration 2° 
and pointed out limiting conditions on the number of 
nonvanishing coefficients which occur in the elements 
of the spin-spin and spin-other-orbit operators. More 
recently, Trees‘ generalized a relation given by Racah 
and used it to find the elements in d” configurations. 
Araki® had already developed interval formulas using 
methods analogous in part to those of Trees and the 
present writer. 

In a new formulation, the use of one-electron eigen- 
functions should be avoided, since their use leads to 
cumbersome procedures for all but the simplest con- 
figurations. At the same time the structure of the 
operator should be explicitly shown, also to the end 
that treatment of different configurational problems is 
facilitated. 

By expanding the interaction operator into a form 
such that the relations given by Racah’ can be used to 
find the elements, both these objectives may be fulfilled. 

* Part of a dissertation to be submitted to the faculty of The 
Graduate School of the University of Pennsylvania in partial 
fulfillment of the requirements for the degree of Doctor of Phi 
losophiy. 

'W. Heisenberg, Z. Physik 39, 499 (1926); or E. U. Condon 
and G. H. Shortley, The Theory of Atomic Spectra (Cambridge 
University Press, Cambridge, 1951), 771. The symbol TAS is 
used in further references to this text. 

2 Discussion and references, TAS 7’. 

3G. Araki, Prog. Theoret. Phys. 3, 152 (1948); 3, 262 (1948). 

4R. E. Trees, Phys. Rev. 82, 683 (1951). 

5H. H. Marvin, Phys. Rev. 71, 102 (1947). 

6 Aller, Ufford, and Van Vleck, Astrophys. J. 109, 42 (1949). 

7G. Racah, Phys. Rev. 61, 186 (1942); 62, 438 (1942); 63, 367 
(1943); 76, 1352 (1949). These papers are denoted R-I, R-II, 
R-ITI, and R-IV, respectively. 


Thus the formulas developed below yield matrix ele- 
ments directly in the SLJM scheme. They are ex- 
pressed in terms of W coefficients and submatrix 
elements which are available, for the most part, in 
tabular form.?> Direct indication is also given of those 
elements which are nonvanishing. 

An additional point involving the nature of the 
present formulation arises in connection with the d" 
configurations considered by Trees. The observation 
was made that the elements were diagonal with respect 
to the seniority number v.° The explanation of this 
circumstance is given in Sec. V below. Briefly stated, 
the spin-spin interaction breaks up into products of 
one-particle tensors of odd degree and these are known 
to be diagonal in 2. 

Extension of the general results to configurations 
other than //’ and 1” should follow along lines laid out 
in R-II Sec. 5 and Sec. 7. However, these applications 
have not been considered at this time. 

For the configurations considered in the present 
paper, the matrix elements are found by direct use 
of Eqs. (10) and (12). These equations have been 
stated in quite general terms, since they find application 
in all the two-particle interactions of complex spectra. 
A short treatment of the electrostatic interaction has 
been included as an example of such an application. 


II. THE SPIN-SPIN INTERACTION AS A SCALAR 
PRODUCT 


Given two systems, 7 and j, a vector distance r,; 
apart and characterized by spin-vectors s; and s,, the 
Heisenberg spin-spin interaction, denoted by //,,!! 
(following Marvin!®), is as follows: 


H,.U= — ar, °[3(8,- rij) (8; ty) — (8) 8))ri?] (1) 


in which a=ey~'c!. This operator is of rank 2 in the 
spin and orbital parts separately, but a scalar in the 
product space. It may also be regarded as the scalar 


TT (22) 


part of a double tensor! T 


‘For tables of the Racah coefficients, see L. C. Biedenharn, 
Oak Ridge National Laboratory Report ORNL-1098, 1952 
(unpublished). . 

9 See reference 4, Eq. (10) 

See reference 5, Eq. (1) (discussion on p. 103). The symbol 
H,,"' is also used, in the course of the present work, in situations 
which imply a sum over n particles [see reference 4, Eq. (1) }. 

"E. Wigner, Gruppentheorie (Vieweg, Braunschweig, 1931), 
p. 295; also R-II Sec. 5. T® is a two-particle operator. Its 
properties are discussed in reference 4, Sec 
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The spin and orbital parts of this operator are 
separated when it is written as a scalar product. This 
is done in terms of two-particle irreducible tensor 
operators. A convenient way of defining these is through 
the vector-coupling formalism, 


{AeoB ka } (Kk = D9, a, (Rikegige KQ) Aq,“ Ba, *?, (2) 


comparable to TAS 14°1. The components of the rank 
2 tensor operator compounded from two vectors are 


{A B}o=6"*(3AoBo— A-B), 
{A B} 41° = 2 1(ApByit+A41Bo), (3) 
{A B} 42° 14,84). 


The vector components are defined according to 
R-II (24). 


The interaction operator takes the following form: 
-3Le(—)@i sso? {RR}9?, (4) 


in which Q assumes integer values from —2 to +2. 
The vector R=ar,;'r,;. With minor changes, Eq. (4) 
may be found in Araki or Trees‘ (among others). 
Matrix elements of the spin operator in Eq. (4) are 
obtained immediately since the two vector arguments 
are separate in i and j. But the orbital part must be 
expanded before its elements can be found, just as in 
the case of the electrostatic interaction operator e*r;;~' 


H,U= - 


III. THE EXPANSION OF {R R}* 


The tensors C? of R-11(46) are “radial” in type and 
the two-particle tensors {C;“0C;“»}™ are suitable 
operators for the required expansion. However, in 
evaluating the expansion coefficients, it is convenient 
to use the two-particle orthonormal wave functions of 
TAS 141: 


V(kikoKY) 
(4or)"[ (2k y+ 1) (Dh 1) J CAC, 24 gh 


(kikogige KY), (kigu)d, (Rego). (3) 


Da Ve 


The ¢-functions are spherical harmonics, defined as in 
TAS 4°, that is, ¢(kg)=O(kg)(qg). The vector R, 
defined in Sec. II, may be written R,=ar,;-*4 (49/3)! 
X [r..(19¢)—1),; (1g) |. After some reduction, the orbital 
operator is expressed as 

{R R}o® Lr 2v3y (2020) 


rirN2 54p (1120) +r7v3y (0220) J. 


= 49rhv2 5~4a’r;; 


The 


polynomials. 


Vij om §[ri(1 ‘i 


must be expanded in Legendre 
, and assuming 7;>7;, 


quantity r,,~° 
2 Setting p= 


p*) > p?(2p+ 1) 


XL (2p+3)— (2p— 1p? |P,p(cosw). (7) 
2 FE. J. Routh, Proc. London Math. Soc. 26, Series 1, 481 (1895). 


x ;/%; 
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After inserting (7) in (6), an expansion in y-functions 
can be carried out. It has already been observed that 
only the coefficients c.= f'{R R} 9? y(t+2 12Q)dr,d7; 
need be considered.’ There are three non-vanishing 
integrals in the sum over p and these may be found by 
the use of R-II(45), (38). The final result is 


{R R} 9? =49hv2 5-0 > 1(—) ‘p! 


 [ (t+ 2) (t+ 14) (t+ 1) JW (t+2 122), (8a) 


and using Eq. (5), 
{RR} 9? =675-4a’r7 > 1(—) ‘p! 


* [ (2t+ 5) !/ (28) YY CC, Fe. = (8b) 

The operator appears as a generating function in 
Eq. (8a). This equation is thus one of the equations 
which may be used in deriving recurrence and other 


relations between y-functions. 


IV. MATRIX ELEMENTS OF TWO-PARTICLE 
OPERATORS 


The matrix elements of the general operator 
{T,“? Y;“)} will next be considered. The nature of 
T“» and Y“» will be unrestricted except as implied by 
the subscripts i and 7. In the j;j2jm scheme the ele- 
ments are 


(jrjojm | {TE YO} | jy’j2'j’m’) 
= (—)*+9(2k+1)'¥ a, @, V (Ri Rok; 9192-9) 
K Lem (Fijojm| Ta, | jy'joj”’m") 


X Gir’ joj”’m""| Vo," | ji'ja'j’m’). (9) 


Upon using in succession R-I1(29), (41), (44a, b) with 


occasional use of R-II(19a, b), (40a, b), the following 


result is found: 
(jijojm | { Ten Ys ie ji jo j'm’) 


= (—)k-i'+™V (77’k; —mm'g) 


x [ (27+ 1) (2k+ 1) (27’+1) }! 
X (fil| 7” | 71") Gall ¥ 4 | 72") 
XE (i+ DW Gaps” 5 jek) 


XW (joj j2'7" 5 jx'ha)W (hrjkoj’; 7k). (10) 
The submatrix element (j:j2j||{ T?) ¥%*)} |! j)’js"7") 
is given directly by R-II(29). 

Equation (10) may be regarded as a generalization 
which includes as special cases R-I1(29), (38), (44a, b). 
The sum over products of three W coeffici ients is, apart 


'S Reference 6, p. 47. Occasion is taken to note that a comparison 
of ¥(t+2, #2Q) with the functions appearing in this reference 
discloses an error in the m dependence of the latter (to correct, 
read m’ instead of —m and also sum over m’). Conclusions of the 
reference are not affected by this correction. 





MATRIX ELEMENTS 
from normalization, a type of unitary coefficient dis- 
cussed by Fano."* The matrix element of the scalar 
product of two operators of the type given in Eq. (10) 
is given directly by R-II(38). 

The matrix elements of a two-particle double tensor 
operator in the /"avSLJM scheme may be found by a 
procedure similar to that used in R-III Sec. 7. The 
operator is separated into two parts, which involve 
two-particle and one-particle tensors, respectively : 


D i>j{ 88/2} 4 Tv ¥, end KD 
= WY «(8,08 ) 4{ T,4v Y, 2) 


aa Y (88) HT 9 ¥, 49) (4) 7, (1 1) 


Evaluation of the elements proceeds very much as in 
the case of Eq. (10). The result is most simply stated 
in terms of one-particle double tensors U‘**), which are 
related to the V“*) tensors of R-II(102b) by a sub- 
matrix element in the spin tensor, V‘**) = (s||s“||s)U“*. 
The element is 


(lmavS L||S> i>j{ 858; } ® 

 { TP Y, 42} | "@’v’S’L’) 

= (—)sitacthithe §(2K+ 1) (s|]s“||s) 
XK (s|] 5? ||s) UTEP |D UY 4? |) 
Kare sen (Mav L\|U | a!’e"S”L") 
% (Ie! LI] U 2k2) I'S’) 
XW (x SKS’; S’RK)W (Rk, LRoL’; LR) 
— (ImadS L)|U'®® ||" a'v'S’L') W (xi skes; SK) 


XW (Rilkol; 1K). (12) 


In this expression, as in (11) above, the spin ranks are 
restricted to the values 0 and 1 for one-particle tensors. 
It follows that for the spin-spin interaction the term 
involving U‘**) in Eq. (12) will vanish. In the spin- 
other-orbit interaction, this term would not vanish, in 
general, since K=1 in this case. For the electrostatic 
interaction x;=x,=K=0, and the coefficient of F*, 
expressed in terms of the U“ tensors of R-II(102a), is 


fe=EUC DL (2LA DAS arora (— Ee" 
x (Moa L\|U |\l"a'’0"SL") 
x (Ia!’0"SL!\|U® || *a'v'SL) 


—n(21+1)—'5 (a, a’)5(v, v’))}; (13) 


since, formally, U*) = (25+ 1)#(2s+1)U™. 


4U. Fano, National Bureau of Standards Report 1214 (1951), 
Appendix D (unpublished). Related material and further refer- 
ences will be found in Biedenharn, Blatt, and Rose, Revs. Modern 
Phys. 24, 249 (1952); L. C. Biedenharn, J. Math. Phys. 31, 287 
(1953). 
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Although most of the useful term values have already 
been made available, this formula is of use, in some 
instances, for their computation, e.g., in f" configura- 
tions.'® One advantage which it has over other formu- 
lations is that terms which are nondiagonal in v are 
found directly.'® 


V. THE MATRIX ELEMENTS OF THE SPIN-SPIN 
INTERACTION 


Use of R-I1(38) immediately yields 


(SLIM | H,1| S'L’IM) 
(14) 


= (—)S+l’-JW (SLS'L'; J2)(SL\|T@ ||S'L’). 
Thus the J dependence is completely given by the phase 
factor and W coefficient!” and is independent of the 
configurations of the wave functions. 

For two-electron wave functions, not necessarily 
antisymmetric, the submatrix element is 


(UleSL || T |\1,'1,'S’L’) 
=- 3(51505]||{8,8,} ® || 51/52'S’) 


«* (AleL {RR} @|2)''L’). (15) 
Taking s;=52=5,'=5'=}4, the spin part is fixed, since 
S and S’ must both be unity. The value is +4(5)!. 
Using Eq. (8b) and representing the radial integral as 
in reference 5, one finds that 


(LloSL|| 7 |\Ly'lo’ SL’) 
= (—)'+h'41 25) (2041) (2L’+1) }9 
KF (—) ARE (2t+5)!/ (28)! 8 
K (JCC? Ly) (Llal]C IIe’) 
KE (2L"+- DW LLL” ; byt+ 2) 


«KW (lo); Lyt)W (t+ 21M’; £2). (16) 
The completely antisymmetrized matrix element will 
involve four elements of the above type, differing in 
the order of individual quantum numbers.'* Such 
permutations involve phase factors in the two-particle 
wave functions [see R-I(6)]. In general, factors in- 
volving both spin and orbital quantum numbers will 
occur (e.g., in the case of the electrostatic interaction), 
but for the spin-spin interaction, the spin phase contri- 


® The term values for f* are the subject of a forthcoming paper 
by E. F. Reilly. The procedure used is that of R-IV, with J wr 
on the numerical work provided by Eq. (13). 

‘6 The parallel result is that of R-III (78), (79). 

17 See reference 4, Eqs. (2) and (3). 

® As in reference 5, Eq. (2); TAS 7°. 
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bution is zero. The final form will then be 


(Id, SL||T |)l,/l;'SL’) = 3 (ylaS LT IIly'le’ SL’) 


(—)Utle-L (Jol) S| 7) |Ily'le SL’) 
Al L! (Lo) S| Tle!’ SL’) 


Lh" (UySL|| TT |\l'l SL’) }. (17) 
The formula found by inserting Eq. (17) in Eq. (14) is 
equivalent to the procedure of Marvin.'® Specialization 
to the case in which /;=1,’ and 1;=1,’ is immediate and 
the case of two equivalent electrons is handled by 
standard methods (TAS 6%). 

In the l"avSLJM scheme, the matrix element follows 
from Eq. (12). The submatrix element which enters the 
coefficient of M* is 
(l"avSL Me l"a’vS'L’) 

= — 2(5)§[ (2t4-5)!/ (20)! UIC“ ||) UC ID 

XDYarserr (l*avSL\| VO?) ||! aS" 1") 
K (lta! vS" LV" | la/eS'L’) 


« W (LSS; S’2)W (t+ 21tL'; £2), (18) 
in which w, is the angular part of T, (for p*, see 
reference 5, Table IV). The coefficient yp assumes a 


Elements given by combining Eqs. (16), (14), and (17) differ 
by the phase factor (—)“-“’ from those given in Table V of 
reference 5, if the given order of quantum numbers is used. This 
difference corresponds to the transposition of the element in 
Eq. (16). 
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simple form when the relation 


(ltavSL||V" |\"a’vS'L’) 
= [ (2L+1)/(2/+ 1) }4(S||S||S)6(aSL, a’S'L’) 


is used.”° 

The values of ¢ are prescribed by the properties of 
(1\|C“+2)||1), By R-II (50’), ¢ is restricted to even num- 
bers ranging from 0 to 2/—2. The sum of the ranks of 
the tensors V“*) is thus an odd number. According to 
R-III Sec. 6.(6), these tensors are diagonal with respect 
to v. It follows that the coefficients yu; are likewise 
diagonal, as observed by Trees.® 

It may be further noted that while the diagonal 
spin-orbit matrix elements in /'t' configurations must 
vanish, since in V“!) the sum of the ranks is even 
[R-II Sec. 6 and R-III(69b) ], the same does not hold 
true for the spin-spin elements in which the tensors are 
of odd degree. 

The author wishes to thank Dr. C. W. Ufford for 
suggesting this problem and for his advice and help 
during the course of the work. He is also much indebted 
to Dr. G. Racah and Dr. J. H. Van Vleck for their 
interest and for important observations and suggestions 
which they have made. 

” The resulting expression for uo has been given by G. Racah 
(private letter to R. E. Trees). Other relations pertaining to the 
d" configurations are given in the same letter. Note added in proof. 

These relations have been derived by I. Talmi in a recent paper 
[Phys. Rev. 89, 1065 (1953), Sec. III and Sec. IV]. Dependence 
of the matrix elements on the seniority number is also discussed 
(as in Sec. V of the present paper). 
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Correlation Energy in the Ground State of He It 


Louis C. GREEN, MARJORIE M. MuLpeR, AND Paut C. MILNER* 
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(Received January 27, 1953) 


With a view of examining the effects of configuration interaction in a simple case, the three term and six 
term expressions given by Hylleraas for the ground-state wave function of He I have been expanded in 
series of Legendre functions of the cosine of the angle between the two radius vectors. The coefficients in 
these expansions are functions of r; and re, the distances of the two electrons from the nucleus. The various 
component functions are presented, together with the coefficients with which these functions enter the 
expansions, and their contributions to the total energy. A discussion is given of the method of estimating 


the magnitude of the correlation, or configuration interaction, energy 


Evidence is presented that the total 


correlation energy is at least —0.129Rye/c and may be even more negative. Of this amount it is estimated 


that —0.056Ryehc is associated with the radial part of the correlation energy, 


part, and +0.002Ry-/c with the mixed part 


HE importance of configuration interaction in 
atomic spectra has long been recognized,' and a 
number of calculations dealing with such interactions 
have been made.?~® In general, some improvement in 
term separations has been obtained when superposition 
was included but in the two most thorough treatments 
of such effects by self-consistent field methods, the work 
of Hartree’ on O, OF, and O** and the work of Jucys*® 
on C, the resuits were disappointing. It therefore seemed 
valuable to investigate the effects of configuration in- 
teraction by considering a relatively simple case in 
some detail. As a consequence in an earlier paper® two 
of the present authors together with others undertook 
the expansion of two of the Hylleraas wave functions 
for the 'S) ground state of He I in series of central field 
wave functions representing the various configurations.’ 
In total five configurations were considered: 1s*, 152s, 
1s3s, 2s? and 2p”. The wave functions in each case were 
taken as symmetrized products of self-consistent field 
wave functions for the individual electrons. For the 
1s? and 1s2s configurations a second set of expansion 
coefficients was also calculated using analytic varia- 
t This work was supported in part by a U. S. Office of Naval 
Research contract administered by the University of Pennsy] 
vania, and in part by a grant from the Research Corporation. 
* Now at Princeton University, Princeton, New Jersey. 
1E. U. Condon and G. H. Shortley, The Theory of Atomic 
ah (Cambridge University Press, Cambridge, 1935), Chap. 


? Hartree, Hartree, and Swirles, Trans. Roy. Soc. (London) 
A238, 229 (1939). 

3A. Jucys (sometimes transliterated A. Yutsis), J. 
Theoret. Phys. (U.S.S.R.) 19, 565 (1949) 

‘For references to the earlier literature see reference 5 below, 
In addition one should mention A. Jucys and V. J. Kavetskis, 
Zhur. Eksptl. i Teort. Fiz. (U.S.S.R.) 21, 1139 (1951); G. F. 
Koster, Phys. Rev. 86, 148 (1952); J. Lennard-Jones and J. A. 
Pople, Phil. Mag. 43, 581 (1952); A. Brickstock and J. A. Pople, 
Phil. Mag. 43, 1090 (1952); N. Rosenzweig, Phys. Rev. 88, 580 
(1952). 

5 Green, Mulder, Ufford, Slaymaker, Krawitz, and 
Phys. Rev. 85, 65 (1952). 

6G. R. Taylor and R. G. Parr, Proc 
(1952). 

7The possibility of investigating configuration interaction in 
Hel in this manner was suggested to one of us (L.C.G.) by 
Dr. G. Breit. 
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0.075Ryehe with the angular 


tionally determined wave functions. One of the results 
of this work was to show that for the self-consistent field 
wave functions the nonspherically symmetric 2p? was 
the second largest contributor to the ground-state 
wave function among the configurations considered. 

However, in this earlier work the coefficient of the 
1s2s configuration was markedly different for the self 
consistent field wave functions and for the analytic 
ones. It seemed entirely possible that the same might 
also be true for the 2p? as well as the other excited 
configurations. This would mean in the case of the 2p° 
that the angular dependence which would be found for 
the Hylleraas functions would depend on the particular 
kind of radial functions used in the expansion. This of 
course would not be true if a sufficiently large number of 
orthogonal functions were used so that they could be 
considered as forming a fair approximation to a com- 
plete set for the purpose in hand. However, to obtain 
such a set and to expand in terms of it might well be a 
heavy task. 

To avoid this difficulty it was decided to use an ex- 
pansion of the form* 


Wn V= ; i, of . 


where W,,* is the normalized Hylleraas wave function, 
the @,’’s are normalized functions [whose functional 
form is to be determined from Eq. (1)] of the dis- 
tances r; and r2 of the two electrons from the nucleus, 
and the P;*’s are the normalized Legendre functions 
of the various orders i of the cosine of the angle be- 
tween the two radius vectors. More precisely, Vy is 
normalized with respect to integration over r;, 6,, and 
¢1, the coordinates of the first electron, r2 for the second 
electron, and @ and ¢, the Euler angles specifying the 
direction of r, with respect to r;. &;“ is normalized 
with respect to integration over r;, 6;, ¢1, %, and ¢. 
From Eq. (1) it then follows that #,* is given by the 


(1) 


® The value of an expansion in terms of Legendre functions was 
pointed out to two of us (L.C.G, and M.M.M.) by Dr. E, U 
Condon 


= 
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expression 


1 
7,’ = fw P;N sin6d6, 
€ 


‘ 


and c,; by the expression 


2 4 
= | ff NPN sna ar _ (3) 


where dr’ indicates the volume element with respect 
to 71, 01, $1, fe, and ¢. 

It is clear that the c,;’s depend on the particular form 
which is used for ¥,*. Therefore to obtain an indica- 
tion of their stability for small variations in ¥y%, ex- 
pansions of the type given in Eq. (1) were carried out 
for both the three and the six constant expressions given 
by Hylleraas. The three term wave function has the 
form 


Wy = Ne Zs 1 +a,u+ af), 
and the six term wave function the form 
Wi = Ne~**(1+-a\u+ aol? +a35+ ays*+asu’), 


where s=7,+ 9%, (=7,;—fe, and u=fry, and the r’s are 
expressed in atomic units. The values which were used 
for the constants in the three term expression were 
N =1.321350, Z=1.816, a,;=0.30, a2=0.13, and in the 
six term expression .V = 1.381890, Z=1.818, a,;=0.353, 
ao=0.128, a;s=—0.101, a,=0.033, as;=—0.032. The 
three term wave function gives —5.80488 Ry.Ac for 
the energy and the six term one gives — 5.80648 RyAc. 
An empirical value for this quantity can be found by 
adding the ionization energies for He I and He II 
(—1.80734+0.00014) Ry.Ac and —4.00018 Ry.Ac, re- 
spectively, to give (—5.80752+0.00014) Ry.dc.2 The 
two expressions are therefore quite similar and both 
give excellent values of the energy. Table I gives the 
values of the c,’s found in the two expansions, Column 
two gives the values of the c,’s in the expansion of the 
three term Hylleraas expression and column three the 
values in the expansion of the six term expression. The 
final line of the table gives the value of > \c?. If the 
expansions were complete and the normalization con- 
stants were exact, this sum should be one. The stability 


TABLE I. Values of ¢; in the expansion Wy* = 2,c,0, P\. 


Three term W 7 Six term wy 


0.997945 
0.062583 
0.012739 
0.004322 
0.999991 


0.997535 
ran 0.069227 
C2 0.010398 
Cs 0.003528 
0.999989 


2c," 


® The values of the ionization energies and Rye in cm™ were 
taken from Charlotte E. Moore, Atomic Energy Levels, National 
Bureau of Standards Circular 467 (U. S. Government Printing 
Office, Washington, D. C., 1949), pp. 4, 6. 


MULDER, 


AND MILNER 
of the c,’s is indicated by the similarity of their values 
in the two expansions. 

The most interesting result which appears in Table I 
is the large contribution to the ground-state wave 
function of components which are not spherically sym- 
metric. Thus the coefficients of the P;’, P2*, and P3% 
terms are approximately 7 percent, 1 percent and 0.4 
percent of the coefficient of the Po’ term. 

From Eq. (2) one may find the form of the ,%’s. 
For those associated with the three term expression 
one obtains 


1 r 
&%=Vv2N e rin 1+ ar ( +3)+a(n—r0), 


(06 r 


and for i=n>0, 


1 a, re” 
©,’ =v2N—e tina 
"aa (2n+3)(2n+1)* ro" 


r2 2n+3 
(2-2) 
r>> 2n—1 
where re is the lesser, and ry the greater, of 7; and fo. 


For the ,*’s associated with the six-term expression 
one finds for 1=0 and 1, 


1 rZ 
$)\ =v2.\V—e einer 14 haul +3) -+a(r—r) 
r>? 


C0 


+a3(ri tre) Fae (rit re)? +as(ri +12") , 


: 1 P ay r* 2d5 
©," =VIN-e-#(rrt){ ——_(/ — 5 Jira 
ra 5v3 \r,? v3 


The ,’’s for i> 1 for the three and six term expressions 
are identical except for the values of the c,’s, a;’s and 
N and Z. 

It is interesting now to see how much the various 
angular components of the ground-state wave function 
contribute to the total energy of the state. Therefore 
we have listed in Table II for the three and six constant 
functions the contributions to the total energy of the 
various terms in the integral 


k= fru OP, N)*H Y ic © P;*)dr, 


where dr indicates the volume element with respect to 
all six variables. 

The first column of Table I] gives the various terms 
in the integrand, where (i) is written for c.&;“P;*. The 
second and fourth columns give the contributions to the 
energy in units of Ry.Ac of these terms for the cases 
of the three- and six-constant Hylleraas wave func- 
tions, respectively. The third and fifth columns give 
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TABLE II. Contributions to the total energy of the terms in E= JE; (c:" Pe’) *HZ, (ce P* dt in units of Rieke 








3-constant Hylleraas wave function 
Contributions of the 
angular components 


Contributions 
of the 
terms 


~ 5.72823 
+0.01700 | 
— 0.08692 
+0.00179 
— 0.00790 > 
+0.00133} 
+-0.00044 
—0.00192 | 
+-0.00030 / 
+0.00008 | 
— 5.80403 


— 5.80488 


Terms 
(0)*H (0) 
(1)*H (1) 
(1)*H (0) + (0)*H (1) 
(2)*H (2) 

(2)*H (0) + (0)*H (2) 
(2)*H (1) + (1)*A (2) 
(3)*H (3) 

(3)*H (0) + (0)*H (3) 
(3)*H (1) + (1)*H(3) 
(3)*H (2) +(2)*H (3) 


Sum 
SVN * HV Ndr 





the contributions of the various angular components of 
these wave functions to the energy if all of the angular 
components of lower order are also present. The next 
to last line of Table II gives the sum of the contribu- 
tions to the energy of the first four angular components, 
and the final line gives the energy found by Hylleraas 
for the complete wave function. 

An examination of Table II shows that the spheri- 
cally symmetric term accounts for 98.7 percent of the 
total energy given by the three-constant wave function 
and for 98.8 percent of that given by the six-constant 
wave function. The addition of a cosine term allows one 
to pick up 91.2 percent and 89.7 percent of the remain- 
ing energy, respectively. The terms containing the 
second-order Legendre polynomial account for 71.0 
percent and 72.6 percent of what then remains, and the 
terms containing the third-order Legendre polynomial 
account for 55.9 percent and 59.1 percent, respectively, 
of what is still left after the spherically symmetric 
component and the first two angular components have 
been included. The first four components together 
account for 99,9851 percent and 99,9855 percent, re- 
spectively, of the total energies given by the three- 
constant and six-constant wave functions. 

A comparison of the results given in Tables I and IT 
shows that the ratios of the contributions of the non- 
spherically symmetric components to those of the 
spherically symmetric ones are much larger for the 
wave function than for the energy. Thus the contribu- 
tions of the P,*, P:%, and P;*% components to the 
energy are only 1.22 percent, 0.083 percent, and 0.019 
percent of the contribution of the Po’ component in 
the case of the three constant wave function and only 
1.14 percent, 0.095 percent, and 0.021 percent in the 
case of the six-constant function. The ratios of the 
contributions to the wave function of the P,’, P.%, 
and P;* components to that of the Po’ component are 
therefore roughly 6, 13, and 19 times as large as the 
corresponding ratios of the contributions to the energy. 


6-constant Hylleraas wave function 
Contributions of the 
angular components 
of the wave 
tunction 


"—§.73371 


Contributions 
of the 
terms 


~ 5.73371 
+-0,01921) 
0.08448 


+0.00269) 
~0,00969 | 
+0.00155 


+-0.00066 | 
— 0.00235 | 
+(0.00035 { 
+0.00013 } 


— 5.80564 
— 5.80648 


of the wave 
function 


—5.72823 


— 0.06992 ~ 0.06527 


— 0.00478 ~ 0.00545 


—0.,00110 —().00121 


— 5.80403 — §.80564 


This result emphasizes the difficulty of obtaining a high 
accuracy wave function by minimizing the energy. 
One may use the data in Table I, together with the 
results of earlier work, to estimate the magnitude of the 
correlation energy, that is, the configuration inter- 
action energy, and its component parts for the ground 
state of He I. The correlation energy is sometimes 
taken to be the difference between the experimental 
value of the energy and the energy as found by the 
Hartree-Fock procedure, without any consideration of 
configuration interaction. However, the correlation en- 
ergy as computed in this way does not have the simple 
physical significance which one would like to associate 
with this term. We can see that this is the case by con- 
sidering the physical situation which leads to the intro- 
duction of the concept of correlation energy. If a wave 
function is to take into account the repulsion between 
electrons and the consequent low probability that two 
of them will be found in the same small volume, it 
must be small whenever two electrons are close to- 
gether. The Hartree and the Hartree-Fock wave func- 
tions are in general the only high accuracy wave func- 
tions available for complex atoms. Of these two types 
the Hartree-Fock wave functions are the superior since 
exchange effects are included in their derivation, and 
we shall limit our further discussion to functions of this 
type. However, Hartree-Fock functions are not neces- 
sarily small when two electrons are close together. They 
take the electron repulsion into account only in the 
average. As a result the energies obtained from such 
functions are higher than the observed energies because 
they include the positive repulsive potential energies 
from the increased electron interactions. It would 
therefore seem to be more meaningful physically to 
define the correlation energy (the configuration interac- 
tion energy) as the difference between the energy given 
by an exact solution of the Schrédinger equation for the 
particular problem and the energy given by the Hartree- 
Fock component in an expansion of the exact solution. 
Phis expansion of the exact solution is to be made in 
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terms of some orthonormal set of functions of which 
the Hartree-Fock function is the first member. The 
reasons for suggesting this definition will be presented 
in the following paragraph. 

If we are to use this definition for the correlation 
energy, the method of computing this quantity which 
was mentioned first can yield only a lower limit and 
this limit, at least for the case of the ground state of 
He |, is considerably smaller than the true value. The 
reason for this is the following: To build an exact solu- 
tion from a Hartree-Fock wave function it is necessary 
to superpose the Hartree-Fock solutions for other con- 
figurations or to include multiplicative functions of the 
r,s. The energy found for such a solution would be 
lower than that found for the Hartree-Fock solution 
alone. However, the new wave function must be nor- 
malized, and the contribution of the Hartree-Fock com- 
ponent to the total energy will be less than if this com- 
ponent were the only one. Therefore the difference 
between the observed energy and the Hartree-Fock 
energy is a smaller quantity than the correlation energy 
as defined above. The proper procedure to determine 
this energy would be to find the difference between the 
energy given by the exact solution and the energy given 
by the Hartree-Fock component of the exact solution 
where the Hartree-Fock wave function is that of the 
configuration making the largest contribution to the 
energy of the state. To obtain the latter quantity one 
would multiply the ordinary Hartree-Fock energy by 
the square of the coefficient of the Hartree-Fock wave 
function in an expansion of the exact solution in terms 
of some orthonormal set of functions of which the 
Hartree-Fock function was the first member. Unfor- 
tunately, it will usually be the case that neither the 
exact solution nor any close approximation to it will be 
known, One may then take the experimental energy as 
the energy which would be given by an exact solution 
if one were known, but there would seem to be no way 
of determining the needed expansion coefficient. Under 
these circumstances one can only turn to the first 
method of estimating the correlation energy mentioned 
above, which assumes it to be the difference between 
the experimental and the Hartree-Fock energy, recog- 
nizing that this method yields only a lower limit. 

Fortunately in the case of the ground state of He I 
the data are more complete. The three- and six-constant 
Hylleraas ground-state wave functions are both ex- 
cellent approximations to the exact solution of the 
Schrédinger equation of the problem. The three- 
constant function gives the observed energy to better 


than 0.05 percent and the six-constant function to 
better than 0.02 percent. For this state the self-con- 
sistent field wave functions with and without exchange 
are identical and the energy has been found to be 
~ 5.723 RyAc.” In addition, in earlier work® the three- 
and six-constant Hylleraas wave functions were ex- 


YW. S. Wilson, Phys. Rev. 48, 536 (1935). 
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panded in terms of symmetrized products of self- 
consistent field wave functions, and the coefficients of 
the 1s? configuration were found to be 0.99550 and 
0.99606, respectively. The largest contribution which 
these wave functions can yield to the energy given by 
the Hylieraas expressions can therefore be found by 
multiplying the energy obtained using only these wave 
functions by the square of their expansion coefficients. 
This procedure gives —5.672Ry.Ac and —5.678 Ryde 
for the three- and six-term wave functions, respectively. 
However, the three-term Hylleraas expression yields an 
energy 0.003 RyAc above the experimental value and 
the six-term expression an energy 0.001 Ry.Ac higher 
than the experimental. It is not clear what part of these 
differences between the Hylleraas and the experi- 
mental energies should be assigned to the correlation 
energy. If we assume that none of it should be so as- 
signed, we obtain the smallest estimates of the size of 
the correlation energy, —0.133 Ry&Ac and —0,129 
Ry.Ac, respectively. These values are considerably 
larger than the value —0.073 RyAc found by Taylor 
and Parr.® The discrepancy is accounted for by their 
use of an older value of the Hartree-Fock energy" and 
by the fact that they did not employ an expansion co- 
efficient to determine a correction factor, so that they 
took no cognizance, in the manner suggested above, of 
the reduction of this energy which would result if terms 
were included in the wave function to take account of 
the correlation in the position of the electrons. 

In general, it is clear that the choice of the correction 
factor will depend on the particular approximation to 
the exact wave function which has been employed. 
Thus the coefficients of the 1s? configuration in the ex- 
pansions of the two Hylleraas functions were different. 
However, if one employs approximate wave functions 
which give good values of the energy and which are of 
sufficiently general form, the expansion coefficient of the 
1s? configuration should be relatively stable. It might 
seem that if the correlation energy is introduced by the 
addition of terms in the interelectron distances it would 
only be necessary to set the coefficients of such terms 
equal to zero to find the noncorrelation part of the 
energy. This is not the case, however, since when r;; 
terms are introduced they will take up part of the 
average interelectron distance effect. Thus, in the case 
of the three-constant He I ground-state wave function, 
the contribution of the terms not involving the inter- 
electron distance is only — 3.11084 Rye. 

It is interesting now to estimate what part of the 
total correlation energy is radial, what part angular, 
and what part may be classified as mixed. One may take 
the radial correlation energy for the ground state of 
He I as the difference between the contribution to the 
total energy from the purely radial terms of a wave 
function which gives a good value of the energy and 
contains both radial and angular terms and the Hartree- 


"“H. Bethe, Handbuch der Physik (Julius Springer, Berlin, 
1933), second edition, Vol. 24/1, p. 370. 
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Fock energy corrected as in the preceding paragraphs. 
Similarly the angular part of the correlation energy 
may be taken as the difference between the contribu- 
tion from the Hartree-Fock component plus the non- 
spherically symmetric components and the corrected 
Hartree-Fock energy. Finally, the mixed part of the 
correlation energy may be taken as the contribution 
from the cross-product terms between those parts of 
the purely radial terms which do not belong to the 
Hartree-Fock wave function and the nonspherically 
symmetric terms. We should therefore take the differ- 
ence between the energy given in Table II for the 
spherically symmetric component and the corrected 
Hartree-Fock energy as the radial correlation energy. 
This quantity is —0,056 Ry,Ac for both the three-.and 
six-term wave functions. It is not possible from the 
data at hand to compute a value strictly according to 
the tentative definition given above for the angular 
correlation energy. This results from the fact that, in 
calculating the contribution of the nonspherically sym- 
metric components, the cross-product terms have been 
found using ®)* instead of the Hartree-Fock part of 
#)’. However, the correct calculation has been made 
for the cross product involving the first angular com- 


ponent ,% of the Hylleraas three-term expression, with. 


the result that the value found was —0.08896 Ry.Ac 
instead of —0.08692 Ry./c as given in line 3 of Table 
II. This indicates, as was to be expected, that the 
mixed part of the correlation energy amounts to only a 
few percent of the radial and angular parts. If one 
accepts this result as applicable to the other angular 
components, which have not been specifically investi- 
gated, one would estimate the angular correlation energy 
as a few percent more than the difference between the 
energy given by one of the Hylleraas expressions and 
that given by its &)% component. The angular correla- 
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tion energy is therefore probably a few percent more 
than —0.077 Ryde and —0.073 Ry,Ac, perhaps — 0.079 
Ry.4tc and —0.075 Ryz,Ac, for the three- and six-term 
wave functions, respectively. In accordance with this 
argument we estimate the mixed correlation energy 
very roughly as +0.002 Ry.Ac. These values for the 
parts of the correlation energy assume that the entire 
difference between the experimental ground-state en- 
ergy and the values given by the Hylleraas functions 
should be attributed to that part of the energy which 
does not depend on the correlation of the positions of 
the electrons. Without this assumption the above values 
of the correlation energies would be slightly increased, 
but just how these small differences should be divided 
between the noncorrelation energy and the various 
parts of the correlation energy is not clear. 

In summary the present work gives the results of the 
expansion of the three-term and the six-term expres- 
sions given by Hylleraas for the ground-state wave 
function of He I in series of normalized Legendre func- 
tions times normalized functions of r; and ry. The co- 
efficients in these expansions decrease with increasing 
order of the Legendre functions but not so rapidly as 
might have been expected. Thus the coefficient of the 
term involving the Legendre function of order one is 
7 percent of the coefficient of the spherically symmetric 
term. The contribution of the various terms to the total 
energy falls off more rapidly. A detinition of total corre- 
lation energy is suggested, and on the basis of this 
definition, the value of the total correlation energy is 
found to be at least —0.129 Ryd for the He I ground 
state. The total correlation energy is further divided 
into radial, angular, and mixed parts of estimated 
size —0.056 Ry.Ac, —0.075 Ry.Ac, and +0.002 RyAc, 
respectively. 
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We examine in the light of recent experimental data smooth mass surfaces which may be placed in the form 
M—A=A,,(A)+J(A)[D—D,,(A) F, 

where A,»,(A), D»(A), and J(A) are key functions which characterize the mass surface and D= N—Z is the 

neutron excess. We here attempt to find an optimum set of key functions and to evaluate various semi 


empirical key functions now in use 
In this study we introduce the reference key functions 
A» (A) = (A —100)?/100—64, (mMU) 
J(A)=25/A, (mMU) 
and 
Dy,(A) =0.4A*/(A 4+ 200). 
We use these reference functions in such a way as to effectively subject the data and various semi-empirical 
functions to microscopic examination, so that ‘fit’? becomes immediately apparent. We note that most of the 
semi-empirical mass surfaces in current use give rise to large systematic errors in nuclear masses. The large 
errors are not inherent properties of the semi-empirical equation since a set of constants can be found which 
reduce these errors to within the range of uncertainty caused by shell effects. 


1. A REFERENCE MASS SURFACE have some direct theoretical foundations are rathe 
cumbersome to use and, as we shall see, quite inaccurate 
we have developed a simpler and more accurate refer- 
ence surface. This reference surface is a member of the 
class of surfaces in which the mass decrement, A= M 
— A, may be expressed in the form 


UCLEAR mass surfaces have been used in pure 

and applied nuclear physics for the following 
reasons: (1) They serve to sysiematize existing experi- 
mental information concerning nuclear masses and 
energies and thereby provide a succinct summary of a 
large quantity of information. (2) They provide a A=A,,(A)+J(A)[D—D,(A)P, (1) 
reasonable basis for predicting unknown nuclear masses 
and energies. (3) They serve as smooth base surfaces 
from which irregularities of the experimental mass 
surface may be charted permitting thereby a careful 
study of these irregularities. (4) They serve to test 
various statistical theories of the nucleus. In all but the 
last application the theoretical justification of the ex- 
pression used for the nuclear surface is unimportant as 
compared to the accuracy and simplicity of the mathe- 
matical representation. Since the mass surfaces which 


where D=N—Z is the neutron excess and A,,(A), 
D,,(A), and J(A) are functions of the mass number. 
Mass data, beta-decay data, and various theoreticai 
models of the nucleus suggest that, apart from shell and 
pairing discontinuities, a surface of this general form 
may be used as an approximate representation of nuclear 
mass decrements. The function A,,(A) fixes the 
depth of the valley of the mass surface. The term 
J(A)[D—D,,(A)} is based upon the assumption that 
apart from the shell and pairing discontinuities isobaric 
TasLr I. Key reference functions sections of the mass surface are parabolas. D,,(A) fixes 

the neutron excess of the vertex and J(A) characterizes 

A i iu | Der(A ome MU Der(A) the width of the parabola. The parabolic (A, Z) surface 
corresponding to Eq. (1) may be obtained by letting 


10 17.0002. 0.190 -48,000 0.179 23.059 ; 
20 0.000 5 727 39.000 0.167 28.714 D=A—2Z and D,,(A)=A—2Z,,(A). 


$0 15.000 0.833 5 28.000 0.156 28.444 For our reference mass surface we use for A4>10 the 
40 28.000 0.625 2 15.000 0.147 31.243 ; : 

50 —39,000 0.5 0.000 0.139 34.105 Simple key functions! 

60 48,000 0.417 38 17.000 0.132 37.026 : 

70 55.000 0.357 36.000 0.125 40.000 A,” (A) = (A —100)?/100—64, mM (2) 
80 60.000 312 4. 57.000 0.119 43.024 

90 63.000 0.278 80.000 0.114 46.095 J'(A)=25/A, mMU (3) 
100 64.000 0.250 13.33. 105.000 0.109 49.209 and 

110 —63.000 0.227 15.61. 132.000 0.104 52.364 D,,"(A)=0.4A?/ (A+ 200). (4) 


120 —60.000 0.208 , 161.000 0.100) 55.555 
130 —55.000 0.192 20.485 F ; — 
Apart from accuracy, convenience and simplicity of 
computation were major considerations in our choice of 
* Now at the Department of Physics, Florida State University, 
Tallahassee, Florida 'A. E. S. Green, Phys. Rev. 86, 654 (1952). The tentative 
t Now at the Department of Physics, University of Dayton, change of the constant in Eq. (2) from 62 to 64 was in response to a 
large change (8 mMU) in the heavy masses 
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Eqs. (2)-(4). To show the order of magnitude of these 
functions, we give in Table I the values of these key 
functions for various mass numbers. Since { D— D,,"(A) ? 
are usually numbers of the order of unity, we note if we 
compare J'(A) with A,,”"(A) that the laiter is the 
dominant term in the expression for mass decrements. 
The over-all accuracy of A,,’(A) will become apparent 
when we discuss Fig. 1 (see Sec. 3). 


2. SEMI-EMPIRICAL MASS SURFACES 
According to the well-known statistical theory of 
Weiszicker? Bethe,’ Bohr and Wheeler,‘ and others, 
nuclear energies may be represented by 


EY = —a,;A+a.A i4a;(Z?/A 1)+a,4(N —Z)?* 4A, (5) 


While the constants a), dz, a3, and a, may be related to 
physically important parameters it is usual to relax the 
theoretical constraints and instead to adjust these 
constahts to fit the experimental data. For this reason 
Eq. (5) is referred to as a semi-empirical. The equation 
for mass decrements corresponding to Eq. (5) expressed 
as a function of the mass number and the neutron 
excess is 

A”= 4(A +D)A,+ I (A —D)Ay —a,A + dA ; 


+<a;(A—D)?/4A'+a,D°/4A, (6) 


where A, and Ay are the mass decrements of the 


neutron and the hydrogen atom. We may place this 
expression in the form of Eq. (1) by finding the function 
D(A) which gives the minimum of A” for a fixed A and 
by substituting this expression into Eq. (6). They key 
functions so obtained are 


4,,”(A)=-— [ a; — (3A,+An )/4]A 
+ (a4+A,— An)Dn’(A ) 4+ aA i 


Dn (A)= A[pA!— (An—An)/aa]/ (1+ p44), 
J°(A)= (a4/4A) (14 p49), 


where p=da;/d,. In some treatments the Z in Eq. (5) is 
replaced by Z(Z—1). The key functions then are 


Am” (A) = —[ai— (34,+4n)/4 JA 


+ (ay+A,—An)Dn”(A)/4 
+ (do— dz ‘4)A j+a;D,,"(A ) ‘4A I 


(7) 
(8) 
(9) 


(7’) 


Dy (A) =[pA'(A —1)— (An—An)/a4 )/(14+pA!).  (8’) 
J”(A) is unchanged. In Table II we list various sets of 
empirical constants which have appeared in the litera- 
ture. Whenever they are known we have listed the 
proton and neutron mass decrements originally used in 
the adjustment of the empirical constants. The last set 
of constants is a tentative set arrived at in this paper. 
In the last column we indicate the equations to which 


2. F. von Weiszacker, Z. Physik 96, 431 (1935). 

3H. A. Bethe and R. F. Bacher, Revs. Modern Phys. 8, 165 
(1936). 

*N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 
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these constants refer, and in the next to the last column 
we list the fission constant 2a2/a3. 


3. THE OPTIMUM MASS SURFACE 


We shall now attempt to use the expevimental data to 
evaluate a set of functions which within the class 
represented by Eq. (1) provide the optimum repre- 
sentation of this data. We shall denote these functions 
by the superscript letter 0. Instead of attempting to 
evaluate this function directly we shall introduce a set 
of parameters which characterize the deviations of the 
optimum functions from our empirical functions. For 
this purpose we shall define R°, T° and r° by 


R°= An’(A)—Am’(A), 


T°= Dn?(A)—Dyn"(A), (10) 


and 


r°=J°(A)/J(A). (11) 


In a similar way we may define three parameters R", 
T”, and r” to characterize the deviations of the 
Weiszacker functions from our reference functions. 
These deviation functions may be computed for any set 
of semi-empirical constants. We may now in principle 
use the experimental data to evaluate R°’, T°, and r’. The 
extents to which R° deviates from 0, T° deviates from 0, 
and r° deviates from 1 measure the inaccuracy of our 


MASS NUMBEM 


Fic. 1. Mass residuals for beta-stable odd-A nuclide vs mass 
number. R® is our tentative, optimum, smooth residual. The 
optimum semi-empirical curve represents the residual for the 
semi-empirical equation arrived at ia this paper. The base line 
represents our reference function An"(A). Sources of experimental 
data are indicated by the symbols (see references 6-12). 


*A preliminary report of this study of the semi-empirical 
equation was made at the March, 1952 meeting of the American 
Physical Society in Columbus, Ohio [N. Engler and A. E. § 
Green, Phys. Rev. 86, 654 (1952) ]. 
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TABLE IL. Sets of empirical constants (in mMU) 


Sym Author t Ay An ai 


8.070 
8.123 
8.131 
8.130 
8.123 
8.142 
8.132 
8.142 


14.885 
15.04 
15.74 
15.035 
15.089 
15.0825 
16.432 
16.720 


8.450 
8.930 
%.945 
8.920 
8.930 
8.982 
8.930 
8.982 


I Bethe 
II Fermi 
Ill Mattauch 
IV Feenberg 
V Pryce 
VI Metropolis 
Vil Fowler 
VIII This paper 


* See reterence 3 


a as a4 2a2/a3 


0.623 83.770 
0.627 83 
0.647 88.24 
0.627 77.755 
0.655 84.199 
0.627 82.970 
0.741 96.872 
0.750 100.00 


43.5 
44.7 
51.0 
44.9 
45.9 
44,7 
48.6 
49.3 


14.176 
14.0 
16.5 
14.069 
15.035 
14.0 
17.989 
18.500 


D® oO 20 20 Hp 90 90 90 
ole cco 


NNN | 
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»C, Goodman, The Science and Engineering of Nuclear Power (Addison Wesley Press, Cambridge, 1947), Chap. 2 by M. Deutsch. 
© J. Mattauch and S. Flugge, /ntroduction to Nuclear Physics (Interscience Publishers, Inc., New York, 1946). 


4. Feenberg, Revs. Modern Phys. 19, 239 (1947) 


This comprehensive article lists several sets of constants and goes deeply into the question of the 


variation of semi-empirical constants. The particular set referred to here is quoted by J. M. Blatt and V. F. Weisskopf, in Theoretical Nuclear Physics (John 


, New York 
Proc. Phys. Soc 


Wiley and Sons, Inc 1952) 
*M.H 


.. Pryce 
paper 


«W. A. Fowler (unpublished) quoted on p. 11 of W 


1949) 


reference functions. The extents to which R° deviates 
from R”, T° deviates from T”, and r° deviates from r“ 
measure the inaccuracy of the semi-empirical function. 
By this procedure we shall in effect make microscopic 
examination of the data in relation to the analytical 
expressions which we are investigating. 


4. THE DEVIATION FUNCTION R° 


If the experimental masses conform to Eq. (1), then 
D—D,,°(A) for the beta-stable odd mass nuclides should 
take on random values between +1 since if the neutron 
excess were more than one unit away from the valley for 
a particular set of isobars, beta-decay would produce a 
nuclide with less mass. Thus on the average the para- 
bolic term contributes approximately 


25([D— D(A) P)/A = 12.5/A, (12) 


a quantity which may be ignored for A>10. We may 
therefore use the mass decrement values for the beta- 
stable odd nuclides to represent rather accurately the 
variation with mass number of the valley points of the 
mass surface. In Fig. 1 we plot the residuals of the 
experimental mass decrements for beta-stable odd 


nuclides vs A. 

The experimental data used in Fig. 1 has for the most 
part been compiled from mass determinations reported 
since 1950 by Nier,® Duckworth,’ Lauritsen,’ Motz,’ 
and their co-workers, and by Wapstra.'® The sources of 
the data are indicated on the figure. For the very heavy 
nuclides we used a new mass table based upon the mass 
value for Pb”* reported by Hays, Richards, and 
Goudsmit" and the neutron and proton binding energies 


® Collins, Nier, and Johnson, Phys. Rev. 86, 408 (1952); R. EF. 
Halsted, Phys. Rev. 85, 726 (1952) ; 88, 666 (1952). 

7 Duckworth, Johnson, Kegley, Olson, Presont, Stanford, and 
Woodcock, Phys. Rev. 78, 179, 479 (1950) ; 79, 402 (1950) ; 81, 286 
(1951); 82, 468 (1951); 83, 1114 (1951); Nature 167, 1025 (1951). 

8 Li, Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 
(1951). 
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compiled by Way.” This set of masses runs about 8 
mMU below the masses compiled by Stern." 
Examining Fig. 1, we see that the experimental 
residuals tend to fluctuate about the zero axis rather 
erratically. The smooth dotted curve indicated in 
Fig. 1 represents our tentative choice of R*. Our 
effective scale (the distance between the two dashed 
lines is 5 mMU) is so large that we are here in a realm in 
which smooth curves may be chosen with considerable 
latitude. However, for our purposes here this latitude is 
essentially negligible. We note, first of all, that the 
deviations R°=A—A,,"(A) are only of the order of a 
few millimass units and are quite small compared to the 
magnitude of the variation of decrements. (See column 2 
Table I). Accordingly we may conclude that our refer- 
ence function 4,,”(A) “‘fits” the experimental data quite 
well. In Fig. 2 we represent the residuals R’ by a series of 
dark circles and the residual R“=A,,“(A)—A,,"(A) for 
various semi-empirical equations by curved lines. To 
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Fic, 2. Semi-empirical residuals vs mass number for various sets 
of semi-empirical constants. (See references in Table II.) I 
Bethe; If—Fermi; I[I]-—Mattauch; IV—Feenberg; V—Pryce; 
VI—Metropolis; VII—Fowler; VIII—This paper. The small solid 
circles represent the estimated Re from Fig. 1. 


" K, Way and M. Wood (private communication, 1951). 
13M. O. Stern, Revs. Modern Phys. 21, 316 (1949). 
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accommodate the computed deviations a much smaller 
scale is used (the distance between the two dashed lines 
again is 5 mMU). The large magnitude of some of the 
deviations may come as a shock to the reader. Since 
nuclear masses have not changed to this extent in recent 
years we must either conclude that the methods of 
adjustment used in these earlier studies were very 
sensitive to these changes in nuclear masses (particu- 
larly those of the neutron and proton) or else the 
adjustments were made to a limited portion of the mass 
surface. Of the surfaces which have appeared earlier in 
the literature Fowler’s surface is the most accurate. 
Our curve which is closest to R® was obtained by an 
iterative process which started from Fermi’s constants. 
We essentially retained Fermi’s D,,(A) but varied the 
constants by discrete steps so as to reduce to zero the 
departures at widely spaced mass numbers. The An” (A) 
function so obtained was then plotted and the process 
repeated until R” was in good agreement with R’. Since 
unassessed shell effects make us somewhat uncertain as 
to the validity of our tentative R° we did not go as far as 
is possible with our attempt to match R“ to R’. How- 
ever, we have already gone far enough to show that 
large systematic errors in absolute masses are not 
intrinsic to the semi-empirical equation but instead 
these errors can be reduced substantially by an adjust- 
ment of the constants. We note, however, that the 


constants we obtained are quite larger than those 
quoted earlier in the literature and represent further 
steps in the direction already taken by Fowler. Fowler’s 
constants, however, are not strictly comparable with 
ours since he has used Eq. (7’). 
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Fic. 3. D—D,,"(A) for beta-stable odd-A nuclides vs mass 
number. T¢ locates our tentative optimum smooth line of beta- 
stability relative to our reference function. The base line represents 
our reference D,,7(A). Isodiaspheres are nuclides with equal 
neutron excess. 





MASS NUMBER 
Fic. 4. Semi-empirical lines of beta-stability for various sets of 
semi-empirical constants. The solid circles are taken from the 
optimum smooth curve in Fig. 3. 


5. THE FUNCTIONS Y(A) AND r(A) 


To determine the optimum D,,°(A) or T°(A) we 
made use of the fact that according to Eq. (1) beta- 
stable odd mass nuclides should all have D—D,,°(A) 
values within +1. In Fig. 3 we have plotted D— D,,"(A) 
for all beta-stable odd nuclides. The jagged line joins 
the centers of the stable limits for various isodiaspheres. 
The larger discontinuities in this line undoubtedly are 
due to shell effects. Until these shell effects can be 
assessed quantitatively it is impossible to determine a 
precise T° which represents the smooth line of beta- 
stability. However we have drawn a smooth curve which 
represents our tentative estimate of T°(A). We could 
vary this curve in some places by as much as +0.2 unit 
without fear of contradicting the data. Unfortunately 
this uncertainty is a large fraction of the change in D 
(2 units) involved in beta-decay. Accordingly we must 
eventually fix T° more precisely if we hope to make 
reliable estimates of the parabolic energy effect in beta- 
decay. 

In Fig. 4 we show the T” corresponding to various 
semi-empirical equations. We note that beyond the light 
nuclides these lines of least mass disagree with each 
other by distances which are much greater than 0.2 unit 
so that we can draw some conclusions from our tentative 
T° despite its uncertainty. It would appear that Fermi’s, 
Bethe’s, Fowler’s, and Metropolis’ lines of least mass are 
more accurate than the others and are just about as 
good as our reference line. It also appears that all of the 
semi-empirical lines have the wrong general shape 
particularly in the very heavy region. Thus to match T° 
it is necessary to allow p to vary rather than simply to 
make an adjustment of p. Using Fig. 4 the necessary 
variation of p can readily be determined. However, 
shell effects should first be precisely assessed before 
p(A) is evaluated and interpreted. 
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The parabolic width ratio r(A) may be evaluated for 
those odd mass isobars for which three or more mass 
values or two or more beta decay energies are known. 
For example, if M~, M, and M* are the masses of three 
adjacent isobars which are 8~ unstable, beta-stable, and 
8* or K capture unstable, it can readily be shown using 
Eq. (1) and Eq. (4) that 


r= (M~-+Mt—2M,)A/200. (13) 


In the very heavy region there are many instances in 
which more than three masses are available. For these 
cases a graphical method was found the most convenient 
to evaluate the parabolic width and hence r. The results 
of these calculations are shown in Fig. 5, The r values 
evaluated from mass data are represented by solid 
circles whereas the r values from beta-decay energies are 
represented by solid squares. Because these points are 
quite scattered we have not attempted to draw a 
smooth r° curve. Also shown on this same graph are the 
r” values corresponding to various semi-empirical equa- 
tions. In view of the scattered nature of the experi- 
mental points we do not feel that any one of the 
analytical r” including our r=1 has particular merit 
relative to the others. It is probable that experimental 
error and pairing effects'' contributed to the scattering 
of r values. 


6. OTHER APPLICATIONS OF THE REFERENCE 
FUNCTIONS 


Another important application of our reference sur- 
face is to the organization and interpretation of the vast 
quantity of data concerning nuclear Q values. Let us 
consider a bombardment type reaction represented by 
the transformation 


x(a, d)+X (A, D)—>X'(A’, D’)+x'(a’, d’), 


where «, Y, X’, and x’ symbolize the incident, target, 
product and ejected nuclides, respectively. The Q value 


(14) 
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Fic. §. Experimental and semi-empirical parabolic width ratios 
vs mass number. The horizontal line r=1 corresponds to our 
reference parabolic width function J’(A) 


4 C.D. Coryell and H. E. Suess, Phys. Rev. 86, 609 (1952). 
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for this reaction in terms of the mass decrements of 
these nuclides is 


Q=8+A—A'+0’. (15) 


Using Eq. (1) for the target and product nuclides and 
the experimental decrements for the very light nuclides, 
Q may be placed in the form 
Q=On(A)+0, (16) 
where 
Qm(A)=6—6’+A4,,(A)—A4,,(A’), (17) 


and 
Qa=J(A)[D—Dy(A) P—J(A’)[D’— D,,(A’) F. 
Since A’=A-+a—da’ we find, using Eq. (2), that for our 
reference function Eq. (17) becomes 
Qm’(A)=5—8'+2(a—a’) 
— (a—a’)?/100—2(a—a’)A/100. 


(18) 


(19) 


For reactions which produce a change in mass number 
from the target to the product nuclide this term usually 
makes the major contribution to the Q value. The great 
advantage of our reference surface with respect to the 
closely related semi-empirical surfaces is the simplicity 
of this expression for Q,. The reader may convince 
himself of this advantage by deriving the general Q,, 
term corresponding to Eq. (7) or Eq. (7’). In Table III 
we tabulate the functions Q,, for most of the interesting 
bombardment reactions.'® The table is so arranged that 
the function in each box is for a process in which the 
particle labeling the column is captured and the particle 
labeling the row is released. The constant term in each 
box is based upon the mass decrements for neutral light 
nuclides given by Li ef al.§ If these mass decrements 
change, the constants in Table III should be changed 
accordingly. Since Q,, is generally dominant, Table III 
may be used as a rough survey of nuclear reaction 
energies. For example, we note in accord with experience 
that reactions induced by deuterons, tritons, and 
helium-3 particles when gamma-rays, neutrons, protons, 
and alpha-particles are released are markedly exoergic. 

For every experimental Q value let us define the 
residual Q value, 


R(Q)=Q—Qn'(A). (20) 


These differences may be attributed primarily to dis- 
continuities in the experimental mass surface and to the 
parabolic effect. Since the parabolic effect is usually 
small or else it can be estimated the Q value residuals, 
which can readily be computed with the aid of Table ITI, 
provide an excellent set of data for the study of dis- 
continuities in the mass surface. 

Residual Q values may also be used to facilitate the 
construction of a mass table based upon the latest Q 
values and beta-decay energies. Using Eq. (20) we note 
that 


R{QLX (x, x’)X’]} =R(X)— R(X’), (21) 


‘6 We use the symbol x to denote He 





np 


0 
10.992+0.02A 
-10.152+0.02A 
-18.775+0.04A 
23.087 +-0.06A 
- 23.067 +-0.06A 
- 12.033+-0.08A 
~21.164+0.04A 


Paste III. Q,," values in mMU. (The symbol x denotes He?.) 


n 


10.972—0.02A 

0 

0.840 
—7.763+0.02A 
~ 12.055+-0.044 
~12.035+-0.04A 
~0.981-+-0.06A 
10.152+0.02A 


—10.992+0.024 


MASS Sl 


p 


10.132—0.02A 
0.840 
0 


~ 8.603 +0.024 
— 12.895+-0.044 


12.875+-0.044 

1.821+0.06A 
10.992+-0.02A 
11.832+0.02A 


d 


18.695 —0.04A4 
7.743 —0.02A 
8.583 —0.02A 
0.000 
4.272+0.02A 
4.252+0.024 

+6,.822+0.044 


— 2.389 


- 3.229 
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t 


22.907 —0.06A 
11.975—0.04A 
12.815—0.04A 
4,.252—0.02A 

0 

0.020 
+ 11.114+0.024 
+1.863—0.02A 


+1.023—0.02A 


x 


87 —0.06A 
55—0.04A4 
95 —0.044 
32—0.02A 
0.02 
0 
11.094+0.024 
+1.843—0.024 
+1.003—0.024 


11.713- 
0.801 
1.641 
6.902 
11.134 
11.114 
0 
9.291 
10.131- 


0.08A 
0.06A 


-0.06A 


0.04A 
0.024 
0.024 


-0.044 


0.044 


nn 22.004+0.04.4 


where by definition 


R(X)=4—A,,’(A). (22) 


Thus we see that the residual Q values are related only 
to the masses of the target and product nuclides and not 
to the very light particles involved in the reaction. The 
residual Q-value data thus have the same significance as 
beta-decay energies, since for beta-decay energies 


Eg-= R(X)— R(X’), (23) 


and 


Egt+ 2m. = R(X)— R(X’), (24) 


where Eg and E+ are the end point energies in B~ and 
8+ decay. When sufficient Q value residuals and beta 
decay energies are known in a region we may solve for 
the mass residuals in terms of one known mass residual 
(say from a mass spectrographic determination). Using 
Eq. (22) we may readily convert these mass residuals 
into mass decrements. This was the procedure used in 
the construction of a new table of heavy masses'® and it 
worked out quite well. 

Applications of the reference functions to the study of 
fission, radioactive decay and other nuclear transforma- 
tions are quite straightforward and will not be discussed 
here. 


7. CONCLUSION 


We have here made several applications of a set of 
reference functions [Eqs. (2)—(4)] for the purpose of 
examining semi-empirical mass surfaces in relation to 
the experimental data. We see from Fig. 2, Fig. 4, and 
Fig. 5 that each of these reference functions represent 

WY, S. Nader, Master’s thesis, University of Cincinnati, 1952 
(unpublished). 


some sort of average of the semi-empirical functions, an 
average which is apparently more accurate than any of 
the semi-empirical functions. We have shown that most 
of the sets of semi-empirical constants quoted in the 
literature give rise to rather large systematic errors in 
nuclear masses. These large errors, however, are not 
inherent properties of the semi-empirical equation, since 
we have found a set which reduces these errors to within 
the range of uncertainty caused by shell effects. Our 
constants are substantially larger than those previously 
appearing in the literature, with the exception of the 
constants obtained by Fowler which are only slightly 
smaller than ours. It is interesting to note that of all the 
sets, only Fowler’s and ours correspond to a fissionability 
constant close to the value 47.8 used by Bohr and 
Wheeler to predict photofission thresholds. 

There is still good evidence which indicates that to fit 
the absolute mass surface and the line of beta-stability 
we must allow the semi-empirical constants to vary. 
However, until shell and pairing effects are quanti- 
tatively assessed such a study would probably not yield 
significant conclusions. 

We have illustrated some applications of our reference 
functions to the organization and study of nuclear data. 
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particular to acknowledge our indebtedness to Robert 
B. Minogue, John S. Nader, David F. Edwards, 
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Lester Sollman, and Mrs. Walter Steiger. 

We would also like to thank Drs. A. O. Nier, W. 
Whaling, N. Metropolis, K. Way, H. E. Duckworth, 
and A. H. Wapstra for sending us data prior to publica- 
tion which were helpful in this study. 
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Discontinuities in the Nuclear Mass Surface 
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Proton and neutron binding energies are analyzed in such a way as to permit an approximate assessment of 
the effects associated with pairing and shell structure. We draw several interesting conclusions with respect 
to the accuracy of various theoretical expressions which have been proposed for the pairing effect. Our analy 
sis of the data and considerations of an atomic model lead us to a simple approximate representation of a shell 
stabilizing correction to nuclear energies. This shell structure term accounts rather well for the observed 
departures from the general trends of beta-stability, nuclear masses, and nuclear Q values. Our shell correc- 
tion suggests that much larger systematic variations in nuclear masses may be identified with shell structure 


effects than might previously have been suspected 


1. THE DATA AND THEIR INTERPRETATION 


T has been pointed out in the preceding paper' that 
nuclear mass decrements can be represented fairly 
accurately by the smooth function: 


Am’(A)= (A —100)?/100—64, (mMU). (1) 


To facilitate the analysis of the discontinuities in the 
experimental mass surface, we have converted the ex- 
perimental data into a set of mass residuals and reaction 
energy or Q-value residuals. The mass residual, in 
mMU, for a particular nuclide is here defined as 


R=A—A,,"(A), (2) 


where A is the experimental mass decrement (A=M 
— A). The Q-value residual is defined [GE Eq. (20) ]as: 


R(Q)=Q—Qm"(A). (3) 


By referring the mass decrements and Q values to 
Am’(A) and Q,,"(A) instead of the complete reference 
functions, we greatly simplify the task of computing 
residuals. At the same time we still have the advantages 
of reference functions which are good approximations to 
the actual functions. 

For studying shell and pairing discontinuities in the 
nuclear mass surface, we shall assume that the mass 
residuals may be represented by 


R(N, Z)=S;;(N, Z)+P(N, Z)+J°LD—Dn?(A)P. (4) 


The subscript 7 is used to denote a region of the mass 
surface lying between the planes defined by the magic 
neutron number .V, and .V; and the subscript 7 is used to 
denote a region lying between planes defined by the 
magic proton numbers Z,, and Z,. (See Table II or Fig. 6.) 
S,,(N,Z) is assumed to embody the shell structure 
effect and P(.V, Z) is now used to represent the pairing 
effect. We shall assume that 
H, P(E, E)=—-H, 
p, PO, E)=n, 

* Now at the Department of Physics, Florida State University, 
Tallahassee, Florida. 


1A, E. S. Green and N, A. Engler, preceding paper [Phys. Rev 
9], 40 (1953) ]; hereafter referred to as GE, 


P(O,O) 
P(E, O) 
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where E and O denote the evenness or oddness of .V or Z, 
respectively. We thus are adhering to the convention of 
referring masses to a surface which lies halfway between 
the even-even and odd-odd nuclear surfaces. We now 
allow, however, for the possible departures of the two 
odd mass surfaces from this intermediate surface. The 
parabolic term contains the optimum smooth functions 
for the line of stability and the parabolic width. 

When both the target and product nuclides belong to 
the same zone, the Q-value residual is 


R(O)=S;,,(N, Z)—Si;(N’, Z)+P(N, Z) 


—P'(N’, Z')4+ I —J0", (6) 


where 


6=D—D,,°(A) and 6’=D/—D,,°(A’). 


Since the change in NV, Z, and A are usually small 
compared to V, Z, and A we may express this equation 
approximately as 


R(Q) = (n’—n)dS;;/ON + (2'—2) dS; ;/dZ 


+P—P'+J°(@—6"), (7) 


and z’ are the neutron and proton 
numbers of the incident and ejected particles. Thus 
apart from the spin and parabolic effect residual Q 
values are related to the partial derivatives of the shell 
function. The problem of opportioning the residual Q 
values to the four terms on the right side of Eq. (7) is 
complicated by the fact that these terms are frequently 
of the same order of magnitude. Fortunately by the 
judicious choice of data for study the problem becomes 
tractable. 


where n, n’, 2, 


2. NEUT )N AND PROTON BINDING ENERGIES 


Neutron a | proton binding energies furnish a good 
source of data for studying shell effects since in these 
cases either the first or second term in Eq. (7) vanishes. 
Neutron and proton binding energies may be obtained 
from 


B,(N, Z)=A(N—1, Z)+4,—-A(N, Z) 
—OLX (y, n)X") 


(8) 
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and 
B,(N, Z)=A(N, Z—1)+An—A(N, Z) 

=—OQO[NX(y, p)X’]. (9) 
- 


Yo obtain the residual “neutron binding energy we 


subtract Q,,” from both sides of Eq. (8). We find 
R,(N, Z)=B,(N, Z)—B,"(A), (10) 


where B,"(A) is the negative of the Q,,"(A) for the y, 
reaction. Using GE Eq. (17), it is simple to show that 


R,(N, Z)=R(N—-1, Z)—R(N, 2). (11) 
Similiarly, for the residual proton binding energy, 
R,(N, Z)=B,(N, Z)—B,"(A) 

=R(N, Z—1)—R(N, Z). 


(12) 
(13) 


B,"(A) and B,’(A) are reference functions found in 
Table III GE. 

An extensive collection of neutron binding energies 
from (y,) thresholds, from the Q values of (n, y) 
reactions, and (d, p) reactions, and from mass data is 
available.? However, few proton binding energies have 
been measured directly. The residual proton binding 
energies may be computed from (p, y) reactions, (d, ) 
reactions and mass residual data using Eqs. (12) and 
(13) or else by the use of 


R,(N, Z)=R,(N, Z) 


+[R(V, Z—1)—R(N—1,Z)] (14) 


which follows from Eqs. (11) and (13). Since the differ- 
ence between the mass residuals indicated in brackets is 
the same as the difference between masses this term may 
frequently be obtained from beta decay energies. 

In view of Eqs. (8) and (9) we have, as special cases 
of Eq. (7), 


R,(N, Z)=—90S;;/9N+ P’— P+J°(0?—-€@), (15) 
and 


R,(N, Z)=—9S;;/AZ+P’— P+J°(0"—). (16) 


The parabolic term presents considerable difficulties. 
Not only is it a tedious term to compute but it is par- 
ticularly sensitive to small fluctuations in the location of 
the valley. Since the shell effect is probably the main 
cause of fluctuations in the line of stability, we find 
ourselves in the situation of having to know the shell 
correction in order to evaluate the shell correction. 
Fortunately a successive approximation approach helps 
to resolve the difficulty. The approach which we 
adopted is based upon an attempt to minimize the 
parabolic term by selecting pairs of nuclides which have 
at least one 8-stable member. Since the change in 6 
associated with the removal of a neutron or proton is of 
the order of +1 or —1, respectively, the difference of the 
squares may be expected to be a positive or negative 


2 Nuclear Data, National Bureau of Standards, Circular 499 
(U.S. Government Printing Office, Washington, D. C., 1950) and 
Supplements appearing in Nuclear Science Abstracts. 
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TABLE I. The pairing correction to binding energies 


Neutron binding Proton binding 
reat rant 

v rT n 
0,0 r+. r+e + 
E,O t—*. t " - 
OLE ‘ t ' +r 


r=9rt+y r=r+s . 


V.& 
E, E 


number of the order of unity. Consequently the para- 
bolic correction term is of the order of 25/4, which is 
relatively small for medium and heavy nuclides although 
appreciable for light nuclides. Accordingly we must 
expect, particularly for small A, scattering of the points 
from any smooth curve which represents the shell and 
spin corrections. 

It has been pointed out that the pairing correction 
represents the additional energy due to unpaired 
nucleons. If the reference surface is taken as the EE 
surface, we may denote the additional energies of an 
EO, OE, or OO nuclide as zw, v, and 7, respectively. 
These are the same m and v as used by Coryell and 
Suess.* To allow for the possible interaction of the odd 
proton and odd neutron, we have not restricted our r to 
m+yv. In Table I we show an analysis of the pairing 
correction for the binding energies of protons and 
neutrons as they depend upon the nuclear type given in 
column one. In columns 2 and 5 we indicate the pairing 
energy differences involved in these cases under the 
general assumption that the pairing energies take on the 
values 0, x, v and r. In columns 3 and 6 we indicate 
what these differences would be if r=r+-v. In columns 
4 and 7 we indicate what these differences would be if 
w=v=7/2=H. 

Ignoring momentarily the parabolic and pairing cor- 
rections, the neutron and proton binding energy residuals 
[ Eqs. (15) and (16) ] are just the negatives of the partial 
derivatives of the shell structure term. On plots of 
R, vs N and R, vs Z the points corresponding to the 
nuclides should collect about the curves — 0S; ;/0.V and 
— 0S ;;/0Z, respectively. Taking into account the pairing 
term of Eq. (15) and (16) we would expect, if r=a+», 
that the experimental points will be above or below 
—dS;,/AN and —d0S;;/dZ by the distances given in 
columns 3 and 6 of Table I. Accordingly, the points on 
the R, vs N plot should group in such a way that the 
curve —05S;;/0N would be half-way between the aver- 
age distributions of the EE, ZO group and the OO, OE 
group. Similiarly for the R, vs Z plot, the average 
distribution curves for the EE, OE group and the 
OO, EO group should be equally spaced about the 
—0S;;/AZ curve. We must expect random scattering 
about these distribution curves because of the parabolic 
factor. The distance between these average distribution 
curves on the R, and R, plots is expected to be 2v and 
2n, respectively. On the other hand, if 7 differs from 
m+yv we would in both cases find four curves spaced 


4*C. D, Coryell and H. E. Suess, Phys. Rev. 86, 609 (1952). 
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Fic. 1. The residual neutron binding energy vs neutron number. The points are designated as to the type, i.e., the 
evenness or oddness of the number of neutrons or protons. The grouping of the EE and EO types and the grouping of 
the OO and OE types can be seen. The dashed curves indicate the average distributions of these groups. The solid 


line represents our visual estimate of the best straight line representation of 
we use in Sec. 4 consists of a series of straight line segments running from 


upper magic number 


with respect to —05S;;/08N and —0S,;/dZ in accord 
with the columns 2 and 5 of Table I. 

The neutron and proton binding energy residuals 
computed from recent experimental data? are shown in 


Figs. 1 and 2, respectively. To accommodate the 
computed residuals different vertical scales were used in 
Figs. 1 and 2. 

3. THE PAIRING EFFECT 

If we examine Figs. 1 and 2 we observe that to a large 
extent the grouping of types expected on the basis of the 
assumption that r=a+-», is fulfilled. In several in- 
stances significant departures seem to occur. The most 
noteworthy is in the region of A values between 230 and 
240 where r— (4+ v)=1 mMU. 

In Fig. 3 we have plotted pairing energies, experi- 
mental and empirical, as functions of the mass number. 
The corresponding .V and Z numbers computed from the 
reference line of beta-stability {.V,."(A)=}$[A+D,"(A)], 
Z"(A)=4{[A—D,,"(A)]} are also shown. The squares 


(AS;;/8N). The —(AS;;/A8N) which 
1 at the lower magic number to 1 at the 


and the circles represent estimated values of m and », 
respectively, for five-unit intervals of V and Z. These 
values have been obtained from an analysis of the 
separation of the types in Fig. 1 and Fig. 2. 

In Eq. (5) we take as a reference the surface which 
lies halfway between the EE and OO surfaces. For the 
case r#v we may let H=4$(x+-). Various functions of 
A have been proposed for this pairing correction. In 
Fig. 3 we show three of these functions, H,(A)=140/4A,* 
H,(A)=36/A!,> and H;=10/A}.® Of these three the 
last appears to best follow the variation with A. The 
function 12/A4 is probably still better although it is 
somewhat smaller in the middle range than the experi- 
mental data indicate. 

*S. Glasstone, Source Book on Atomic Energy (D. Van Nostrand 
Company, Inc., New York, 1950). The pairing function suggested 
by J. W. Blatt and V. F. Weisskopf in Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952) is quite close to this 
one. 

5 E. Fermi (unpublished). 
6A. E. S. Green, Phys. Rev. 86, 654 (1952). 
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Mayer,’ on the assumption of a delta-function at- 
tractive potential for the spin orbit coupling model, 
obtains formulas for the pairing energy which may be 
expressed as 
w= —C(je4-4)/A (17) 
and 


v= —C(j,+4)/A, (18) 


where j, or j, is the total angular momentum of each 
proton or neutron in a given subshell and C~25 Mev. 
These values of r and » are also plotted in Fig. 3. m is 
represented by the dashed lines and y» by the dash-dot 
lines. We have based our j values on the spin orbit 
model as represented by the specific level scheme of 
Klinkenberg.* We have used only the average A for a 
particular subshell since according to Eqs. (17) and (18) 
the variation in w or v within a subshell is small. For the 
moment we cannot say that Eqs. (17) and (18) are 
consistent with our experimental estimates of w and »v. 
The fact that Eqs. (17) and (18) are not inconsistent 
with the experimental values suggests that we must 
ultimately abandon efforts to represent the pairing 
effect by the simple functions of mass number which are 
in common use. 

The values of r—v as found from the circles shown in 
Fig. 3 are in agreement, on the whole, with the values 
given by Coryell.® 

4. A REFERENCE SHELL CORRECTION 


From the scattering of the points in Figs. 1 and 2 it is 
obvious that a variety of —dS,;/AN and —@S;;/dZ 


& cy 6 


Fic. 2. The residual proton binding energy vs proton number 
The points are designated as to the type, i.e., the evenness or 
oddness of the number of neutrons and protons. The grouping of 
the EE and OE types and the grouping of the OO and EO types can 
be seen. The dashed curves indicate the average distributions of 
these groups. The solid line represents our visual estimate of the 
best straight line representation of —(0S;;/4Z). The —(0S;,;/0Z) 
which we use in Sec. 4 consists of a series of straight line segments 
running from —1 at the lower magic number to 1 at the upper 
magic number. 


7M. G. Mayer, Phys. Rev. 78, 22 (1950) 

5’ P. F. A. Klinkenberg, Revs. Modern Phys. 24, 63 (1952) 

°C. D. Coryell Annual Reviews of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1953), Vol. IT. 
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rhe pairing energies of the last nucleon are plotted as a 
function of the mass number. The V and Z scales correspond to 
values which lie along our reference line of beta-stability. The 
experimental pairing energies (v and ) as estimated from Figs. | 
and 2 are indicated by the solid circle and square, respectively 
The pairing functions of mass number given by Glasstone, Fermi, 
and Green are represented by the solid curves. 
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curves may be chosen. To proceed further in our at- 
tempt to find a suitable representation of shell effects, 
we have elected to represent these curves by the series of 
straight line segments. This representation is not only 
suggested by the proton and neutron binding energy 
data but it is also suggested by the irregularities in the 
corresponding ionization energy data in the atomic 
case.” Accordingly, we shall assume that between any 
two major magic numbers we have 


— OS ;;/O0N =2a;(N—N,) (19) 


and 


— 08S ,;;/0Z =2a,;(Z—Z;), (20) 


where a; and a; are proportional to the slopes of these 
straight line segments and .V,; and Z; are constants 
which must be adjusted for each region. In effect we 
have chosen to represent the shell correction by the 
series of functions 


Si(N, Z)=—a(N- Vt -—a,(Z —Z 5) +hk;;. (21) 


Our shell function thus has the shape of an inverted 
cup with the peak value at .V; and Z;, points which 
usually lie intermediate between the boundaries of the 
zone."! In Table II we list the values of a,, V,, aj, and Z; 
obtained from a visual adjustment of the straight line 
segments in Figs. 1 and 2. 

Let us now consider the manner in which the addition 
of a shell term given by Eq. (21) alters a mass decrement 
surface which has the basic form 


A(A, D)=An(A)+J[D—D,,(A) . (22) 


Since the semi-empirical equation may be placed in this 
form our discussion is applicable to these equations as 


See Fig. 6.3, H. E. White, /ntroduction to Atomic Spectra 
(McGraw-Hill Book Company, Inc., New York, 1934) 

"A. H. Wapstra, Physica 18, 83 (1952) has proposed a shell 
stabilizing term which is quite different from that proposed here 
Our shell stabilizing term has the advantage of introducing sharp 
breaks in the line of betas-tability which is considered to be 
essential by Coryell (reference 9) 
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Fic. 4. Location of beta-stability point vs mass numbers. The 
circles and squares indicate the points computed on the basis of 
experimental data. The solid line represents the line of stability 
computed on the basis of our reference shell correction and our 
smooth reference line of beta-stability. The dashed line indicates 
the change in the smooth baseline apparently needed in the very 
heavy region 


well as to our reference equation. Letting 


N=}(A+D,,4+D—Dy)=Nn(A)+}(D—Dn), (23) 


and 


Z=}(A—Dyn—D+Dn)=Zm(A)—4(D—Dm), (24) 


and inserting these into the sum of Eq. (21) and Eq. 
(22), we find it is possible to express the result in each 
zone in the form of Eq. (22) if we let 
af Vn(A)—N;, Pr 


An't(A ) — An(A) 


1 


—aj{ Zm(A) PA P+k:, 


4J‘1(A) 
-aj[ Zm(A)—Z; ]}?, (25) 


X{alVn(A)—N] 


Dm‘i(A)=Dm(A)+[ai(Nn—N i) 


—a;(Zm—Zj) \/2J'4(A) (26) 


and 
J*i(A)=J(A) ~(a;t+a;)/4. 


Rather than go further with the extensive set of 
empirical constants listed in Table II, we may without 
introducing considerable error replace these constants 
by the slightly different set : 


&=(V,—N)-'mMU, 4&,=(Z,—Z,)'mMU, 


N= (N.AN)/2, 2,=(Z.+Z)/2, 


where the subscripts « and / refer to the upper and lower 
magic numbers of the particular zone. In using these 
simple expressions for the parameters in our shell 
correction, we have exploited the latitude now available 
to us in view of the scattered data. Essentially we are 
representing the shell structure function by the ex- 


(28) 
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pression : 


Si;(N, Z)=— 


1 LutZi\? 
— (z- ) +h; (29) 
LZu—Zi 2 
This expression, which of course must be treated only as 
a first approximation, has the distinct advantage of 
requiring only one empirical constant for each zone 
other than the magic numbers themselves. Using our 
smooth reference functions, we shall now investigate the 
extent to which this reference shell function may ac- 
count for effects attributed to shell structure. Since eur 
reference functions are “averages” of the semi-empirical 


functions much of this discussion pertains to these latter 
functions also. 


5. THE SHELL CORRECTION AND THE LINE OF 
BETA-STABILITY 


In the preceding paper! (see Fig. 3), marked irregu- 
larities were noted in the function T which characterizes 
the deviations of the true line of stability from the 
reference function D,,"(A). To arrive at a more precise 
curve for T, we shall present the results of an analysis 
based upon beta decay energies and mass data rather 
than stability limits. Let D,,"’(A) denote the true mini- 
mum of an isobaric section at mass number A. If we 
ignore the x, v difference the mass difference between 
adjacent odd mass isobaric nuclides is 


M*—M ,=J'}(A){(D*—Dm'#(A) F 


—~[D,—Dn‘i(A) FP}, (30) 


where the asterisk denotes a radionuclide and the 

subscript s the stable nuclide. Since D*=D,+2, this 

becomes 

M*—M=4J"i(A){14[D—D,,‘7(A)]}} 
=y"{1+(6—T)]100/A, (31) 


rase II. Shell correction parameters. 
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0.300 
0.1667 
0.0834 
0.125 
0.0455 
0.0312 
0.02275 
0.0455 
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0.500 

0.1667 
0.0834 
0.125 

0.0455 
0.0312 
0.0555 


0.05 

0.088 
0.023 
0.030 
0.075 
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where here 

6= D—D,,"(A) (32) 
and 
(33) 


T=D,,''(A)—Dm"(A). 


If two mass differences are known we may set up two 
equations and solve Eq. (31) for r‘’ and T for a given 
isobaric section. Unfortunately apart from the region of 
heavy nuclides there are only a few instances in which 
two mass differences are known for odd isobars. In order 
to make some use of the extensive data corresponding to 
odd mass isobars for which only one mass difference is 
known, we have for these cases as a reasonable first 
approximation let r‘’=1 (see GE, Fig. 5) and solved 
this one equation for T. 

In Fig. 4 we show the location of the minimum mass 
points of odd mass nuclides which have been computed 
using a recent collection of beta decay energies (circles) 
and our set of mass values (squares). Also shown in 
Fig. 4 is the difference T=D,,‘/—D,,"(A)} computed 
using Eq. (26) and Eq. (28). It is clear from the plot 
that in the main the experimental points do fluctuate in 
accord with the predictions based upon our reference 
shell function. The agreement may be improved even 
further if in the very heavy region D,,"(A) were taken as 
the dotted curve indicated in Fig. 4. 


6. SHELL CORRECTION AND THE NUCLEAR MASSES 


The constants, k,;, in Eq. (21) are still to be de- 
termined. Substituting S$ ;; from Eq. (21) into Eq. (4) we 
have 


RN, Z)= —&(N—N }2—a,(Z—2,) 
thi tJ 02+ P. 


For odd-mass beta-stable nuclides the pairing term and 
parabolic term will be small so that the constants, k,;, 
can be evaluated approximately by substituting the 
data appropriate for these nuclides. Using the values of 
&,, &;, N,, and Z; from Table II as well as a table of 
R(N, Z) values computed from recent mass data we 
have calculated the various &;; values. In this computa- 
tion we have noted that for a particular zone, i.e., a 
specific 7 and j, the computed value of &;; varied some- 
what. The &;; at shell edges derivated the greatest from 
the average; accordingly, values of R(.V, Z) for either 
magic .V or magic Z or both were not included in the 
final computation of k,;. The values of k;; so calculated 
checked rather closely wlth a set obtained by a graphical 
method. Our estimated values of &,;, are listed in 
Table III. To test this set of &;; values and the re- 


(34) 


TaBLe III. Estimated &;; values in mMU. 


4, 
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Fic. 5. The mass residuals for beta-stable nuclides vs mass 
number. The solid symbols represent odd-A nuclides and open 
symbols the even-A nuclides. The symbols used designated the 
source of experimental data (see references 6-12 in GE). The 
discontinuous curve represents the mass residuals for the beta 
stable points of a surface which incorporates our smooth reference 
functions and our reference shell stabilizing term. The left 
vertical scale denotes residuals computed with respect to Am’(A) 
= (1 — 100)?/ 100, whereas the right vertical scale denotes residuals 
computed with respect to A,’(4) = (4 — 100)?/100—64 


mainder of the shell correction we plotted in Fig. 5: 


Aw*'(A)— A, (A) 


Z,-Z 
2utZif | 
x| 2. {)— | +4. 
2 4 °1(A) 
1 
| 
V,—\ 


NAN? 
[ ¥=(4)- 
| ; 


1 ZutZiVy’ 
= | Za(.1)- |}. (35) 
Lu Zi 2 


The function represented by Eq. (35) is discontinuous at 
the magic A numbers. These discontinuities are proba- 
bly not entirely significant, since our shell term is 
expected to be inaccurate at these shell edges. If in 
following the atomic model we had joined a nuclide 
corresponding to a closed shell with a straight line 
segment to the nuclide with a closed shell plus one 
neutron or proton in our curves for —0S;;/8V and 
— 0S ;;/0Z, we would have avoided these discontinuities, 
The residual masses of beta-stable odd-mass nuclides 
should fall fairly close to this curve except at shell edges. 
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Fic. 6. The line of beta-stability in relationship to zones defined 
by magic numbers. The numbers in parentheses are the indices of 
the zone (i, j 


On the other hand, the beta-stable even-mass nuclides, 
which we included because there are not enough odd- 
mass nuclides to test our curve, should fall somewhat 
below (~1 mMU) the curve representing Eq. (35). An 
examination of Fig. 5 shows that on the whole these 
features are borne out by the evidence. The magnitude 
of the scattering of the points is probably greater than 
can be attributed to experimental error, to the pairing 
effect or to the parabolic effect. Thus unquestionably 
there is room for improvement in the shell stabilizing 


term. 
7. THE SHELL CORRECTION AND Q VALUES 


Accepting Eq. (21) as the shell correction, we readily 
find that for reactions with the target and product 
nuclides in the same zone 


O,=2a,(n—n')(N—N,)+ai(n—n') 


+ 2a,(z—2')(Z—Z,)+a;(z—2’)*. (36) 


Using the simplified set of constants [Eq. (28) ] this 


becomes 


O,=2(n—n')(N-—N,)/(Nu- Na) 
2(n—n’')?/(Nu—N)) 
( -2')\(Z -Z;) (Z.—Z1) 


+2(s—32')?/(Z,.—Z,), (37) 


an equation which is quite simple to handle. To test the 
accuracy of our complete reference surface we have 
computed Q values of numerous (y, #) and alpha-decay 
reactions. Upon comparing these predicted values with 
the (y,) threshold values given by Sher,” and the 
a-decay energies given by Perlman and Seaborg," we 
found that 67 percent of our predictions were within 1 
mMU of the experimental value. This represents a 
substantial improvement in accuracy with respect to 
predictions based upon our smooth reference function 
alone, or the semi-empirical mass functions. 


8. CONCLUSION 


Our study of the discontinuities of the experimental 
mass surface has led us to certain conclusions regarding 
pairing discontinuities and shell discontinuities. 

We have examined the frequently accepted assump- 
tion that pairing effects may be represented by + H(A), 


2 Sher, Halpern, and Mann, Phys. Rev. 84, 387 (1951). 
18 Perlman, Ghiorso, and Seaborg, Phys. Rev. 77, 26 (1950). 
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—H(A), and zero for OO, EE, and (OE and EO) 
nuclides, respectively, where H(A) is 36/A! or 140/A. 
We find this assumption to be untenable for the follow- 
ing reasons: (1) These functions exaggerate the average 
magnitude of the pairing effect for light nuclides. The 
function 12/A‘ probably furnishes a closer representa- 
tion of the average magnitude of the pairing effect. (2) 
The additional energy of unpaired neutrons or unpaired 
protons with respect to even V even Z nuclides differ in 
many regions, i.e., frequently rv. (3) In some regions 
the energies associated with unpaired particles are non- 
additive. This suggests that an appreciable pairing 
interaction is present in OO type nuclides.“ (4) The 
expressions for the pairing effect involving shell quantum 
numbers which were derived by Mayer using the shell 
model are not inconsistent with the available evidence. 
In view of the many successes of the shell model, it 
would seem that the final pairing correction will of 
necessity embody shell quantum numbers and hence 
will not be representable as a simple function of A, .V, 
or Z. 

In our study of the shell discontinuities we have 
found evidence that the shell effect upon neutron and 
proton binding energies may be approximately repre- 
sented by a series of straight line segments between 
major magic numbers. This representation is also sug- 
gested by the general nature of the discontinuities in 
atomic ionization energies. Because the available data 
and our method of analysis did not permit a precise 
assignment of the parameters which characterize these 
straight line segments, we chose to study the conse- 
quences of a uniquely defined set of straight line 
segments which we found to be a not unreasonable 
representation of the available evidence. Pursuing this 
representation we deduced a shell stabilizing correction 
to nuclear energies which we found gives a rather good 
account of the departures from the general trends of 
beta-stability, nuclear masses, and nuclear Q values. 

Perhaps the most startling conclusion to which we are 
led from this approximate representation is the large 
variation of masses which may be identified with a shell 
stabilizing term. The fact that in most regions where 
accurate mass values are available the line of beta- 
stability cuts the corners of shell zones, has tended to 
obscure this feature of the experimental mass surface. 
Only in the heavy region do we meet a situation where 
we can gauge the true range of the shell correction from 
the doubly magic corner of the zone to the peak. In 
Fig. 6 we indicate how our reference line of beta- 
stability (which is a fairly good one) crosses with respect 
to zones defined by magic V and magic Z numbers. We 
may conclude therefore that shell effects do greatly 
distort the masses of beta-stable nuclides from what 
they would be in the absence of shell effects. Accordingly 
theoretical expressions based upon the statistical 
theories of the nucleus must be adjusted to mass values 


4K. Way and M. Wood, Phys. Rev. 86, 608 (1952) have note] 
an n-p interaction above Pb®* which is probably related to this. 
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which are substantially different from the actual masses 
of nuclides. 

Unquestionably a better representation can be found 
for the shell stabilizing term than our present one. The 
local adjustment of the parameters incorporated in 
Eq. (21) probably would lead to a substantial im- 
provement. It is also probable that the true shell 
correction may embody semimagic numbers and curved 
segments. At this time the experimental data is too 
sparse and too inaccurate in many regions of the mass 
surface to offer great encouragement to an effort to 
refine the shell correction on the basis of purely empirical 
considerations. Of necessity such a study will be a 
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tedious one, since it will have to be made in conjunction 
with a more precise representation of the smooth trends 
of the nuclear mass surface and a more precise repre- 
sentation of the pairing effect than the simple expres- 
sions which we have used thus far. It appears therefore 
that we have reached a point at which we might best 
look to current nuclear theories to find a better repre- 
sentation of the shell stabilizing term. 

We would like to express our appreciation to R. B. 
Minogue, N. J. Marucci, R. Oppenheim, J. S. Nader, N. 
Engler, R. Oswald, and Mrs. W. Steiger for their 
assistance in this study, and to Dr. C. D. Coryell for 
sending us a manuscript prior to publication. 
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The Parameters for the Slow Neutron Resonance in Rhodium* 


V. L. Sartor 
Brookhaven National Laboratory, Upton, New York 
(Received March 30, 1953) 


Measurements of the 1.26-ev resonance in rhodium have been made with a crystal spectrometer and the 
following values were obtained for the parameters: Zo=1.260+0.004 ev, ao= (5000+ 200) X 10° cm?, 
l'=0.156+0.005 ev, gl’, = (3.8+0.2) X 10 ev, and o7.= (5.51.0) X 10° cm*. The shape of the resonance 
agrees to very high accuracy with the one-level Breit-Wigner formula. The procedure is discussed for 
analyzing experimental data in cases where small corrections are required for instrument resolution and 


Doppler broadening. 


I. INTRODUCTION 


HE slow neutron resonance in rhodium at 1.26 ev 
offers a particularly favorable opportunity for 
studying the details of an absorption resonance. Several 
factors contribute to simplify greatly the analysis of 
this case: Rhodium is monoisotopic; the 1.26-ev reso- 
nance is well isolated from other resonances and pre- 
sumably is not complicated by interference effects; the 
contribution to the cross section form resonant scat- 
tering is very small and may be neglected in the analy- 
sis; and the resonant energy lies within the range of 
very high resolution of modern neutron spectrometers. 
Several previous measurements of the rhodium cross 
section have been made ;'~* however, in these cases the 
instrument resolution was inadequate for a detailed 
analysis. The relatively high resolution which can be 
obtained with newer spectrometers has justified a re- 
measurement of the rhodium cross section. The purpose 
of these new measurements is to obtain accurate values 
of the Breit-Wigner parameters and to study the details 
of the shape of the resonance. The measurements re- 
ported below were made with the BNL crystal spec- 
trometer, which has been described elsewhere.‘ 


* Research supported by the U. S. Atomic Energy Commission 
1 Borst, Ulrich, Osborne, and Hasbrouck, Phys. Rev. 70, 557 
(1946). 
’, J. Sturm, Phys. Rev. 71, 757 (1947). 
3R. R. Meijer, Phys. Rev. 75, 773 (1949). 
‘L. B. Borst and V. L. Sailor, Rev. Sci. Instr. 24, 141 (1953). 


II. PROBLEMS IN ANALYZING DATA 


The experimentally observed shape of a resonance 
differs from the “true” shape because of the distortion 
introduced by finite instrument resolution and by the 
Doppler broadening resulting from the thermal motion 
of the atoms in the specimen. The corrections required 
to account for these effects are appreciable even for 
cases of very high resolution and small Doppler broad- 
ening. The problem of fitting experimental data to a 
theoretical dispersion curve is greatly complicated by 
the need for the above corrections. As experimental 
technique advances and the data becomes more refined, 
the problem of finding an adequate and _ practical 
method of analysis becomes more pressing. 

There are several possible approaches to the analysis 
problem. The ‘“‘area” method of Havensand Rainwater,® 
which corrects for resolution, has recently been made 
more quantitative by Melkonian® and is now being 
extended to include the Doppler correction.’"* Another 
less elegant approach which could best be described 
as the “trial and error’? method has been frequently 
used.*5.° This consists of choosing trial values of the 
Breit-Wigner parameters and then computing the effect 

5W. W. Havens, Jr., and J. Rainwater, Phys. Rev. 70, 154 
(1946). 

* FE. Melkonian, Phys. Rev. 90, 362 (1953). 

7G. v. Dardel and R. Persson, Nature 170, 1117 (1952). 


5 E. Melkonian, Bull. Am. Phys. Soc. 28, No. 3, 26 (1953). 
*B. D. McDaniel, Phys. Rev. 70, 832 (1946). 
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of resolution and Doppler broadening on the curve. 
Sets of such computed curves are compared with the 
observed curve and the best fit selected. 

A slight variation of the “trial and error’ method 
has been chosen for analyzing the rhodium data because 
it is capable of any desired degree of accuracy. The 
steps in the analysis are thought to be of practical 
interest to many and therefore have been outlined in 
the next section. The method in its present form is too 
laborious for general application, but is of practical 
value for those cases in which the instrument resolution 
is very high. 


III. METHOD FOR ANALYZING THE DATA 


The total neutron cross section of an element con- 
taining an isolated resonance having negligible resonant 
scattering can be expressed in terms of the one-level 
Breit-Wigner formula, 


o(E) = oya+ (Eo/E) Sool 4(E~ Ey)? +T?7}, (1) 


where o is the total cross section at energy E, oa is the 
free atom scattering cross section, ao is the cross section 
at exact resonance Ey, and T is the total width of the 
resonance at half-maximum. 

The parameter oo is actually a composite quantity 
involving the more fundamental parameters as follows: 


du =4ario?eT Ty =. (2) 


where 2X,» is the neutron wavelength at resonance; 
g is the statistical weight factor which for s neutrons is 
given by g=}[1+(2/+1)"'], 7 being the spin of the 
initial nucleus; I’,, and I’, are, respectively, the neutron 
and radiation widths. 

The parameters which completely characterize the 
resonance are therefore Eo, ofa, g, 'n, and Py. From a 
total cross-section curve one might hope to obtain Eo, 
Ja, 79, and I, Additional measurements of the resonance 
scattering would be required to evaluate g, I’,, and T', 
separately. 


(A) Analysis when Corrections are Required 
Doppler Broadening 


The theory of Doppler broadening has been pre- 
sented by Bethe and Placzek" and elaborated by 
Lamb." It was shown that the resonance term in Eq. 
(1) becomes 


00 . ko ‘ exp| (E -f' ‘A)*] 
o.=- f ( ) dk’. 
mAS, \E' 1+4(E’— E,)?/T? 
For a free gas the Doppler width A is given by 


A=2(mE kT /M)}, (4) 


” H. A. Bethe and G. Placzek, Phys. Rev. 51, 450 (1937); H. A. 
Bethe, Revs. Modern Phys. 9, 69 (1937), see p. 140. 
'W. E. Lamb, Jr., Phys. Rev. 55, 190 (1939). 
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where m is the mass of the neutron, M the mass of the 
nucleus, k the gas constant, and 7 the temperature of 
the sample. Lamb has shown that if the specimen is a 
solid, Eqs. (3) and (4) are valid only when the width of 
the resonance is much greater than the Debye tempera- 
ture of the specimen; i.e., if ! $46. If this condition is 
met it is possible to account for lattice binding merely 
by substituting in Eq. (4) for the real temperature T 
an effective temperature 7.,s¢ as defined by Lamb. For 
rhodium 7.4. 1.27. 

In order to deal with Eq. (3), one may expand the 
(Eo/E’)' term in a Taylor’s series about E’=E. It is 
then possible to show that if E)>0.5 ev, only the first 
term of the expansion need be considered. Equation (3) 
can now be written in the form 


O.= ay (Eo ‘E) W(é, £}, 


E * expl —}&(a—y)*] 
Es f dy, (5) 
2r? J_, 1+y¥ 


(3a) 
where 


and x, y, and é are defined as follows: 


x=(E-—E,)/3T, y=(E'—Ey)/3, and g=P/A. 


The function ¥(é,.x) has been evaluated only for a 
limited number of values of the arguments & and «.*.” 
For values applicable to the rhodium resonance, ~ was 
computed by numerical integration. 


Effect of Instrument Resolution 


The total cross section at each energy is obtained by 
measuring the transmission of the specimen with 
monochromatic neutrons. The cross section can be 
computed from the relationship 


Tae Ne. (6) 


where .V is the thickness of the sample expressed as 
the number of nuclei per cm’. If the instrument resolu- 
tion were infinitely sharp the true transmission 7 would 
be obtained from the measurement. However, the 
instrument resolution will cause the measured trans- 
mission 7; to differ from true transmission as follows: 


rick)= f T(E, WRE- Bde ff caine. 
0 0 7) 


where R(E—E,) is the resolution function of the 
instrument. The experimentally determined resolution 
function of the BNL crystal spectrometer can be closely 
approximated by an error function modified by an addi- 
tional E~*” term which accounts for the reactor spectral 
distribution, the crystal reflectivity, and the 1/v varia- 
tion of the detector efficiency :4 


R(E—E)) = AE? exp[—a(E—E,)"], (8) 


where A is a numerical constant which will cancel in 


2M. Born, Optik (Verlag Julius Springer, Berlin, 1933), p. 486. 
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the normalization performed in Eq. (7). The nominal 
energy setting of the spectrometer is E;, and a=4|n2/e, 
where ¢ is the full width at half-maximum of the error 
function. 


Treatment of Data 


The object of the analysis is to obtain the values of 
Eo, ao, and I’ which best satisfy the experimental points. 
First Ey is obtained graphically and preliminary values 
ay and I” are estimated from the experimental curve. 
Corresponding to each measured transmission 7,,; a 
calculated value 7.;(o0’, I’) is obtained from Eq. (7) 
using the preliminary parameters. The evaluation of 
Eq. (7) is carried out by numerical integration. 

As the next step, corrections to oo’ and I” will be 
found which give a better fit to the experimental points. 
T., is a function of oo and I and can be expanded about 
ay and I” in a Taylor’s series: 

OT .; OT. 

T .i(oo, r)= T -i(o0, I’)+- —Aoo+——AIr'+:::-. (9) 

day or. 


Higher terms in the expansion can be neglected provided 
the original choices were not too far in error. A set of 
residual equations can be written using the calculated 
values and the measured values as follows: 
OT .; aT. 
Tr A@e.. I’)+ Aaot+ Al —T mi=Pi, (10) 
Joy or 
where 


-f (Vao/ay)e**R(E—E,\dE 
oT 0 


f R(E-E,)dE 
" | 8(E— ky)” 
 t4(E— Fo)? +I? 


doy 


and 


| VYR(E—Ev dk 


f R(E-E,)dkE 
! 


The latter partial derivative assumes y= 59 !£(1+-2°)~', 
which gives only a small error in the case of rhodium. 
These terms must also be computed by numerical 
integration. 

The method of least squares is now applied to the 
Eqs. (10) to find the values of Ago and AT which reduce 
Yr, to a minimum, the statistical weights of the 
measured values 7,,; all being approximately equal. 
The values of the parameters which give the best fit 
are, therefore, a9=o9'+Aoo and [=I’+Alr. At the 
conclusion a test can be carried out to prove that the 
higher terms in the Taylor’s series, Eq. (9), were 
actually negligible. If not, it would be necessary to 
repeat the process. 
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Fic. 1. The total cross section of rhodium as a function of 
energy. The curve is a plot of the one-level formula using Eo= 1.260 
ev, a9= 5000 barns, '=0.156 ev, and oj,.=5.5 barns. The experi 
mental points do not deviate significantly from the theoretical 
curve except at the center of the resonance where corrections must 
be made. 


The numerical integration mentioned above can be 
carried out using Weddle’s rule with 12 intervals which 
for this case gives an accuracy of about 0.1 percent. 
The limits of integration 0 to » can be replaced with the 
limits (2,— e) to (E+ $6). 


(B) Analysis in the Wings of the Resonance 


In the wings of the resonance the variation of o is 
negligible over the resolution width, and, Eq. (3) 
reduces to Eq. (1) so that the Doppler correction can 
be ignored. The data may be fitted directly to Eq. (1) 
in these regions using the method of least squares to 
solve for oy and ool. The resonant energy Ey can be 
obtained graphically and only an approximate value 
of I’ need be used in the denominator. Such an analysis 
is useful for comparison with the results obtained from 
the complicated curve fitting which is necessary near 
the center of the resonance. 

The best value of o,;, is obtained at higher energies 
where the effects of coherent scattering and resonant 
scattering are completely negligible. 


IV. EXPERIMENTAL RESULTS 
(A) Measurements 


The total cross section of rhodium was measured 
over the energy range from 0.18 to 30 ev with samples 
of four different thicknesses (see Fig. 1). Only one 
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TABLE I. Parameters for the rhodium resonance derived from 
the analysis of several sets of experimental data. The resonant 
energy Eo=1.2604-0.004 was obtained graphically. The uncor 
rected measured values are listed as the first entry for comparison. 


aol? ofa 
x10~% cm? x10°™ 
(ev)? cm? 


Region a 
analyzed x10~% cm? 
Uncorrected 

measured 
values (4400) (0.180) (144.5) 
Near center of 
resonance 
Wings of reso 
nance 

Wings of reso 

nance 


5000+ 200 0.15640.005 121.742 


118.1+6 (8.644) 


122.248 (13.3+6) 
Wings of reso 
nance 


6-30 ev 


131.0412 (5.344) 


5.541 


resonance was found in this range except for a weak 
resonance at 5.2 ev attributed to a small impurity of 
silver. The variety of sample thicknesses is necessary 
to obtain reliable values over the wide range of mag- 
nitude of the cross section. Cross sections were computed 
only for those points having transmissions lying within 
the limits from 0.10 to 0.90. When the transmission lies 
outside these limits the uncertainty in the computed 
cross section becomes excessive unless an unreasonable 
amount of time is spent in improving statistics. Enough 
counts were taken on most points to give 1 percent 
statistics for the transmission. 

The rhodium specimen was of high purity; a spec- 
troscopic analysis'* disclosed approximately 0.01 per- 
cent Ag, 0.01 percent Cu and traces of Pd and Pt. The 
specimens were in the form of metal foils which had been 
cut to carefully measured sizes. The thickness of each 
foil was determined by weighing. 

The resolution of the spectrometer at the center of 
the resonance, 1.26 ev, was 0.026 percent; i.e., the 
resolution function had a full width at half-maximum 
of «=0.033 ev. The Doppler width for To¢¢=1.2T 
= 355°K was A= 0.0386 ev. 


(B) Results of the Analysis 


The analysis described in Sec. III (A) was carried out 
using 13 experimental points. The values of the 
parameters which were obtained are listed in Table I. 
Included in the table are the uncorrected experimental 
values of maximum cross section and total width. The 
experimental values, when compared to the values 
obtained from the analysis, show the magnitude of the 
correction. Also listed in Table I are values of oyq and 
ool which were obtained from three sets of data by 
analyzing the wings of the resonance as outlined in 
Sec. IIT(B). 

A curve was constructed by substituting the values 
oo= 5000X 10-** cm?, '=0.156 ev, and og=5.5X 10-4 


8 The author is indebted to Mr. M. Slavin of the Brookhaven 
National Laboratory for this analysis 
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cm? into Eq. (1). This curve is shown with the experi- 
mental points in Fig. 1. A detailed linear plot of the 
central portion of the resonance is shown in Fig. 2, 
where curve A is the true shape of the resonance, 
curve B shows the effect of resolution and Doppler 
broadening, and curve C shows a plot of the function 
R(E—E,). It should be noted that the Breit-Wigner 
curve A and the corrected curve B become coincident 
in the wings of the resonance. The experimental points 
agree quite well with the /alculated curve over the 
entire range of energy from 0.18 ev to 30 ev. It is ap- 
parent from this agreement that the one-level formula 
accurately fits the rhodium resonance over the entire 
range of energy for which observations were made. The 
error caused by neglecting resonant scattering is too 
small to be distinguished on these graphs. 


V. DISCUSSION OF RESULTS 


The values in Table I may be used for computing 
several additional quantities of interest. Assuming 
I'=I', and substituting the numerical value of oo in Eq. 
(2), one obtains gI’,= (3.8+0.2)X10~ ev. The spin" 
of Rh'® is } so the two possible choices of g are } and 3. 
If g=}, P= (1.524+0.07)X 10 ev andl’, /I’'= (9.740.8) 
<10~; while if g=}, [',= (5.08+0.20)K10™ ev and 
I,,/l = (3.254+0.20)10-%. The absorption integral, 
Ya hool'/E, is found to be (980+70)X10-% cm’. 
Finally the contribution of the resonance to the thermal 
absorption cross section a4, may be computed by extra- 


6000 





‘ 1,3 
NEUTRON ENERGY ev 


Fic. 2. A linear plot of the central region of the rhodium reso 
nance. Curve A is the Breit-Wigner curve. Curve B is obtained 
by calculating the effect of instrument resolution and Doppler 
broadening on curve A. Curve C is a plot of the resolution function 
with an arbitrary scale as the ordinate 


'H. Kuhn and G. K. Woodgate, Nature 166, 906 (1950). 
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polating Eq. ‘1' back to an energy of 0.025 ev. This 
extrapolation gives o,= (142+10)X 10-4 cm’. 

Table II summarizes the various parameters and 
compares these with values previously reported. In 
general the agreement is good but not always within the 
experimental errors. It should be noted that there is a 
disagreement with Meijer’ on the values of oo and I, 
however the product ooI* is in good agreement. The 
individual values obtained for oo and I deperd strongly 
on the resolution correction, but the product ool” is 
relatively insensitive to resolution. It appears possible 
that Meijer underestimated the correction required for 
instrument resolution. 

Scattering measurements by Brockhouse!® indicate 
that } is probably the proper choice for g; however, the 
uncertainty is large. Regardless of the choice of g, there 
is a large discrepancy with the value of the ratio l',/T 
reported by Harris et al.'® 

Comparison between the values of o, listed in 
Table II indicates that most of the thermal] absorption 
cross section must be attributed to the 1.260-ev reso- 
nance. Experimental accuracy is not sufficient to 
permit a reliable estimate of the residual o,, not due to 
this resonance. 


VI. CONCLUSION 


Only one resonance has been observed in the rhodium 
total cross section between 0.18 and 30 ev. It is unlikely 
that any other resonances of normal width (i.e., 
I'~0.10 ev) exist in this interval unless they are unusu- 


6’ B. N. Brockhouse, Can. J. Phys. 31, 432 (1953). 
16 Harris, Muehlhause, and Thomas, Phys. Rev. 79, 11 (1950). 
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TABLE II, Various parameters of the rhodium resonance com- 
pared to results previously reported. Cross sections are in units of 
10°-* cm? and widths are given in electron volts 

& 


Parameter Reported in this paper Previously reported 


E 1.260-+0.004 

a 5000+ 200 

y 0.156+0.005 
1.7+2.0 
3.8+0.2)«K 104 


1.30," (1.2140.02),” 1.28 
2750+ 200° 

0.14,4 (0.2140.01)> 
11748" 

4xX104¢4 


4 


ool? 12 
( 


(. (4+3) XK 10-4,° 
529, 7904 
+ 5.3,° 642 
Tth + 150-+7.5« 


4.3107! 


* Reference | 
» Reference 3 
Reference 2 

4L. L. Lowry and M. Goldhaber 

* Reference 15 

‘ Reference 16. 

«H. Pomerance, Phys 


Phys. Rev. 76, 189 (1949 


Rev. 83, 641 (1951) 
ally weak. The observed resonance may be fitted to a 
Breit-Wigner one-level formula with excellent agree- 
ment over the entire range of observation, provided 
that small corrections are made near the center of the 
resonance to account for instrument resolution and 
Doppler broadening. The curve fitting yielded accurate 
values of the characteristic parameters with the ex- 
ception of g which must be determined by other means. 
The author is indebted to Mr. J. Chernick, Dr. H. H. 
Landon, and Mr. H. L. Foote, Jr., for many helpful 
discussions relating to the analysis problem; and to Dr. 
E. Melkonian for pointing out the proper method of 
making the Doppler correction. 
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Photoprotons from Mo!’’ and Mot 
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Che absolute yield and the energy and angular distributions of protons emitted from targets of concen- 
trated isotopes Mo” and Mo™, under betatron x-ray radiation of maximum energy 22.5 Mev, have been 
determined with nuclear emulsions as detector of protons. 

For Mc” the proton is less tightly bound than the neutron by 5.0 Mev; for Mo! the proton is more 
tightly bound by 2.4 Mev. Comparison of the large yield and the energy distribution of protons from Mo® 
with those calculated from the statistical model shows good agreement except for an observed excess of high 
energy protons, which are also anisotropic. They are presumably due to a direct emission process with which 


neutron emission does not compete in the normal way. 


With Mo™, however, the yield, though 20 times smaller, exceeds the yield predicted on the statistical 
model by 20 to 125 times depending upon the processes and parameters assumed in the calculation. Most of 


the protons, therefore, 


must come from a direct process. The observed energy distribution is similar to one 


computed using the experimental (7, p) cross section if it is assumed that the residual nucleus is left with a 
typical exponential energy level density distribution. The angular distribution is strongly anisotropic with 
a maximum near 45°, for protons of energy greater than 5 Mev 


NUMBER of experiments on the (y, p) process 

in medium weight nuclei have indicated the occur- 
rence of a direct photoproton process in addition to the 
normal competitive emission of protons and neutrons 
from an excited statistical model or compound 
nucleus, calculated according to Weisskopf and Ewing.! 
Hirzel and Wiiffler? found from activities induced by 
the 17.6-Mev Li y-ray that the cross sections of (y, p) 
processes relative to (y,) were much greater than 
calculated. In silver® and copper,'® on the other hand, 
the ratio of total yield of protons to neutrons ejected 
by 20-Mev betatron x-rays is in satisfactory agreement 
with prediction. For these elements, and in Rh,* the 
evidence for a direct process is that the observed proton 
PLATES 


- TARGET 
- X-RAY SOURCE 


LEAD BRICK WALL 


TO VACUUM 
LAMINATED LEAD : — 
COLLIMATOR >  ;- EXPOSURE 
CHAMBER 


~-- 320cm To-+ 
Monitor 





Ee | 

Fic. 1. Experimental arrangement. Collimated x-rays from 
betatron source S pass through target 7 and on to monitor. Pro 
tons are caught in four plates ? arranged in pairs above and below 
the beam 


t Assisted by the Joint Program of the U. S. Office of Naval 
Research and the U. S. Atomic Energy Commission. 

* Now at Carleton College, Northfield, Minnesota. 

'V. F. Weisskopf and D. H. Ewing, Phys. Rev. 57, 472 (1940) 

2Q. Hirzel and H. Waffler, Helv. Phys. Acta 20, 373 (1947); 
see A. Paskin, Phys. Rev. 87, 197 (1952). 

3B. C. Diven and G. M. Almy, Phys. Rev. 80, 407 (1950). 

‘P. R. Byerley, Jr., and W. E. Stephens, Phys. Rev. 83, 54 
(1951) 

5 Mann, Halpern, and Rothman, Phys. Rev. 87, 146 (1952). 

® Curtis, Hornbostel, Lee, and Salant, Phys. Rev. 77, 290 (1951). 


energy spectrum rises definitely above the theoretical 
spectrum at high proton energies and just these protons 
show a pronounced departure from spherical symmetry 
in angular distribution. As another example of de- 
parture from the expectations based on the statistical 
model, Wilkinson and Carver’ have found that the 
yield of photoprotons from A*, irradiated with Li y- 
rays, is several times the predicted yield. The proton 
energy distribution is, in the main, similar to that ex- 
pected from a statistical model. 

Levinger and Bethe* and Courant,’ in their papers 
on dipole absorption in nuclei, have tentatively pro- 
posed a picture of the photonuclear process. It is sug- 
gested that in the absorption of the photon only a small 
part of the nucleus, perhaps only a single proton, is 
involved. Following absorption a proton may _ be 
emitted before a statistical distribution of the excita- 
tion energy and normal competition between neutron 
and proton emission is established. The initial or direct 
emission of protons is presumably responsible for the 
excess of high energy anisotropic protons observed in 
Ag, Cu, and Rh. In cases where the total proton yield, 
though small, greatly exceeds the yield calculated on 
the basis of the statistical model the direct process may 
account for nearly all of the emitted protons. 

It therefore becomes of interest to determine the 
characteristics of the photon-protons in a case where 
they must be mainly ascribed to the direct process. The 
work of Duffield, Hsiao, and Sloth'® has revealed that 
Mo'™ is a good nucleus for this purpose. They have 
shown that the (y, p) reaction, as well as (y, ), leads 
to a radioactive nucleus and that the ratio o(y, p)/ 
a(y,n) is about 100 times that predicted from the 
statistical model in the range 16 to 19 Mev. They have 

?D. H. Wilkinson and J. H. Carver, Phys. Rev. 83, 466 (1951). 

* J. S. Levinger and H. Bethe, Phys. Rev. 78, 115 (1950). 

*. D. Courant, Phys. Rev. 82, 703 (1951). 


” Duffield, Hsiao, and Sloth, Phys. Rev. 79, 1011 (1950); E. N. 
Sloth, Master’s thesis, University of Illinois, 1950 (unpublished). 
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also shown that the binding energy of a proton in Mo™ 
is greater than that of a neutron by 2.4 Mev in contrast 
to Ag, Cu, and Rh where the proton is less tightly 
bound by a few Mev. It is this difference in the relative 
thresholds of proton and neutron emission that leads 
to a much wider predicted variation in numbers of 
protons, on the basis of the statistical model, than is 
observed. 

The principal purposes of the present investigation 
are the direct observation of the protons from Mo'™, 
the determination of their absolute yield, their distribu- 
tion in energy and angle and a comparison of their 
yield and energy spectrum with theoretical expectations 
based on various assumptions as to the processes 
occurring. 

As a comparison experiment a parallel study has been 
made of Mo®. In this case, the proton is 5 Mev less 
tightly bound than the neutron. It is therefore expected 
that, as in Ag and Cu, the yield and the energy and 
angular distributions will be in agreement with sta- 
tistical model calculations except for deviations at high 
proton energies. Unpublished data on the (y, ”) cross 
section of Mo”, essential to the comparison with theory, 
have been generously provided by Katz." 


EXPERIMENTAL PROCEDURES AND RESULTS 


The experimental arrangement is shown in Fig. 1. 
X-rays from the betatron source with a maximum en- 
ergy of 22.5 Mev for all of the exposures were colli- 
mated with lead to a pencil of angular diameter 0.012 
radian or a lateral diameter of 1.0 cm at the Mo target 
T, 80 cm from the x-ray source. The target was mounted 
in the center of a cylindrical exposure chamber. The 
x-rays entered and left through 0.002-in. aluminum 
windows. The plates P were mounted in pairs, one above 
and one below the beam, sensitive surfaces separated 
by 1.80 cm. Ilford type C-2, 200 micron emulsions were 
used throughout. During runs the chamber was evacu- 
ated and filled with water vapor to a pressure of about 
16 mm Hg. An electromagnet with pole pieces mounted 
inside the chamber provided a field for deflecting the 
slower Compton electrons from the plates. 

The concentrated isotopes, Mo! and Mo”, were ob- 
tained from Oak Ridge as oxides. They were reduced 
almost quantitatively to the metal by holding them in 
a hydrogen atmosphere for one hour at 525°C and an- 
other hour at 1000°C. The metal granules were pul- 
verized or flattened and attached with thinned zapon 
to Nylon films which weighed approximately 0.2 mg/ 
cm’, 

The weights of the Mo isotopes present were checked 
by intercomparison of the activities of simultaneously 
irradiated targets of Mo” and Mo™ and a sample of 
natural Mo similarly reduced from the oxide and 
mounted. The natural abundance of the isotopes was 


"See R. Montalbetti and L. Katz, Phys. Rev. 83, 892 (1951) 
for preliminary results. 


Mo'!®® AND Mo? 


raB_e I. Exposures selected for study 


Number of 
tracks ob 
\rea served with 
searched energies >3 
on target o* in mm? Mev 


8000 24 17.29 468 
90° 3: 1089 
156 F 477 


X-ray 
target 


Mo” 


Roentgens 


29° 191 
44.5 ' 237 
90 5 711 
135.5° 70. 210 
151° 190 


12 
20 
41 
14 
18 


wn 


Background 29° 

(Nylon films) 44.5 
90° 
135.5° 
151° 


NSNsIsS ~ 
Tin ww 
Na 


> 


*» is the average value of ¢. the angle between the x-ray beam and the 
protons, for the plate area scanned 


taken from Hibbs.” It was determined that the Mo” 
target, which weighed 23.6 mg, contained 21.6 mg of 
Mo”. The Mo™ target weighed approximately 13 mg 
and contained 10.9 mg of Mo and 0.21 mg of Mo”. 
The Mo® impurity in the Mo™ target was determined 
with care since it yields a substantial background of 
protons in the Mo™ plates. 

In each target the average density of metal was 
about 17 mg/cm*. The Mo’ target was more than 
covered by the x-ray beam, but only 90 percent of the 
Mo” target was covered. 

The x-ray beam was monitored with a Victoreen 
thimble mounted in an Al block whose faces were 4 cm 
from the thimble. The front face was 400 cm from the 
x-ray source. The response of this monitor had been 
calculated according to Fowler, Lauritsen, and Laurit- 
sen.'* Assuming that the x-rays are described by the 
Schiff forward spectrum, tables were constructed giving 
the number of quanta per cm? per Mev interval per 
roentgen, falling on the surface of the Al block. 

To check against accidental variations in the pri- 
mary Victoreen thimble, a second thimble was placed 
in the block a short distance behind the first. As a 
second check on the integrated x-ray flux a tantalum 
disk (0.005 X0.83 in.) was placed on the front face of 
the Al block in each run and the induced activity per 
gram (8.2-hour) taken as a relative measure of the total 
flux per unit area, maximum energy held constant. The 
relative readings of the three monitors agreed within 
a few percent in the runs from which plates were used. 

Since the Mo target and monitor face were 80 cm 
and 400 cm, respectively, from the x-ray source the flux 
per cm? on the target was taken as 25 times that on the 
monitor. To check this, a comparison was made of the 
activities per g of two simultaneously irradiated tan- 

2 R. F. Hibbs, Oak Ridge National Laboratory Report AECU 
556, 1949 (unpublished). _ 


3 Fowler, Lauritsen, and Lauritsen, Revs. Modern Phys. 26, 
263 (1948). 
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=22.5—B,=14.5 Mev 
certainties. 


talum samples, each 0.005 in. thick, one shaped like the 
target and at the target position, the other on the moni- 
tor face. In two runs the ratios of specific activities 
were 25.1 and 25.9. 

The nuclear plates were processed and read with 
standard techniques. The exposures selected for study 
are listed in Table I, which also gives the angles se- 
lected, areas searched, and numbers of proton tracks. 
Calculation showed that by combining the numbers of 
tracks on corresponding areas of upper and lower plates 
errors in the number per unit solid angle due to size, 
orientation or lack of uniformity of the target or to 
lack of symmetry of the x-ray beam above and below the 
midplane of the plate assembly could not exceed a few 
percent. 

Range in emulsion and angle to the beam were de- 
termined for each track originating in the emulsion sur- 
face (2u resolution) within predetermined swaths. The 
energy lost by a proton in the emulsion was determined 
from curves plotted from data in the literature.'4 To 
this energy was added the energy loss in the Mo- 
Nylon target; it was assumed that the proton came 
from the central plane of the target. The loss in the 
water vapor was negligible. The uncertainty in this 
increment is thus equal to its magnitude which at the 
largest angle varied from 0.7 Mev at a proton energy 
of 3 Mev to 0.25 Mev at 13 Mev. The few protons which 
emerged at the bottom or top of the emulsion were 
each assigned the average energy of all protons of 
longer range. 

4 Lattes, Fowler, and Ciier, Proc. Phys. Soc. (London) 59, 883 


(1947); Bradner, Smith, Barkas, and Bishop, Phys. Rev. 77, 462 
(1950). 
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The background exposure plates (Table 1) were read 
in all regions used in the Mo plates. The total back- 
ground correction was less than 1 percent for Mo” but 
about 10 percent of the low yield from Mo™. There 
was, in addition, a larger correction to the Mo™ data 
due to the protons from Mo”, which could be made at 
ach energy and angie since the spectrum of Mo” had 
been determined in detail. 

The contribution of the small amounts of inter- 
mediate Mo isotopes to the observed protons from 
the Mo target was estimated. For this purpose 
the abundance analysis supplied by Oak Ridge, the 
neutron and proton thresholds determined experi- 
mentally or from an empirical mass formula!® and the 
functions for the relative probability of neutron and 
proton emission from a statistical model, plotted by 
Feld et al.,'®'” were used. The result was that the total 
contribution of statistical theory protons from inter- 
mediate isotopes was about 2.5 percent of the total 
protons observed on the Mo'™ plates. No correction was 
made for these protons. Direct process protons should 
be roughly proportional to isotopic abundance and 
were also neglected. Background due to (n, p) proc- 
esses in the target can be neglected.’ 

A numerical integration over all angles for each 
Mev energy interval of the number of proton per unit 
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Fic. 3. Energy spectrum of photoprotons from Mo™ under 
22.5-Mev bremsstrahlung. Backgrounds from run without Mo 
(lowest histogram) and from Mo® impurity (middie histogram) 
have been subtracted to give net protons (upper histogram). 
Max ¢,=22.5—B,=12.0 Mev. Vertical lines show statistical 
uncertainties. 


1 N. Metropolis and G. Reitwiesner, Table of Atomic Masses 
(1950). 

'6 Feld, Feshbach, Goldberger, Goldstein, and Weisskopf, U.S. 
Atomic Energy Commission Report N-YO-636 (unpublished). 

‘TJ. M. Blatt and V. Weisskopf, Theoretical Nixlear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 373. 
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solid angle gave the total number of protons emitted 
in each energy interval. The results, with statistical 
errors, are given in Fig. 2 for Mo” and in Fig. 3 for 
Mo™. The backgrounds which have been subtracted 
are also shown. 

The angular distributions are for the two isotopes 
plotted in Figs. 4 and 5. Fstimates of multiple and 
large angle single scattering of protons in the target 
show that they would not affect the relatively flat dis- 
tributions for Mo” but may have an appreciable effect 
for Mo. The numbers of protons observed at the ex- 
treme angles (29° and 151°) are somewhat higher than 
they would be with a thinner tar-et. 


COMPARISON WITH THEORY 


On the basis of the statistical model the energy dis- 
tribution of the photoprotons can be expressed as 
follows: 


Fmax V(E)o,(E)w(Erjdk 
P(e) =Aeales) f 
B Dols 


ptep 
in which 

F(e,)=absolute number of protons of energy €, per 
Mev interval per roentgen at the target per 
nucleus in the beam; 

o,(€,)=reaction cross section for proton of energy €, 
on residual nucleus; 

\ (£)=number of x-ray quanta per cm* per Mev in- 
terval per roentgen at the target, at x-ray en- 
ergy E (Schiff forward spectrum) ; 

o,(£)=cross section for absorption of quantum of 
energy E; 

w(Er)=energy level density in residual nucleus with 
excitation energy Ex=E—B,—€,; w=C exp 


[2(aEr) }}; 
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Fic. 4. Angular distribution of photoprotons from Mo” 
Horizontal lines are approximate angular intervals. 
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Fic. 5. Angular distribution of photoprotons from Mo 
Horizontal lines are approximate angular intervals. 


r=A fi e05(e,)w(Er)de, is the probability 
per unit time of the emission of a particle 0. 
It is a function of E since Er= E—B,—e, and 
€bmax > E- By; 

Bb, = binding energy of particle d; 

A=a constant, independent of energy. It depends 
upon the mass of the escaping particle but will 
be taken the same for neutrons and protons, 
the only particles for which I’, is large enough 
to be considered here. It therefore cancels out 


in Eq. (1). 


Since o,/>-l',=a(y, )/l,=0(y, p)/I'>, the first of 
these equivalents can be replaced by one of the others 
in Eq. (1). o(y, ”) is the cross section usually known 
from experiment in which case the useful form of 
Eq. (1) is 


Emax N(E)a(y, n)w(Ee dk 
(en) = ert) f 5 


. 7 
Bpttp r. 


where [',’=I',/A. The integrals were evaluated nu- 
merically, with energy intervals of 1 Mev. 

The neutron energy distribution can be calculated 
with an expression analogous to Eq. (2). The total 
number of neutrons or protons can be predicted by 
numerically integrating F(e,) or F(e,). The number of 
neutrons is also given by the integral of o(y, n).V(E) 
from E=B,, to E= Emax. 


Mo” 


This isotope, for which results similar to those in 
Cu, Rh, and Ag are to be expected, will be discussed 
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lic. 6. Comparison of observed and calculated unnormalized 
proton energy spectra for Mo”. Observed spectrum: histogram. 
Calculated spectra based on statistical model: F(e,) from Eq. 
(2), with ro=1.310~" cm, and w,; for I, we for II, we’ for III (see 
text). III fits observed shape best. Observed spectrum shows 
excess of high energy protons which are anisotropic (Fig. 4) and 
probably due to a direct emission process. 


first. The values and sources of parameters used in the 
calculation of F(e,) by Eq. (2) are as follows. 


aly, n) 


This is the sum of two curves supplied by Katz,"! 
deduced from the yields of positron activity from the 
two isomers of Mo” excited by betatron x-rays. The 
half-lives are 15.5 min and 65.5 sec and the yield from 
the former is about five times the yield from the latter. 


B, and B, 


At Illinois'® the threshold for the 15.5-min activity 
was found to be 13.28+0.15 Mev; Katz found 13.2 
+0.1 Mev. He also found 13.1+0.1 Mev for the 65.5- 
sec activity and this is taken as the best measure of B,,. 

The end point of the positron spectrum of the 15.5- 
min activity is 3.70.1 Mev according to Duffield and 
Knight; it is 3.32+0.05 Mev according to Katz's 
more elaborate analysis. Using the latter value and 
assuming that positron emission of this energy leads to 
the ground state of Nb”, B,—B,=5.1 Mev or B,=8.0 
Mev. B, cannot be larger though an elucidation of the 
decay scheme of Mo” might lead to a lower value. For 
convenience in calculation B, has been taken as 13.0 
Mev, B, as 8.0 Mev. 

'’ Hanson, Duffield, Knight, Diven, and Palevsky, Phys. Rev. 


76, 578 (1949). 
"R. B. Duffield and J. D. Knight, Phys. Rev. 76, 573 (1949). 
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op(€p) and an(En), To 


Proton and neutron reaction cross sections were 
taken from Feld ef al.,!® or Blatt and Weisskopf*” by 
graphical interpolation. Cross sections have been calcu- 
lated for two values of the nuclear radius factor 10, 
1.3 10-" cm and 1.5 107" cm. 


w(Ep) 


Proton energy distributions have been calculated 
with the following choices of w( Ep): 


1. w:=C exp[2(2.85Ex) }!. This choice of the pa- 
rameter a=2.85 corresponds for Mo to a value which 
proved to be satisfactory for Ag.’ 

2. we=C exp[2(5.3ER) ]!. The value a=5.3 was in- 
terpolated from values given for various nuclei by 
Blatt and Weisskopf.”' 

3. we’ =C exp[25.3(Er—3) }!, for Er>4 Mev; 

=C 10, for Er<3 Mev. 


The last form of w takes cognizance in a rough way 
of the general observation that the denstiy of levels 
increases more slowly than exponentially for the first 
few Mev. It will increase the number of higher energy 
particles at the expense of those of lower energy. 

The range of parameters chosen, a in w and fo, are 
about the extremes of values generally used in the in- 
terpretation of nuclear reactions with a statistical 
nuclear model. 

A comparison between the unnormalized experi- 
mental proton energy spectrum and those calculated 
from Eq. (2) is plotted in Fig. 6, for ro= 1.3 10-" cm 
and the three choices of w. The general result is that 
the absolute numbers of protons in each energy interval 
can be satisfactorily predicted with reasonable choices 
of nuclear parameters except that the observed spec- 
trum shows an excess of high energy protons, as was 
found with Ag and Cu. The modification of w(Ep) 


TABLE II. Total yield of neutrons and protons from Mo* 
Emax = 22.5 Mev, B,=13.0 Mev, Bp=8.0 Mev. 


Neutrons 
atom r=! 
X 10% 
0-—9.5 Mev 
650 +200 


Protons 
atom! r'! 
«10% 
3—14 Mev 
Observed 269 +20 
From a(y, n) (Katz) 
Saly, whN(E\dE 435 
Calculated from statistical 
model, Eq. (2) 
ro X10", cm 
wl 1.30 
1.50 


1.30 
1.50 


1.30 
1.50 


” Reference 16, pp. 348, 352. 
1 Reference 17, pp. 371-374. 
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which assumes it is constant up to Eg=3 Mev accounts 
for some but not all of this discrepancy. It gives a spec- 
trum shaped most nearly like that observed. 

There is also an excess of observed protons in the 
3-4 Mev interval. It may arise from one or all of three 
uncertain factors: (1) lack of energy resolution in the 
steeply rising, low energy range, (2) the absence of 
neutron competition up to an x-ray energy of 13 Mev, 
the neutron threshold, (3) a contribution of deuterons, 
which is energetically possible. 

It is seen in Fig. 4 that just the high energy protons 
exhibit angular anisotropy. Thus, Mo® falls into the 
group of medium weight nuclei with B,<8B, in which 
the photoproton emission is satisfactorily accounted 
for on the basis of the statistical model, except for the 
deviations shown by high energy protons. 

In Table II, the observed and calculated total num- 
bers of protons and neutrons are given. The calculated 
numbers of protons for r>=1.5X10~", as well as for 
ry=1.3K10~"% cm, are listed and the experimental 
number falls between them. Protons emitted in a direct 
process are of course not included in the calculated 
number. The yield of protons is of the same order of 
magnitude as the yield of neutrons and is the largest 
(y, p) yield yet observed in any nucleus. The neutron 
competiion is held back by the unusually large neutron 
threshold for Mo, ‘“‘magic’”’ in neutrons. 

The number of neutrons listed as observed is based 
on counts of the 15.5-minute activity in the target at 
the end of two runs in which protons were collected, 
augmented about 20 percent by an estimate of the 
number of neutrons corresponding to the 65-sec activity 
of the isomeric state. The elapsed time of a run was 
several times the lifetime with several on and off pe- 
riods; in addition the uncertainty in absolute counting 
was +25 percent. Hence the reliability of the number 
is low and it was considered preferable to use in Eq. 
(2) Katz’s values of o(y, ) without normalization to 
the observed number of neutrons. If the “observed” 
number of neutrons were used to normalize Katz’s 
a(y,m), all calculated yields of neutrons and protons 
would be increased by about 50 percent. The calcula- 
tion of total neutrons by Eq. (2) gives back satisfac- 
torily the number of neutrons put in, through o(y, ) 
N(E), which is a comforting check on the method. This 
comparison appears in the last column of Table II. 


Mo!” 


As stated in the introduction, it has been shown 
from relative induced activities that o(y, p)/a(y, n) is 
about 100 times that expected on the basis of the sta- 
tistical model. In this section the yield and energy dis- 
tribution of the observed protons will be compared with 
expectations on various assumptions as to the process 
producing them. 

Information on nuclear parameters was obtained 
from the following sources. 
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Fic. 7. a(y, p) and a(y,n) for Mo™, obtained on relative 
scale by Duffield and Sloth. o(y, p) normalized to observed num- 
ber of protons. o(y, m) normalized by absolute count of (y, ) in- 
duced activity. 























a(y, ) and a(y, p) 


Duffield and Sloth deduced the relative cross sections 
from the analysis of beta-activity versus betatron en- 
ergy. For the present purpose, their yield curve for the 
(y, p) process (leading to Nb”, 2.5 min, Es-=3.2 Mev) 
was normalized to the directly observed yield of pro- 
tons at 22.5 Mev and o(y, p) was recalculated on an 
absolute basis. Their relative o(y,) curve was nor- 
malized with an absolute count of the 67-hour £- 
activity of Mo” in the Mo™ target after runs in which 
protons were collected. The decay scheme of Mo” has 
been established* and the lifetime of the counted 
activity is much greater than the elapsed time of the 
intermittent irradiation. Hence the principal uncer- 
tainty comes from errors in absolute counting which 
may amount to +25 percent. o(y,) and o(y, p) are 
shown in Fig. 7. 

B, and B, 


From the threshold of the (y, ) induced activity 
Duffield has obtained B,=8.1 Mev (unpublished). 
From the relation B,—B,=Es-— (n—H), B, was de- 
termined to be 10.5 Mev. The values used in calcula- 
tions were B,=10.5 Mev and B,=8.0 Mev. 


Op(€p); on(En), To, w(Ep) 


Reaction cross sections, nuclear radius, and level 
density were chosen as described in the section on 
Mo”. Calculations have been made only with a. 

The following calculations have been made for the 
theoretical proton energy distributions. 

(1) Calculation of F(€,) on basis of statistical model. 
The proton spectrum was calculated exactly as for 


2M. E. Bunker and R. Canada, Phys. Rev. 80, 961 (1950) 
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Mo” from Eq. (2) using ofy,n) from Fig. 7, ro=1.3 
X10-" cm and w. It is plotted in Fig. 8, I. As expected 
from Duffield and Sloth’s ratio of oly, p)/a(y, ), the 
total calculated yield of protons in the proton energy 
range 3-14 Mey is about 0.008 of the observed number. 

(2) Calculation of F (¢,) assuming a (y, 2n) process.® 

The number of protons to be expected on the basis 
of the statistical model is increased if one assumes that 
a (y, 2m) process occurs with high probability when the 
energy of excitation in the initial residual (y, 2) nucleus 
(Mo) exceeds the threshold for emission of a neutron 
from that nucleus. In this case the experimental o(y, ») 
corresponds to only a fraction of the processes in which 
an initial neutron is emitted from Mo, the remainder 
being (y, 2”). Consequently, the calculated number of 
competing (y, p) processes is increased. 

B,, for Mo™ was taken from an empirical mass for- 
mula!® to be 15 Mev, or B,, for Mo” to be 7 Mev. As an 
extreme case, leading to the maximum calculated num- 
ber of protons, it was assumed that whenever the ex- 
citation of the residual nucleus Mo” exceeds 7 Mev a 
second neutron will be emitted. Hence, in Eq. (2), the 
limits of integration of ¢€, are set at e,=H—15 and 
€nnuax= E—8. With these assumptions and taking 15 

= 1.30 10°" cm, the total number of protons between 
3 and 14 Mev is increased by about threefold, to 0.027 
of the observed number (Curve II, Fig. 8). If ro=1.5 
«10~" cm, this fraction is 0.046. 

Thus the number of protons observed exceeds by 20 
to 125 times the number calculated from the statistical 
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Fic, 8 Comparison of observed and calculated proton energy 
spectra from Mo. I (lowest curve) and II are based on the sta- 
tistical model and account for only a small fraction of observed 
protons. IIL and IV make use of the experimental o(y, p); IV 
assumes residual nucleus after emission of proton is left in ground 
state; IIT assumes residual nucleus with typical exponential 
energy distribution, a 


See L. Eyges, Phys. Rev. 86, 325 (1952) 


Pe OM. 


ALM Y 


model, depending upon the assumptions as to process 
and parameters. The photoprotons from Mo™ hence 
must arise mainly from a direct process in which normal 
competition with neutrons does not occur. 

(3) Calculations of F(€,) based on a(y, p).—o(y, p) 
deduced from experimental data must reflect the actual 
photoproton processes. If this is mainly a direct emis- 
sion before statistical distribution in the nucleus occurs, 
calculations based on the statistical model do not apply. 

The direct process has sometimes been thought of as 
the excitation and ejection of a proton near the nuclear 
surface with the remainder of the nucleus relatively un- 
excited. The extreme assumption on this picture is that 
the residual nucleus is left in the ground state. In this 
case, F(e,) is simply V(E)o(y, p), which is plotted in 
Fig. 8, IV. This distribution is greatly shifted to high 
energies from the actual distribution. 

The opposite extreme assumption seems to account 
much better for the observed distribution, namely, that 
even in a direct emission, the energy states available 
in the residual nucleus have the usual exponential 
energy level distribution. In this case the probability 
of emission of a proton of energy ¢, from a single ex- 
cited state E is given by 


€ 0 p(€p)w(E— B,— | f €)0 p(€p)w(Er)de,, 


if the usual reaction cross section a, is assumed to apply 
to direct emission. Formally the calculation of F(e,) 
proceeds by Eq. (2) with o(y, p)/T',’ replacing o(y, )/ 
‘n’. F(e€,) so obtained is plotted unnormalized in Fig. 8, 
III, and is in satisfactory agreement with the observed 
spectrum. w; and ro= 1.30107" cm were used in the 
calculation. The agreement would be improved if w 
were modified so as to remain constant from Er=0 
to Er=3 Mev, as can be seen by comparing II and 
III in Fig. 6 for Mo”. 

The total observed yields of protons and neutrons 
are listed in Table III, together with the total yields 
of protons calculated in the ways described above. 

The (y, p) cross section for Mo™ has also been calcu- 
lated on Courant’s theory of a direct process’ in which 
it is assumed that the photon is absorbed by a single 
proton in a suitable square-well nuclear potential and 
that the proton is then emitted through the usual 
Coulomb barrier without the formation of a compound 
nucleus. With the experimental proton binding energy 
and other parameters for Mo™ inserted, his expression 
for a(y, p) leads to values only about 0.025 of that 
observed at photon energies of 20 to 22 Mev (Fig. 7). 
Thus, for Mo™, o(y, p) and the proton yield calculated 
on this basis are much less than observed and about the 
same as expected from the statistical model. 

The angular distributions of photoprotons from 
Mo™ were plotted in Fig. 4. The large group between 
5 and 8 Mev, comprising 55 percent of all protons are 
strongly anisotropic and peaked forward with a maxi- 
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mum near 45°. The steep drop at low and high angles 
indicates that the numbers near 0 and 180° are small, 
especially since multiple scattering in the target which 
is appreciable will tend to flatten the distribution. The 
smaller high energy group above 8 Mev shows within 
statistical errors the same distribution as the 5-8 Mev 
group. 

Thus, nearly all of the protons of energy above 5 

Mey show strong anisotropy roughly similar to that 
! by Mann, Halpern, and Rothman’ for the 
mall anisotiopic components in copper and cobalt in 
which most of the protons are accounted for on the sta- 
tistical theory. The asymmetry about 90° implies inter- 
ference between the wave functions, corresponding to 
different angular momenta, which describe the emitted 
protons. 

The lower energy protons, 3-5 Mev, show an entirely 
different angular distribution. The numbers of protons 
per unit solid angle are approximately the same at 
29°, 45°, and 90° but rise at 135° and 151°. The sta- 
tistics are not very satisfactory, especially since the 
background of lower energy protons is comparable to 
the number from Mo™. On the other hand, neither the 
background nor the Mo® data taken from plates ex- 
posed under similar conditions showed any systematic 
excess of low energy protons in the backward direction. 
We have no suggestion as to how to account for the 
apparently anomalous distribution. 


TEPOTic 


SUMMARY 


The yield and energy and angular distributions of 
photoprotons from Mo” for which B,= B,—5 Mev can 
be accounted for on the basis of the statistical model, 
except for the expected departures at high proton en- 
ergy. On the other hand, the observed number of pro- 
tons from Mo™, for which B,=B,+2.5 Mev, exceeds 
the number expected on the statistical model by a 
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TABLE III. Total yield of protons and neutrons from Mo. 


Neutrons 
atom"! r! 
x10" 
14.5 Mev 
1180 +300 
from activity) 


Protons 
atom"! r'! 
x 102 
4—12 Mey 0 
13.441 
trom tracks 
faly. P)N(E)jdl 15.3 


Observed 


Calculated : ry X10", em 
(1) Statistical model, Eq. (2) 1.30 
Using experimental o(y, n), 
w1, assuming no (y, 2n) 
process 50 
(2) Similar to (1), but assuming 30 
(y, 2m) process occurs 50 
(3) Using experimental o(y, ?), 30 
w, in Eq. (2) 


factor of 20 to 125 depending upon the parameters 
and processes assumed in the calculation. The excess 
of protons requires a special assumption such as a 
direct process in which competition with neutron emis- 
sion does not occur in the normal way. The proton 
energy distribution may be adequately described by a 
calculated distribution based on the observed o(y, p) 
if it is assumed that the protons have the usual reaction 
cross section (Coulomb barrier) and that the energy 
levels available in the transition to the residual nucleus 
have a typical exponential level density. The observed 
yield of protons is also more than an order of magni- 
tude greater than predicted on the basis of Courant’s 
model for the direct emission of protons. 

In angular distribution the protons from Mo" 
energies above 5 Mev are strongly anisotropic and un- 
symmetrical about 90°, with a maximum near 45° to 


with 


the x-ray beam. 

It is a pleasure to acknowledge the generous assist- 
ance of Robert A. Reitz during the runs with the 
betatron and the processing of the plates. 
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Total Neutron Cross Sections of Chlorine and Carbon* 


R. M. Krenn, CLARK GOODMAN, AND K. F. HANSEN 
Laboratory for Nuclear Science, Massackusetts Institute of Technology, Cambridge, Massachusett 


(Received March 2, 1953) 


Using CCl, in good geornetry, Li?(p,n) neutrons and a pressurized hydrogen counter, o;(Cl) has been 
measured hy the transmission method from 0.4 to 1 Mev at 30-kev intervals and from 0.15 to 0.75 Mev 
at 2-kev intervals. 


HE total neutron cross section of chlorine has barns at 2.85 Mev, and Sherr,‘ using C"(n,2n) as a 
been measured at Columbia by time-of-flight threshold detector, obtained 1.88 barns at 25 Mev. 
techniques up to about 300-ev neutron energy.' Aoki? Snowdon* has recently made measurements from about 
obtained values of 2.66 to 2.84 barns in the energy 100 kev to 500 kev with 40-kev resolution. 
range from 2.2 to 2.85 Mev. Zinn et al.’ obtained 3.42 Using the Li’(p,n) reaction and the Rockefeller 


Fic. 1. Total neutron cross 
section of chlorine and carbon vs 
incident neutron energy in the 
laboratory coordinate system (up- 
per scale) and vs frequency of 
proton resonance magnet control 
in megacycles (lower scale). Car- 
bon tetrachloride contained in a 
thin-walled iron cylinder (7.5X2.6 
cm) was used in the chlorine meas- 
urements. Correction for carbon 
content was made from similar 
measurements for a number of the 
same frequency settings using a 
graphite cylinder (2.52.5 cm) as 
a scatterer. The three resonance 
peaks of sulfur, plotted at yy scale 
for o:, were used as secondary 
energy calibrations and as an 
over-all check on the experimental 
method. 
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Fic. 1 (continued). 


generator as a neutron source, and CCl, as a scatterer, 
a,(Cl) was measured in good geometry at approximately 
2-kev intervals from 150 kev to 750 kev. The targets 
used were 2 to 4 kev thick at the lower neutron energies. 
From 750 kev to 1.1 Mev, the resolution was approx- 
imately 25 kev. 

The detector was a pressurized (70-psi) hydrogen 
recoil counter,® the bias voltage of which was changed 
continuously to cut out low energy neutron background. 
Two BF; counters, at 15° and 90°, served to monitor the 
neutron beam, in addition to proton current integration. 
Corrections were made for the carbon in the CCl, by 
measuring the total cross section of carbon, using 
graphite as a scatterer. Corrections have also been 
made for the thin-walled iron tube used as a container. 

Assuming isotropic scattering in the center-of-mass 
system, the scattering-in correction was less than one 
percent. Figure 1 summarizes the results. Though it is 
impossible to distinguish between the different isotopes 
of Cl (24.6 percent Cl*’, 75.4 percent Cl**) the average 
level spacing is ~14 kev, in accord with the high level 
density expected for odd-odd compound nuclei. It is 
felt that many of the resonances are not yet resolved, 
and a few small energy regions need more work. The 
average cross section observed, o,(Cl)~2.5 barns, is 
relatively low compared to neighboring elements. 

Energy calibration of the proton resonance controlled 
magnetic analyzer was made using the Li’(p,n) thresh- 
old at E,=1.882 Mev.’ As an operational check, a 
few of the resonances of sulfur were done simultaneously 
with the chlorine. The sharp resonances in sulfur® not 
only lend themselves as secondary energy calibrations, 


but also give a measure of the experimental resolution, 


®F. S. Replogle, Servomechanisms Engineering Memo No. 29, 
Massachusetts Institute of Technology, March 18, 1952 (un 
published) 

7 Herb, Snowdon, and Sala, Phys. Rev. 75, 246 (1949) 

§ Peterson, Barschall, and Bockelman, Phys. Rev. 79, 593 
(1950). 
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Fic. 2. Repeated measurements on a major resonance of sulfur 
(observed as 588 kev relative to the Li’(p,n) threshold which 
was reported by Peterson ef al. (reference 8) as 585 kev). During 
an interval of 2 months, the data fall on the same resonance curve 
within the statistical uncertainty of the measurements 


see Fig. 1. The sixth resonance in sulfur was also used 
to test the experimental reproducibility and as a guage 
of the thickness of the targets as shown in Fig. 2. 

The assistance of the other members of the Neutron 
Physics Group and of Donald C. Thompson is gratefully 
acknowledged. 
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The Disintegration of Sr*! and Y*!"+ 


LD. P. Ames,* M. E. Bunker, L. M. Lancer,} anp B. M. SorENSON 
University of California, Los Alamos Scientific Leboratory, Los Alamos, New Mex‘co 
(Received March 9, 1953) 


Che radiations from the fission product Sr (9.67-hr) and its daughter isomer Y *™ (50.3-min) have been 
studied using a magnetic lens spectrometer, a high resolution 180° focusing spectrometer, and a scintillation 
spectrometer. Coincidence measurements were made to check on certain genetic aspects of the decay 
scheme. Five beta-ray groups are observed with end-point energies and relative intensities of 2.665 Mev, 
26.4 percent; 2.03 Mev, 4.1 percent; 1.359 Mev, 29.2 percent; 1.093 Mev, 33.1 percent; and 0.62 Mev, 
2 percent. The 2.665-Mev group has a shape characteristic of a once forbidden transition involving a 
spin change of 2 units. Gamma-rays are found with energies of 1.413, 1.025, 0.93, 0.748, 0.645, and 0.5512 
Mev. The 50.3-min isomeric level in Y" decays only by gamma-emission to the ground state. The 0.5512-Mev 
gamma-ray associated with this transition has a K/(L+M) internal conversion ratio of 6.00, which is 


/ 


consistent with an 74 assignment. A disintegration scheme is proposed 


INTRODUCTION 


TRONTIUM-91 (9.67-hr) is formed in fission as the 
\J daughter of the two isomers of Rb*.! Previous 
studies of the radiations from this isotope have been 
limited to absorption methods. The work of Finkle, 
Katcoff, and Sugarman’ indicated that the beta-ray 
spectrum of Sr* is complex and that there are two 
gamma-rays of approximate energy 1.3 and 0.61 Mev 
involved in the decay, the one of lower energy represent- 
ing an isomeric transition in Y*'. The isomer Y™ was 
found to have a half-life of 51 minutes. Their absorption 
measurements yielded an end point for the beta- 
spectrum of about 3.2 Mev. Thus, log/t for the highest 
energy group was determined as ~8.0, suggesting the 
possibility that this group might exhibit the unique 
spectrum shape characteristic of AJ = 2(yes) transitions. 
This possibility was given further support by considera- 
tion of the nuclear shell model® which suggests d; 
and p, for the respective ground states of Sr® and Y". 

A further investigation of the radiations from Sr*! 
employing higher resolution seemed desirable in view of 
the suggested complexity of the decay and the possibil- 
ity of establishing the forbidden character of the high 
energy beta-transition. It was soon discovered that the 
decay scheme was considerably more complex than had 
been indicated. However, study of the radiations in 
detail by various techniques has led to a consistent 
energy level diagram. 


SOURCE PREPARATION 


The Sr* sources were produced by irradiating samples 
of 0.025 to 0.7 g of uranium enriched in U™* in a thermal 
column of the Los Alamos water boiler. The irradiation 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

* Now at the University of Kentucky, Lexington, Kentucky. 

t Indiana University, Bloomington, Indiana. 

10, Kofoed-Hansen and K. O. Nielsen, Phys. Rev. 82, 96 (1951). 

2 Finkle, Katcoff, and Sugarman, Radiochemical Studies: The 
Fission Products (McGraw-Hill Company, Inc., New York, 1951), 
Paper No. 74, National Nuclear Energy Series, Plutonium Project 
Record, vol. 9, Div. TV 

3M. G. Maver, Phys. Rev. 78, 16 (1950). 
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times ranged from 2 to 6 hours. The neutron flux at 
the sample position is estimated to be about 6X 10" 
n/cm* sec. Some of the uranium samples exhibited 
radioactivities of several hundred roentgens per hour 
shortly after irradiation. 

Chemical separation of strontium from the fission 
product mixture was accomplished by using a modifica- 
tion of a procedure devised by Glendenin.‘ Strontium 
and barium were precipitated initially as nitrates from 
the gross fission product solution by the addition of 
fuming nitric acid. Then the rare earth fission products 
were decontaminated from the strontium and barium 
activities by the precipitation of iron (III) hydroxide 
from an ammoniacal solution. The precipitation of 
barium chromate from a buffered acetic acid solution 
served to separate the barium activity from the stron- 
tium activity. Additional iron (III) hydroxide decon- 
tamination steps were performed on the _ purified 
strontium fraction in order to remove any lanthanum 
activity resulting from barium decay prior to the 
barium separation. For the Sr*' work where it was 
necessary to have the sources as free of Y*'™ as possible, 
an iron (III) hydroxide precipitation was made im- 
mediately preceding the source preparation. Strontium 
oxalate sources were used in the scintillation work. 
lor the beta-spectrometer sources, the final strontium 
oxalate precipitate was dissolved in concentrated nitric 
acid and strontium nitrate was precipitated by the 
addition of fuming nitric acid. This precipitate was 
dissolved in a minimum amount of distilled water, 
and a portion of the resulting solution was evaporated 
on a rubber hydrochloride film. 

Y*'™ sources were prepared by allowing Sr*', separated 
by the above procedure, to decay for a period of from 
two to three hours. Yttrium was separated initially from 
its strontium parent by the precipitation of yttrium 
hydroxide from an ammoniacal solution. Additional 
strontium decontaminations from the yttrium fraction 


'L. E. Glendenin, Radiochemical Studies: The Fission Products 
(McGraw-Hill Book Company, Inc., New York, 1951), Paper No. 
236, National Nuclear Energy Series, Plutonium Project Record, 
Vol. 9, Div. IV. 
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Fic. 1. Beta-spectrum of Sr. The partial spectra are determined 
from the Fermi plot analysis. 


were performed by precipitating barium nitrate from a 
solution of the yttrium activity in fuming nitric acid. 
Then the yttrium activity was separated from the 
supernatant solution by the addition of concentrated 
hydrofluoric acid. The resulting yttrium fluoride was 
dissolved in a concentrated nitric acid—boric acid 
solution. An additional yttrium hydroxide precipitation 
was performed to reduce the total solid content of the 
solution. Following the dissolution of the precipitated 
hydroxide in dilute hydrochloric acid, yttrium oxalate 
was precipitated by the addition of a amonium oxalate. 
This precipitate served as the Y*'™ source material for 
both the scintillation and beta-spectrometer work. 

The strontium separation was normally begun 30 to 
40 hours after irradiation. This time lapse was necessary 
in order to effectively suppress Sr” — Y” contamination. 
A small amount of long-lived contamination resulting 
from Sr*’ and Sr® was unavoidable, however, and had 
to be taken into account. In order to check the purity 
of the strontium source material, decay data were 
taken over a period of several days, using a standard 
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Geiger counter arrangement. When the contribution of 
the long-lived components was subtracted, a logarithmic 
decay curve was obtained which was linear and which, 
on the basis of the data taken during the first 36 hours, 
yielded a half-life for Sr* of 9.67+0.02 hours. Decay 
measurements were also made on « source of Y*™, 
obtained by the above procedure. The logarithmic 
decay curve remained linear for more than two decades, 
yielding a half-life of 50.3+-0.25 minutes for Y"™. 


BETA-SPECTRA 


Measurement of the composite beta-spectra of Sr® 
(54-day), Sr® (25-year), and Sr® was begun as soon as 
feasible after the chemical separation. At the tiime of 
this measurement, the Sr® activity amounted to roughly 
75 percent of the total activity. A week later the 
spectrum was remeasured and the separate contribu- 
tions of Sr and Sr” were determined by a unique once 
forbidden Fermi analysis. These spectra were then 
corrected for decay and appropriately subtracted from 
the original composite distribution. The difference 
spectrum thus obtained is assumed to be that of Sr”. 

The beta-ray measurements referred to above were 
made with a large magnetic lens spectrometer.® An end- 
window Geiger tube having a 2.4-mg/cm* mica window 
and a 0.5-in. diameter aperture was employed as a 
detector. The spectrometer baffle system was adjusted 
so that the resolution was approximately 2.4 percent. 

The beta-ray source consisted of approximately 0.2 


9 


mg of strontium nitrate spread over an area of 0.4 cm 
on a backing of rubber hydrochloride 0.54 mg/cm? thick. 
The edge of the source was connected to ground by a 
narrow strip of aluminum foil. 
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Conventional and forbidden Fermi plots of the higher 
energy portion of the Sr® data. 


Fic. 2. 


5. M. Langer, Phys. Rev. 77, 50 (1950). 
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Fic. 3. Fermi plot of lower energy beta-groups of Sr*'. The 
continuous spectrum is obscured in the vicinity of W=2.0 by 
conversion lines of the 0.551-Mev gamma-ray. 


The momentum distribution of the electrons from 
Sr” is shown in Fig. 1. A statistical accuracy of about 
1 percent was obtained on all points. The obviously 
complex spectrum has been resolved into five groups 
on the basis of a Fermi analysis of the data. Figure 2 
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Fic. 4. K and L+M internal conversion lines of the 551.2 kev 
isomeric transition in Y*. 
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shows the high energy portion of the Fermi plot. It is 
seen that the conventional plot of the highest energy 
group is concave toward the energy axis which, in 
conjunction with the calculated value of log[ (W?—1)/t] 
= 9.65, suggests that this transition is once forbidden 
with a spin change of 2 units.* In order to establish 
this assignment with greater certainty, the forbidden 
factor a= W?—1+ (Wo—W’)’, applicable to such trans- 
itions, has been appropriately applied to the data and 
yields the points plotted as triangles in Fig. 2. This 
“forbidden” plot is seen to be linear from near its 
end point of 2.665 Mev back to the end point of the next 
group at 2.03 Mev. The fact that the two points beyond 
W=6.0 lie slightly above the straight line is expected, 
since no correction was made for the finite resolution of 
the spectrometer. 

The remainder of the Fermi plot analysis is shown 
in Fig. 3. The four inner groups are assumed to have 
the allowed shape. Unfortunately, the end point of the 
0.61-Mev group is obscured by conversion electrons. 
However, in spite of the numerous subtractions, the 
data on this lowest energy group seem to be reasonably 


TABLE I, The beta-ray groups of Sr®. 


End-point energy Intensity 


Group (Mev) (%) log ft* 


2.665+0.01 
2.03 +0.02 
1.359+0.01 
1.093+0.01 
0.61 +0.02 


8.07 
8.39 
6.82 
6.38 
6.10 


® Determined from the curves given by S. A. Moszkowski, Phys. Rev 
82, 35 (1951). 


good, and the extrapolated end point is not thought to 
be in error by more than 20 kev. The rise of the Fermi 
plot below W = 1.4 is a characteristic behavior of spectra 
emitted from a source of ~0.5-mg/cm® surface density 
and is therefore not interpreted as indicating another 
group. The gamma-ray measurements further substan- 
tiate this assumption. The end-point energies, intensi- 
ties, and logft values of the five observed groups are 
given in Table I. 

The strong conversion electron peak which appears 
in Fig. 1 arises from the decay of 50.3-min Y"™. This 
peak could not be resolved into its separate K, L, and 
M components using the magnetic lens spectrometer. 
However, examination of a Sr* source in a high resolu- 
tion 180° focusing spectrometer’ yielded the conversion 
electron spectrum shown in Fig. 4. The two peaks are, 
respectively, the A and L+M lines of a 551.2+1.0 
kev gamma-ray. The A/(L+M) ratio is 6.00 which 
empirically classifies the transition as M4. This 
classification is also suggested by the semi-empirical 


6 F. B. Shull and E. Feenberg, Phys. Rev. 75, 1768 (1949). 
7L. M. Langer and C. S. Cook, Rev. Sci. Instr. 19, 257 (1948). 
8 Graves, Langer, and Moffat, Phys. Rev. 88, 344 (1952). 
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lifetime-energy formulas given by Goldhaber and 
Sunyar.’ 

It was thought possible that Y"™ might be beta 
unstable. To check this point, an Y"™ beta-ray source 
was prepared by chemically extracting the yttrium from 
a Sr*® sample. Examination of the electron spectrum 
revealed only the conversion lines from the 551.2-kev 
gamma-ray. 


GAMMA-SPECTRA 


The photo- and Compton electrons ejected from a 
uranium radiator by the gamma-rays of Sr were 
examined with the magnetic lens spectrometer. The 
resulting spectrum is shown in Fig. 5. The source 
material was contained in a small brass capsule which 
had walls thick enough to stop 3-Mev beta-particles 
and which had attached to its front side a 3-in. diameter, 
33 mg/cm? disk of uranium. 

A total of seven photoelectron lines were observed, 


TABLE II. Photoelectron lines ejected from a uranium radiator 
by the gamma-rays of Sr*. 


Gamma 
best value 
(kev) 


Gamma 
energy 


Binding 
energy 
(kev) 

115.6 
19.34 551.2+1.0 


115.6 i 645 +5 


115.6 ‘ 
19.3 ‘ 748 +2 


115.6 1025.0 
19.3 1021.1 


115.6 1413.4 


Converter 
thickness 
correction® 


Energy 
Line (kev) 





Ki 430.6 5.0 
Ly 524.7 6.0 


Ke 524.7 6.0 


K; 625.4 7.2 
Ih ° 720.7 8.3 


Ks 899.7 9.7 
Ls 992.0 9.8 


Ks 1288.8 9.0 


1025 +5 
1413 +5 


* Hornyak, Lauritsen, and Rasmussen, Phys. Rev. 76, 731 (1949). 

» Y. Cauchois, J. phys. et radium 13, 113 (1952). 

¢ Hill, Church, and Mihelich, Rev. Sci. Instr. 23, 523 (1952). 

4A weighted average of the three L subshell binding energies given in 
reference c. Each shell was given a weight equal to the number of electrons 
it contains. 


two of which are known to be superpositions of A and 
L lines. A summary of the energies and assignments of 
these lines is given in Table II. The A photoelectron 
line of the 551.2-kev gamma-ray (A,) was used as a 
calibration. The peak which occurs at the approximate 
energy of the LZ line of this gamma-ray (1) was 
observed to have about twice the expected L, intensity, 
strongly suggesting that this peak is a composite of the 
L, line and a K line of about the same energy and 
intensity. Therefore, since the composite peak occurs 
at an energy of about 1 kev less than the calculated 
energy of the Z, line, the A line (A.) must have an 
energy of about 1 kev less than that of the peak. This 
is the reason why the energy of the gamma-ray respon- 
sible for K» is estimated in Table II to be 645 kev 
instead of 646.3 kev which one calculates from the 
observed (Ko, L;) peak. 

The Sr* gamma-radiation was also studied with a 
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Fic. 5. Compton and photoelectrons ejected from a uranium 
radiator by the gamma-rays of Sr*, 


Nal(TI) scintillation spectrometer. The phosphor, 14 
in. in diameter and 1} in. high, was mounted on a 
Dumont K-1177 photomultiplier tube, and the amplified 
output pulses were sorted with a 10-channel pulse- 
height analyzer. A lead collimator 1 in. in diameter, 
and 4 in. long was placed between the source and 
detector. 

A portion of the measured pulse-height distribution 
is shown in Fig. 6. Although a careful search was made 
down to energies as low as 20 kev, no photoelectron 
(or total energy) peaks of lower energy than 551 kev 
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Fic. 6. Gamma-ray spectrum of Sr™ taken with a Nal(Tl) 
scintillation spectrometer. The 50.3-min Y™ activity has been 
allowed to grow into secular equilibrium with the Sr activity. 
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kic. 7. A portion of the gamma-ray spectrum of Sr® taken with 
a Nal(TI) scintillation spectrometer approximately 34 minutes 
after chemically removing the Y"" activity. The uppermost 
dotted line is an estimate of the sum of the spectra of the 1.025 
and 1.41-Mev gamma-rays. 


could be found. Five of the observed peaks agree in 
energy with the gamma-ray values listed in Table IT. 
In addition, a weak line is in evidence at about 0.93 
Mev which was not resolved in the secondary electron 
spectrum. Examination of an Y*™ source in the scintil- 
lation spectrometer proved that of the six observed 
gamma-rays, only the 551.2-kev transition is associated 
with the yttrium isomer. Therefore, this gamma-ray 
must be a ground-state transition. 

The scintillation spectrum was used to estimate the 
relative intensities of the observed gamma-rays. In 
order to obtain a more reliable estimate of the intensity 
of the incompletely resolved 645-kev line, a Sr source 
was examined with the scintillation spectrometer 
approximately 35 minutes after an yttrium separation 
(which initially eliminates the 551-kev line). The 
spectrum obtained is shown in Fig. 7. The 551-kev line 
is sufficiently weak that a good estimate of the intensity 
of the 645-kev line could be made. The manner in which 
the scintillation data were analyzed is indicated by the 
dotted lines in Fig. 7, which show the estimated 
contribution to the spectrum of the 1.41- and 1.025-Mev 
gamma-rays. Guided by experimental data on mono- 
energetic lines of various energies, such curves were 
constructed for each gamma-ray. Gamma-ray intensity 
ratios were than calculated by correcting the areas 
under the photopeaks for crystal efficiency on the basis 
of an empirical efficiency curve for the 1}-in. crystal. 
The results of this analysis are shown in Table III. 
The last column in Table IIT is discussed later in this 
report. 

A gamma-gamma coincidence study was also made 
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on the Sr® gamma-radiation, using a pair of scintillation 
spectrometers. The resolving time of the coincidence 
circuit was about one microsecond. The experimental 
arrangement was very similar to that used by Bell 
et al.° With the so-called “gate” spectrometer set to 
count all pulses representing 400-kev energy or greater, 
the coincidence spectrum obtained is that shown in 
Fig. 8. This spectrum indicates that of the six known 
gamma-rays, only the 0.645-, 0.93-, and 1.41-Mev 
transitions are involved in prompt gamma-cascades. 
This fact was quite useful in the deciphering of the decay 
scheme. 


, 


DISCUSSION 


A decay scheme for Sr*' can be deduced which is 
consistent with the various measurements described 


TABLE III. Sr®™ gamma-ray data obtained with a NaI (TI) 
scintillation spectrometer. 


Relative Normalized 
intensity intensity* 
(arb. units) (%) 


Crystal 
efficiency 
(arb. units) 


Relative 
peak 
area 


Gamma- 
energy 
(Mev) 





0.308 
0.267 
0.234 
0.192 
0.177 
0.138 


6.31» 
1.39 
2.15 
0.21 
1.84 
0.25 


0.551 
0.645 
0.748 
0.93 
1.025 
1.41 


59 
15 
27 

3 
30 


—~ i) 
=O = 6 
Cr, rN UW 


* Relative to the total number of disintegrations 
» Corrected for internal conversion. The measured peak area was 6.02 


above. This is shown in Fig. 9. Consideration of energies 
and intensities alone would lead to this scheme. In 
addition, its validity is greatly strengthened by the 
information obtained in the gamma-gamma coincidence 
experiment. The strong 0.748- and 1.025-Mev gamma- 
rays do not appear in the coincidence spectrum since 
they both feed the isomeric level. 

In order to convert the observed relative intensities 
of the gamma-rays to percentages relative to the total 
number of disintegrations, it was assumed that the 
sum of the intensities of the 1.025- and 0.93-Mev 
gamma-rays equals the intensity of the 1.093-Mev 
beta-ray group. The resulting normalized intensities 
are listed in Table III and also appear in Fig. 9. The 
fact that the intensity of the 0.748-Mev gamma-ray 
calculates to be slightly lower than expected and that 
of the 0.645-Mev gamma-ray slightly higher than 
expected suggests the possibility that there is a weak 
0.654-Mev transition between the 1.299- and 0.645-Mev 
levels which is masked by the 0.645-Mev gamma-ray. 
However, the data are not good enough to decide this 
question. In this respect, it is interesting to note that if 
the spin assignments are correct, the 0.654-Mev 
gamma-ray would be an M2 transition and would not 
be expected to compete measurably with the 0.748-Mev 
M1 transition. 


10 Bell, Cassidy, and Kelley, Phys. Rev. 82, 103 (1951). 
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From the 59 percent intensity of the 551.2-kev 
isomeric transition and the measured ratio of the area 
of its K conversion line to the area of the beta-spectrum, 
it is possible to calculate a value for the A internal 
conversion coefficient. This coefficient is found to be 
(4.6+0.2)X10-*, which is in excellent agreement with 
the theoretical value (4.7) X 10~* given by the tabies of 
Rose ef al."' for an M4 transition. 

In regard to spin assignments, the beta-spectrum from 
61-day Y* has been identified as once forbidden 
Al =2(yes),” and, since the measured ground state of 
Zr" is } (the shell model assignment is dy), the ground 
state of Y" must be p;. Similarly, since the beta-transi- 
tion from Sr to the Y" ground state is also of the 
Al =2(yes) type, the ground state of Sr*' must be d;, 
which is consistent with shell model predictions. The 
M4 character of the isomeric transition makes the 0.551- 
Mev level a go. state. Thus, the reason there is no 
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Fic. 8. Gamma-gamma coincidence spectrum of Sr obtained 
using coincident scintillation spectrometers. The pulses contribu 
ting to this spectrum are those that are in coincidence with pulses 
representing 400-kev energy or greater. 


observed beta-emission to this level is that the transition 
is twice forbidden. 

The rest of the spin assignments are less definite; 
but, as shown below, they provide a reasonable explana- 
tion of the experimental data consistent with beta-ray 
selection rules and gamma-ray transition probabilities. 
An attempt was also made to keep the assignments 
consistent with what might appear to be a reasonable 
extension of the one-particle shell model to the higher 
excited states. It is realized, of course, that the one- 
particle model is not necessarily applicable to highly 
excited states. 


4 Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 
79 (1951). 
2 1.. M. Langer and H. C. Price, Jr., Phys. Rev. 76, 186 (1949) 


OF Sr*t AND Y*te 
The beta-ray groups designated in Table I as 82, 83, 
and 8, have logft values which suggest they are either 


once forbidden or / forbidden. Consequently, pj, g7/2, 


fy, and f7;2 seem to be the only shell model states avail- 


able for assignment to the 0.645, 1.299, and 1.576 Mev 
levels. A p; assignment appears to be the best choice 
for the 0.645-Mev level for the following reasons: 
(1) there is no intermediate gamma-transition observed 
between the 0.645-Mev and the 0.551-Mev levels, which 
limits the choice to p; or fy; (2) the choice of fy, makes it 
difficult to explain the observed gamma-ray branching 
ratios from the upper levels to the 0.551- and 0.645-Mev 
levels. 

The 1.299- and 1.576-Mev levels both decay pre- 
dominantly to the 0.551-Mev, gy level. This fact 
eliminates fy as a possibility for either level, leaving only 
the choices g7/2 and f7;2. Now, it appears definite that 
there is a weak transition (0.93 Mev) between the 
1.576-Mev level and the 0.645-Mev level, whereas it is 
questionable whether or not there is an observable 
transition to the p; level from the 1.299-Mev level. 
This suggests assignment of /7;. to the 1.576-Mev level 
and gz. to the 1.299-Mev level, since it seems likely 
that a 0.93-Mev, £2 transition would compete more 
strongly with a 1.025-Mev, £1 transition than a 0.93- 
Mev, M2 transition would compete with a 1.025-Mev, 
M1 transition. 

The data indicate that the 2.058-Mev level decays 
mainly to the 0.645-Mev, p, level. If 85 is a once forbid- 
den transition, an assignment of fy to the 2.058-Mev 
level seems to be the most likely possibility. This would 
make the 1.413-Mev gamma-ray an M1 (or M1+ £2) 
transition. The fact that the higher energy £2 transition 
to the ground state does not compete detectably with 
the 1.413-Mev gamma-ray is not in contradiction with 
the empirical data on M1 and £2 transition probabil- 
ities. There is some possibility that 8; is an allowed 
transition, in which case the most logical assignment for 
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the 2.058-Mev level would be d;. This assignment 
would be as consistent with the gamma-ray data as an 
fy assignment. 

The fact that Y*'™ does not exhibit detectable beta- 
emission leads to an interesting conclusion regarding 
the spacing of certain energy levels of Zr”. The first 
excited state of Zr” would be expected to be a ¢7/2 
state, and beta-emission to this level from Y*®™ would 
be allowed. From the experimental data it is possible to 
to say that, if Y"'™ does beta-decay to Zr", the intensity 
of the beta-transition must be less than 1.5 percent of 
that of the isomeric transition. From this fact and the 
fact that the log/t values of allowed transitions have an 
empirical upper bound of about 6.0, it is possible to 
calculate an upper limit on the energy of the hypothet- 


PHYSICAL REVIEW VOLUME 


LANGER, 


AND SORENSON 

ical Y"™ beta-transition. This value is found to be 
~0.75 Mev, which leads to the conclusion that the gz;2 
excited state of Zr” is more than 1.34 Mev above the 
ground state. The same lower bound holds for the gg, 
excited state. These conclusions are supported by the 
preliminary data of Shull and McFarland® on the Q 
values of the proton groups from the reaction 
Zr” (d,p)Zr". The two proton groups they observed 
were found to have associated Q values of 5.03 and 
2.93 Mev, suggesting that the first excited state of Zr! 
is 2.1 Mev above the ground state. 

We wish to extend our thanks to Mr. John W. 
Starner for his invaluable assistance with the scintil- 
lation experiments. 

SF, B. Shull and C. E. McFarland, Phys. Rev. 87, 216 (1952). 
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Gallium-64 


BERNARD L. COHEN 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received March 27, 1953) 


A new isotope, 2.5-minute Ga, was produced by the (p,#) reaction on Zn®™ and identified by measurement 
of the excitation function, by bombardment of separated isotopes, and by chemical separation. Its decay 
scheme includes gammas of 0.97 Mev, 3.8 Mev, and probably 2.2 Mev. The maximum energy of the 
principle beta is about 5 Mev. The threshold for Zn (p,m) is 8.140.5 Mev. 


PREVIOUSLY unidentified isotope, 2.5-min 
gallium 64, has been produced by bombarding 


A 


zinc with high energy protons from the ORNL 86-in. 
cyclotron. The following tests were made to ascertain 
its identity. 

(1) A rough™ excitation function for the various 
activities found from proton bombardment of zinc was 





RELATIVE CROSS SECTION 











Fic. 1. Excitation functions for activities produced by proton 
bombardment of zinc. The 9.4-hr, 68-min, and 38-min activities 
are known to be produced by (p,”) reactions on Zn® and Zn®, and 
the (p,pm) reaction on Zn, respectively 


measured by a stacked foil technique. The results, 
shown in Fig. 1, indicate that the 2.5-min activity has 
all the characteristics of a (p,m) reaction, as can be 
seen by comparing it with the 68-min (Ga®) and 9.4-hr 
(Ga®) activities which are known to be produced by 
(pn) reactions. The ratio of the cross sections for 
production of the 2.5-min and 9.4-hr activities in natural 
zinc was found to be about 2:1 at 13 Mev, which is 
approximately the isotopic abundance ratio of Zn™ to 
Zn**, After the excitation function was measured, all 
further investigation was carried out by bombarding 
under an absorber calculated to reduce the proton 
energy to 13 Mev. 

(2) A series of bombardments was made with 
isotopically enriched Zn®™.' This essentially eliminated 
the 68-min and 9.4-hr activities, but yielded very good 
intensities of the 2.5-min activity. Most of the spectros- 
copy was done with this isotopically enriched material. 

(3) Chemical identification was obtained by ether 
extraction. The ratio of the 2.5-min to 9.4-hr activities 
in the ether fraction was found to be about the same as 
in an unprocessed zinc foil. By counting under a thick 
absorber to remove the 68-min activity, the decay could 
be followed above the 9.4-hr background through 
nine half-lives even after three half-lives had been con- 


‘Separated isotopes were obtained from the Stable Isotopes 
Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee. 
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Fic. 2. Pulse-height dis- 
tribution from Ga“ as meas- 
ured with a Nal scintillation 
spectrometer. Various sec- 
tions were obtained with 
different absorbers between 
sample and crystal. Note 
change in base line scale. 
C.E. is “Compton Edge.” 
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sumed in removal of the target from the cyclotron 
and in chemical processing. 

It should be noted that all isotopes, except Ga, 
which can be produced by (p,m) or (p,a) reactions on 
any of the zinc isotopes are well identified according to 
recent isotope tables. Both the natural zinc and isotopic- 
ally enriched Zn™ used in the bombardments were 
spectroscopically analyzed and found to be free of 
imputities to one part per thousand. 

The pulse-height spectrum of the 2.5-min activity, 
as obtained with a Nal scintillation spectrometer, is 
shown in Fig. 2. The four parts of the spectrum were 
obtained with different absorbers between the sample 
and the crystal since the large intensities necessary to 
obtain good statistics in the high energy portion 
produced total counting rates larger than could be 
handled by the single channel discriminator. Each point 
in Fig. 2 represents a three point decay curve over at 
least six half-lives of the 2.5-min activity. While the 
results of several runs differ somewhat in detail, each 
maximum, minimum, and edge marked in Fig. 2 was 
evident in every run. The low energy portion of the 
spectrum shows only the Compton edge and photo- 
electric peak of the 0.51-Mev annihilation radiation, 
which confirms the fact that the 2.5-min activity is a 
positron emitter. The next portion shows the Compton 
edge and photoelectric peak for a strong gamma-ray at 
(0.97 Mev. The highest energy portion shows a fairly 
definite Compton edge, the two pair peaks (at 2.8 and 
3.3 Mev) and a poorly resolved photoelectric peak for 


180 200 220 240 


300 400 500 600 
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what is probably a 3.8-Mev gamma-ray. The medium 
energy portion gives some indication of a 2.2-Mev 
gamma, but this interpretation should certainly be 
considered no more than tentative. 

Considerable effort was expended in measuring the 
beta-ray spectrum by both the collimator and hollow 
crystal methods? with an anthracene scintillation 
spectrometer. Because of the difficulty in obtaining a 
thin and intense source, the lack of experience in 
handling very high energy betas with a complex 
spectrum, the difficulty in correcting for the gamma-ray 
background attributable to the short half-life, and the 
other well known troubles associated with beta-ray 
scintillation spectroscopy, only mediocre success was 
realized. The indications are that the most intense 
beta has a maximum energy in the vicinity of 5 Mev. 

A relatively accurate measurement of the threshold 
for the Zn™(p,n) reaction was made by comparing the 
excitation function near the threshold with those of 
Cu® and Zn®, making corrections for the beam energy 
inhomogeneity. The Zn™ threshold was determined as 
8.1+0.5 Mev; this corresponds to a Ga™ maximum 
beta-energy of 6.4 Mev, and log ft>6.1 for the ground- 
state transition. 

The author would like to acknowledge the very 
considerable help of E. L. Olson in the beta-spec- 
troscopy. 


*W. H. Jordan, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1952), Vol. 1, p. 207. 
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Nuclear Levels in Cs!*!} 


J. M. Cork, J. M. LEBtanc, W. H. Nester, anp M. K. Brice 
Department of Physics, University of Michigan, Ann Arbor, Michigan 
(Received March 5, 1953) 


Using enriched barium 130, activated in the pile, a spectrometric study hrs been made of the radiation 
from the resultant barium 131. Decaying by K capture with a half-life of 11.8 days, thirteen gamma-rays 
are found to be associated with the disintegration, eight of which have not been previously reported. From 
the relative intensities of the electron lines and the photoelectron peaks, the multipolarities of six of the 
transitions are given. A consistent nuclear level scheme of seven terms accounts completely for the observed 


gamma-transitions 


N an early report on the radioactivity in barium it 

was concluded! that the isotope of mass 130 whose 
normal abundance is only 0.10 percent could by neutron 
capture produce a radioactive isotope of mass 131. 
This emitter, whose half-life is about 12 days, was 
believed to decay by A capture and gamma-radiation 
to a radioactive daughter product, Cs"'. This isotope in 
turn decays by A capture with a half-life of about 9.7 
days, to stable xenon. Many subsequent investigations 
have been made, particularly to evaluate the energies 
of the associated gamma-rays. These energies as re- 
ported by various observers'~? are shown collected in 
Table I. Seven gamma-rays are listed in Table I. It 
now appears quite certain that the transition at 0.196 


TABLE I. Previously reported gamma-energies. 


Gamma-energies in Mey as reported by 
Item YGK* Kt K Za Ce CM‘ Ke 
0.122 0.122 
0.196 
0.213 
0.241 
0.371 
0.497 


0.122 0.16 
0.214 
0.241 
0.370 
0.494 


0.206 
0.26 

0.372 0.42 
0.50 0.494 0.496 


1.7 1.2 1.2 


» relerence I 
* reterence « 
» relerence $ 
» reference 4 
» relerence 5 
reference 6 
> relerence 7 


Mev does not exist, and it is quite unlikely that there 
is any radiation with energy above 1 Mev. 

In the present investigation it is shown that there are 
thirteen gamma-rays in addition to Auger radiation 
present in the disintegration. A sample of barium was 


t This investigation received the joint support of the U. S. 
Office of Naval Research and the U. S. Atomic Energy Com 
mission, 

'Yu, Gideon, and Kurbatov, Phys. Rev. 71, 382 (1947). 

2S. Katcoff, Phys. Rev. 72, 1160 (1947). 

8. Kondiah, Arkiv Fysik 2, 28, 295 (1950). 

‘Zimmerman, Dale, Thomas, and Kurbatov, Phys. Rev. 80, 
908 (1950). 

5W. Cuffy, Phys. Rev. 82, 461 (1951). 

®R. Canada and A. Mitchell, Phys. Rev. 83, 76 (1951). 

7 Elliott, Cheng, Haskins, and Kurbatov, Phys. Rev. 88, 263 
(1953). 


kindly provided by the Oak Ridge National Laboratory 
in which the mass 130 was enriched from its normal 
abundance of 0.10 percent up to 27.5 percent. On 
irradiation in the Argonne heavy-water pile, sources of 
high specific activity were obtained for studies in pho- 
tographic magnetic spectrometers. In addition to the 
electron lines resulting from internal conversion, the 
photoelectrons ejected from a lead radiator have been 
observed. A careful survey has been made in the 
double focusing spectrometer to detect the presence of 
any positrons in the decay, with negative results. 
Similarly, by the use of a scintillation spectrometer no 
evidence could be found to indicate the existence of the 
0.82- or the 1.2-Mev gamma-rays as previously re- 
ported.® 

In Table II the energies of the observed electron 
lines are presented in column 1. All but four lines decay 
with the same half-life, namely 11.8+-0.2 days, and fit 
best the work functions for cesium. The other four lines 
have shorter half-lives and are AK and ZL lines from 
isomeric transitions in Ba' and Ba". Their K and L 
lines fit the work functions of barium. The interpreta- 
tion of the lines and the resultant energy sums are 
shown in succeeding columns. The low energy Auger 
lines are broad as might be expected since x-rays of 
both cesium and xenon are present. The energies of the 
thirteen gamma-rays, eight of which have not been 
previously observed, are summarized in Table III. 
Arbitrary numbers are assigned in column 1, increasing 
in the order of increasing energy. 

Traces were made of the photographic plates with a 
Leeds and Northrup recording microphotometer. When 
corrected for solid angle and the variation in emulsion 
sensitivity with energy, it becomes possible to express 
the K/L ratios for six of the gamma-rays, as shown in 
column 3. For three of the remaining gammas a visual 
estimate of the ratio is recorded. From these observed 
intensity ratios and a consideration of the results of 
other investigators, it becomes possible to make reason- 
ably unique conclusions regarding the multipolarities 
of certain of the transitions. For example, the ratio of 
the photoelectric intensities of the 373-kev to the 497- 
kev gammas has been variously reported*.*” as 0.07, 
0.12, and 0.25. While these numbers differ widely and 
are uncertain as a result of the poor resolution of the 
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TABLE II. Energy of electrons from Ba" in kev. 





Energy 
sum 


Interpre 
tation 


Electron 
energy 


Energy 
sum 


Interpre 
tation 


Electron 
energy 


24.8 
25.6 
30.1 
33.9 
42.7 
49.8 Le 
vi 
K 


Auger KLily 
Auger KLol» 
Auger KLM 
Auger KMM 


216.0 
239.5 


180.0 
203.5 
210.0 
213.0 
230.7 
233.8 , 
238.5 K (Ba) 
243.0 L 
262.1 L (Ba) 
270.0 L (Ba) 
337.5 ; 
3608.5 

461.5 

492.0 

549 

584 


K (Ba) 
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spectrometers employed, they probably give the correct 
order of magnitude. The corresponding ratio for the 
K-conversion peaks of the same gamma-rays in the 
present investigation is found to be 1:2.1. It should then 
follow that the inverse ratio of the K-conversion coeffi 
cients must lie somewhere between 0.14 and 0.53. By 
reference to the calculated K coefficients of Rose® at 
these energies it can be seen that of all the possible mul 
tipolarities consistent with K/Z ratio measurement, as 
numerator or as denominator, only three combinations 
fall within the observed limits, namely, M2/M; (0.13), 


TABLE III. Energies and nature of the observed gamma-rays. 


Arbitrary 


number Energy, kev K/L ratio 


=—l 
10+2 


123. 3.6+0.3 
133. 5.8+0.5 
215.8 9+2 
239.3 S6 
248.8 S6 
373.5 6+0.5 
488.5 
497.5 
585 
620 
275.7 
267.9 


mnNDAU ew 


=~ 
i 


7.7+0.5 


wn 


Ba'® 
Bal> 


® Rose, Goertzel, and Perry, Oak Ridge National Laboratory 
Report No. 1023 (1951) (unpublished). 
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M;/M; (0.37), and E:/E, (0.45). The K/L ratios of 
6+6.5 and 7.7+0.5 would indicate that the 373-kev 
radiation could be £2 or M3 in character, and the 497- 
kev radiation could be E2, M3, M2 or M1. The life- 
time of M3 radiation would probably be too long for 
the 373-kev transition, since coincidences have been 
observed.’ It seems reasonable then to express a prefer- 
ence for the E2 assignments to both. In a similar way, 
each of the other designations shown in column 4 has 
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Fic. 1. Nuclear levels in Cs following K capture in Ba", 
(Note: the value 327.7 in the figure should read 372.7.) 


been determined. For the low energy gamma-rays the 
assignment is aided by the relative intensities of the 
three L conversion lines. 

The numerical values of the energies of the observed 
gamma-rays exhibit significant equivalent combina- 
tions, thereby suggesting a nuclear level scheme as 
shown in Fig. 1. All of the thirteen gamma-rays are 
satisfactorily accommodated as transitions between the 
seven nuclear levels. 
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The Decay of Au'*’™+ 


J. W. Mmenicu, Brookhaven National Laboratory, Upton, New York 


AND 


A. pe-Suauit,* Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 
. (Received March 6, 1953) 


The conversion electron spectra of Hg" and Au"™ have been re-examined. The 7.4-sec lifetime of Au'”™ 
is found to be determined by a previously unresolved £3 transition of 130.2 kev energy, whose transition 
probability is 3107 that expected on the Weisskopf estimate. The multipolarity of a “prompt” 77.4-kev 
transition in Au’? is found to be M1+-£2 (the ratio of magnetic to electric transitions being 1.5). A con 
sistent decay scheme is presented. Some systematics of L sub-shell conversion are discussed. 


INTRODUCTION 


REVIOUS investigations' of the decay of Hg'*”™ 

have shown that the 23-hr level in Hg decays via 
a 164-kev M4 transition, followed by a 133-kev £2. 
It was also shown that the 23-hr level has a 3 percent 
K capture branch to a 7.4-sec level in Au'®’. This level 
was thought to be depopulated by a 275-kev transition, 
possibly M3, followed by a 191-kev M1 and a 77-kev 
transition of low multipole order. There were 98.8 
percent and 1.2 percent K capture branches from the 
65-hr ground state of Hg to the 77- and 268-kev levels 
of Au, respectively. 

However, certain discrepancies remained. First of all, 
the experimental A conversion coefficient (0.5) for the 
275-kev transition was not in accord with the theo- 
retical value? for an M3 (3.0). In addition, with this 
scheme, the 268-kev level had to have a spin of 5/2—, 
thus making the 1.2 percent electron capture branch 
from the ground state of Hg'®’ inconsistent, since the 
levels in Hg are believed to be 1145/2, fey, and Pie. It had 
been shown by Huber et al.' that the 191- and 77-kev 
transitions were in coincidence. Also, by a coincidence 
measurement between the supposed 191-K electron line 
(detected in a lens spectrometer) and the more energetic 


TABLE I. Conversion electron lines observed for y-ray 
transitions in Hg#’"—Au”™, 


Transition energy 
(kev) 

77.4 
130.2 


Conversion electrons observed 





Le. Les, Lat: Mes Maus Mes B 
K, Lu, Lin, Mu 


K, Li, Li, Lint, Mur, Mins, N 
K, Ly, Lit, List1, M1, Miu, N 


134.0 
165.3 


191.6 


K, Li, M 
279.3 K, Li 


t Work supported by the U. S. Atomic Energy Commission 
and Higgins Scientific Trust Fund. 

* Now at Massachusetts Institute of Technology, Cambridge, 
Massachusetts. 

1 Huber, Humbel, Schneider, deShalit, and Zunti, Helv. Phys. 
Acta XXIV, 127 (1951); M. Goldhaber and R. D. Hill, Revs. 
Modern Phys. 24, 179 (1952). 

2 Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 79 
(1951). 


conversion electrons (those of the 275-kev y-ray), the 
value of the supposed AK conversion coefficient was 
determined to be 1.7. One purpose of this paper is to 
point out that the lifetime-determining transition is not 
the one of 275 kev, but a hitherto unresolved y-ray 
transition of multipole order £3, and that in the experi- 
ment quoted above, the coincidence measurement was 
made between the Z conversion electrons of the 130.2- 
kev £3 transition and the 275-kev transition conversion 
lines. The 191-K and 130-Z electron lines differ by only 
5 kev. In addition, we have determined the multi- 
polarity of the 77-kev transition by a study of the L 
conversion ratios, and have redetermined the K con- 
version coefficient of the 275-kev transition. Energies 
of the electron lines have been measured with high 
resolution spectrographs with somewhat greater accu- 
racy than before. A consistent decay scheme is pre- 
sented. Some systematics of 1 conversion are discussed. 


EXPERIMENTAL PROCEDURE AND RESULTS 


The radioactive sources were prepared in the Prince- 
ton cyclotron by the Au'*’(p,7)Hg'’ reaction. The 
radioactive Hg was distilled, in vacuum onto thin Au 
foils of proper dimensions (~2 cmX0.3 mm), thus 
forming a source which was almost weightless. The low 
energy electron lines show some broadening, due prob- 
ably to the diffusion of Hg into the Au. The electron 
lines were photographed in permanent magnet 180° 
spectrographs. Figure 1 is a reproduction of one of the 
spectrograms. This film had been deliberately over- 
exposed on the lower energy end. Table I lists the 
conversion lines observed for each transition. Some of 
the energies differ slightly from the first published ones. 

Recent measurements by Cork et al.’ of the transition 
energies observed in a source of Hg'*’™ yield the follow- 
ing values: 134.3, 165.4, 191.4, and 77.6 kev. The 
transition energies observed‘ in a source of Pt'*? (17.4 
hr) are 191.2 and 77.4 kev. 

All the Z components are resolved in the higher 
intensity transitions, as are some of the M sub-shell 


* Cork, Martin, LeBlanc, and Branyan, Phys. Rev. 85, 386 
(1952). 

‘Cork, LeBlanc, Stumpf, and Nester, Phys. Rev. 86, 415 
(1952). 
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Fic. 1. Conversion electron spectrum of Hg!*™"—Au'*™, The transition energies in kev are as follows: y:=77.4 (Au); 
y2= 130.2 (Au); ys=134.0 (Hg); ys=165.3 (Hg); ys=191.6 (Au); ye=279.3 (Au). Ai to Ae, which are the Auger lines 
(Li, Li>K}, @ etc.) arising from the internal conversion of K series radiations have been previously reported [J. W. Mihelich, 


Phys. Rev. 88, 415 (1952) ]. 


electrons. Of particular interest in this study are the 
K, Ly, and Lyy1, and M lines of the 130.2-kev transition, 
and the three Z lines of the 77.4-kev transition. Previous 
investigations were performed with spectrometers of 
insufficient resolving power to separate the compara- 
tively weak conversion lines of the 130.2-kev transition 
from the conversion lines of the 134-kev transition. 
Evidence presented below indicates that the 130.2-kev 
transition is of E3 multipolarity and determines the 
lifetime of the 7.4-sec level. 

Photometry of the spectrogram showed that the 
K/L ratio of the 130-kev transition was less than 3 of 
the K/L ratio for the 134-kev 2 transition. The 
electrons were analyzed in a Siegbahn-type® spectrom- 
eter at Princeton in order to obtain more accurate 
intensity data. It was found that the K:L:M ratio 
was 1:7.5:3.6, in good agreement with the K/L ratio 
expected for an £3 transition. 

As mentioned above, in the coincidence experiment 
of Huber, etc., what was obtained was x,!°= Ne,'°/ 
(Netota™+ ,') rather than xx"! as was supposed. 
Since xr'= Netotai/Nr=0.96, we find that atotar’™® 
= 24. Using the electron intensity ratios as determined 
in the counter spectrometer, we find that ax'™=2.0. 
Extrapolating the values of Rose e/ al.,? the theoretical 
values obtained are: Bx'=3.4, ag'=0.14, ax?=0.5, and 
ax?=1.0. The £11: L111 conversion is characteristic of 
that for electric y-transitions.6 The conversion coeffi- 
cient and K/L ratio make the assignment of E3 
reasonable. 

The following reasoning also makes the assignment 
of E3 reasonable. The 65-hr K capture in Hg'®’ is most 
probably first forbidden, since it involves the changing 
of a neutron in one shell into a proton in a neighboring 
shell. Energy-lifetime considerations then make it 
likely that the 23-hr K capture transition is also first 
forbidden. Since the 65-hr and 23-hr levels in Hg!” 
have different parities, the isomeric and ground levels 


5 Thanks are due Dr. E. P. Tomlinson for kindly putting his 


spectrometer at our disposal. 
6 J. W. Mihelich, Phys. Rev. 87, 646 (1952). 


of Au'’ should have opposite parities. Since the transi- 
tion following the 7.4-sec isomeric transition in Au is 
M1 (AI=1, No), as will be shown later, the isomeric 
transition must involve a change in parity. The L 
conversion indicates an electric transition, and only E3 
is consistent with the 7.4-second half-life. 

The £3 transition is of considerable interest, since it 
is the first observed odd-proton E3 transition which 
may occur between single particle levels. Previously 
observed E3’s have occurred between 7/2+ and py 
levels, the presence of a 7/2+ level indicating a con- 
siderable deviation from a single particle model. In 
the case of Cd'", the hy1/2—d5/2 transition involved an 
odd neutron.’ This fact was thought to explain the 
slowness of the transition. In the case of 79Au'’, we 
should expect an odd proton Ay;/2—d5,2 transition. The 
experimental value of the transition probability is 
3X10~ that expected on the Weisskopf estimate.’ 
This may be explained by assuming that the “d5,.” 
level is really not a single particle level, but is formed 
by the coupling of a number of nucleons. 

Information was obtained regarding the 
polarity of the 279-kev transition. It is easily seen that 


multi- 


Nx (279) N,(134) 
ak (279) = a,(134)- : 3 
N1,(134) N,(279) 


a,(134) and N«(279)/N1(134) had previously been 
determined accurately.! Hence a measure of the ratio 
of the numbers of these two y-rays will allow a determi- 
nation of the AK conversion coefficient of the 279-kev 
transition. This ratio was determined with a Nal 
scintillation spectrometer. The value of a(279) is 
~0.27. The theoretical values are Bx'=0.5, ax?=0.08, 
and ax*=0.20.2 The experimental conversion coeffi- 

7M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 

8A. W. Sunyar, Phys. Rev. 83, 864 (1951); C. L. McGinnis, 
Phys. Rev. 83, 651 (1951); and S. Johansson, Phys. Rev. 79, 896 
(1950). 

9J. M. Blatt and V. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 
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TaBLe II. Conversion data on 77.4-kev transition in Au’. 


Theoretical internal conversion coefficient Exp. rel 
Sub-shell 22 M1 int 


ke 0.1! 3.4 1.0 


Li : 0.25 0.45 
Litt 0.005 0.34 


cient, the short lifetime, and the K/L ratio (26) 
indicate a magnetic dipole. 

Determination of the multipolarity of the 77.4-kev 
transition was made by an analysis of the intensities of 
the three ZL conversion lines. The 11:11: Ly11 ratio is 
1.0:0.45:0.34. Comparison of these data with the 
theoretical prediction of Gellman, Griffith, and Stanley” 
will make possible an estimate of the multipolarity. 
The absence of a measurable lifetime and the L con- 
version coefficient of 2.5' indicates that the multi- 
polarity is £2, M1, or a mixture of both. In Table IE 
are listed the theoretical values of Gellman ef al. for the 
individual / shells. It will be recalled that these calcu- 
lations are done neglecting screening and are available 
for only a few values of Z. Considerable uncertainty is 
introduced by the rather extensive interpolation re- 
quired. Probably the absolute values are in considerable 
error, but a comparison of relative values may be 
fairly good. 

One finds that the experimental intensity observed 
may be explained by a mixture of magnetic y-rays to 
electric y-rays of 7.0, or a ratio of magnetic to electric 
transitions of 1.5. It may be noted that a comparison 
of the relative /-shell conversion is a very powerful 
tool for detecting or measuring proportion of mixtures. 
In the case of M1 and #2 mixtures, the M1 L, internal 
conversion coefficient is ~20 times larger than the 
value of the 1; internal conversion coefficient for £2. 
On the other hand the Z;; and Ly; internal conversion 
coefficients for £2 are many times those for M1. Hence 
a small admixture of either will alter the 1 conversion 
to a considerable degree. Accurate determination of 
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such mixtures await more accurate theoretical values 
of the Z shell internal conversion coefficients. 

Figure 2 shows our proposed decay scheme. Some 
comments are in order concerning the choice of level 
assignments. The 130-kev and 279-kev transitions are 
in coincidence, as stated above. It had been thought 
that the 279-kev was followed by the 77.4-kev transi- 
tion. However, Dr. H. €. Martin of Los Alamos has 
kindly communicated to us the information that the 
threshold for producing the 7.4-sec Au isomer by fast 
neutron scattering in Au is less than 420 kev. Hence, 
it seems likely that the 279-kev transition goes to the 
ground state. It is then likely that the upper levels in 
Au! are hy1/2, and dsy2, as predicted by the shell model. 
The ground state has been determined as d3,,. 

In previous experiments,' a high coincidence rate 
between the 279-kev conversion electrons and other 
conversion electrons was measured. This coincidence 
was 30 percent greater than would be expected for a 
simple two step decay (130 and 279 kev). Hence the 
conclusion was drawn that these two transitions were 
also in coincidence with the 77.4-kev transition. In the 
light of the inelastic scattering data, these results 
have to be reinterpreted. Due to the geometry of the 
spectrometer, coincidences between the 279-K electron 
and the 130-Z electrons are taken at 180°. It is possible 
that there is sufficient angular correlation to produce 
the high coincidence rate at 180°. 

The 191-kev y-ray is probably in a branch separate 
from the 279-kev y-ray. The A/ZL ratio of 6 indicates it 
is an M1. The 191- and 77.4-kev transitions are in 
coincidence, and the ratio of the intensity of the two 
transitions is a constant with time, both activities 
exhibiting the same growth and decay. 

No crossover transitions were definitely observed 
via conversion electrons. One doubtful electron line of 
328 kev is present. Such a line could be the A conversion 
line of a 409-kev M4 /ty1;2—d3,2 crossover. It is too faint 
to allow any accurate measurements. An electron line 
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Fic. 2. Proposed decay scheme for Hg’ — Au", 


” Gellman, Griffith, and Stanley, Phys. Rev. 85, 944 (1952). 
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(intensity roughly that of the 191-M line) of 185.8 kev 
is observed. It cannot be assigned to any expected 
transition. 

The spins assigned to the 77.4- and 269-kev levels 
are consistent with the available data. Tentatively, we 
designate the two levels as }+ or $+ and 3+ or 3+, 
respectively. The }+ assignment for the spin of the 
77.4-kev level is preferred since the 201.9-kev transition 
from the 279-kev (d5;2) level to the 77.4-kev level is 
not observed. 

Some comments may be made regarding the system- 
atics of LZ shell conversion. This is the first £3 isomeric 
transition for which adequate resolution of the L lines 
has been obtained. The establishing of the systematics 
of L conversion for a transition of this multipole order, 
energy, and Z is invaluable for deciding multipole 
orders of other transitions. For the £3 isomeric transi- 
tion of 130 kev in Au, the (1;:L1:: Li) ratio is 
(<0.1:~2.5:1). Taking the K-shell internal conversion 
coefficient as 2.0 and the A/L ratio as 0.133, the 
empirical values of the absolute /-shell internal con- 
version coefficients are (Ly: <0.4; 141:10.4; Ly11:4.2). 
Rutledge, Cork, and Burson! have reported that for 


Rutledge, Cork, and Burson, Phys. Rev. 86, 775 (1952). 
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certain transitions, designated by them as £3, the L 
conversion is predominantly L;. These transitions occur 
in Se(Z= 34). In order to establish that the conversion 
is in the Z; shell, one has to measure the A— ZL energy 
difference well enough to distinguish between A— J, 
= 9.99 kev and K — 14;= 10.18 kev. However, it would 
not be impossible that for this low Z, £3 L conversion 
occurred in the Ly shell. It has been pointed out® that 
for the £2 transition of 247 kev in Cd"''™, the LZ con- 
version is probably mostly in the Z; shell, as borne out 
by the calculations of Gellman e¢ al. 

For the 166-kev M4 in Hg, the L ratio is 1: <0.1:1.5. 
The theoretical estimate of Tralli and Lowen” would 
predict the ratio to be 1: <0.5:~2.2. 

The 134-kev #2 has an L ratio of 0.04:1.1:1 as 
compared to the theoretical value (obtained by interpo- 
lation of the data of Gellman ef al.) of 0.1:1.4:1. 
Owing to the absence of theoretical data and the 
paucity of experimental data on £3 transitions, one 
cannot yet distinguish between £2 and £3 transitions 
on the basis of 1 ratios alone. 

We are indebted to Dr. M. Goldhaber for his con- 
tinued interest in this problem. 


"2N. Tralli and I. S. Lowen, Phys. Rev. 76, 1541 (1949), 
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Nuclear Magnetic Resonance in Thallium Compounds* 


H. S. Gutowsky AND B. R. McGarveyf 
Noyes Chemical Laboratory, University of Illinois, Urbana, Illinois 
(Received March 2, 1953) 


A precision, resonance absorption measurement has been made of the ratio of the magnetic moments of 
TI and Tl. The experimental ratio is u®>/u = 1.009838 +0.000001. This result, when compared with 
the value observed by Berman for the ratio of hyperfine structure separations in the #P, state, Av™5/A»™* 
= 1.00974+0.00003, establishes the reality of effects attributable to the finite nuclear size. 

Shifts of about 0.2 percent have been found in the thallium resonance position in T1** compared to TI*! 
compounds. The resonance shifts in aqueous solutions varied linearly with the anion concentration. Complex 
formation and interionic electronic exchange interactions, respectively, account qualitatively for the ob 


served effects. 


INTRODUCTION 

HESE experiments were initiated to obtain data 

for comparison with theoretical values for the 
nuclear magnetic shielding. Thallium is one of the very 
few elements with two different, simple oxidation states, 
Tl*' and TI**, for which nuclear magnetic resonances 
might be observed and any differences in position com- 
pared with theory.'* However, we have found the 
nuclear magnetic shielding to depend not only upon the 
oxidation state of the thallium but also upon the 
anions present in solution. Moreover, the magnetic 
shielding changes remarkably in solutions of different 


* Supported in part by the U. S. Office of Naval Research. 
t U.S. Atomic Energy Commission Predoctoral Fellow. 
'W. E. Lamb, Jr., Phys. Rev. 60, 817 (1941). 

2? W. C. Dickinson, Phys. Rev. 81, 717 (1951). 


concentration. Here, results are given for several com- 
pounds and concentrations. 

In addition, we have made a precision determination 
of the ratio of the TlP’® and TP? magnetic moments, 
because this ratio is important in analyzing hyperfine 
structure anomalies. Berman* reported recently a pre- 
cise value for the ratio of the hyperfine structure 
separations of the *?; ground states of TP? and TP by 
the atomic beam magnetic resonance method. This 
ratio differs by 9 to 12 parts in 10° from values deter- 
mined for the ratio of the magnetic moments by nuclear 
magnetic resonance methods.*7 But the combined 

3A. Berman, Phys. Rev. 86, 1005 (1952). 

‘W. G. Proctor, Phys. Rev. 75, 522 (1949). 


°H. L. Poss, Phys. Rev. 75, 600 (1949). 
®R. E. Sheriff and D. Williams, Phys. Rev. 82, 651 (1951). 
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Fic. 1. Block diagram of experimental arrangement used in 
measuring the magnetic moment ratio. 


errors in the ratios was about 8 parts in 10°, with 5 
parts from the nuclear magnetic resonance value, so the 
reality of the difference was not established with cer- 
tainty. However, as pointed out by Berman,’ a differ- 
ence of about the magnitude observed should arise from 
the finite size of the nucleus. We undertook a more 
precise measurement of the magnetic moment ratio in 
order to obtain a better value for the difference, if any. 


EXPERIMENTAL DETAILS 


Most of the apparatus and procedures used here have 
been described.** A block diagram of the setup for 
measuring the magnetic moment ratio is given in Fig. 1. 
It is a double resonance apparatus, one part being a 
bridge system, the other a spectrometer, with separate 
coils and samples, and a manual switch for displaying 
the resonance from either system on a common oscil- 
loscope. The magnetic field of 636542 gauss was 
supplied by a permanent magnet.* The rf bridge used 
is a null-7' type.'® The rf spectrometer is a regenerative 
oscillator.” The two sample coils were mounted side by 
side, separated by about 5 mm. The coils had a common 
ground in the support probe on which they were 
mounted. The samples were contained in thin-walled 
10-mm o.d. Pyrex test tubes; care was taken to insure 
that both samples were identical for a given set of 
measurements. 

The magnetic moment ratio was obtained by meas- 
uring directly the frequency difference between the 
resonance frequencies of the two isotopes in the same 
field and also measuring the actual resonance fre- 
quencies of the two isotopes. The magnetic moment 
ratio, since both spins are 4, is then given by the 
equation 


T *]20: = 2 20. — —— / - ). 
BT 18 / wT 1203 = pTI12/ pT123= 1+ Ap’ /yT i, 


where Av’ is the directly measured difference in the two 


7H. E. Walchli, “A Table of Nuclear Moment Data’’, Prelim- 
inary Issue, Oct. 1, 1952, p. 89; we learned of this result after 
completing our measurements. 

*H. S. Gutowsky and C. J. Hoffman, J. Chem. Phys. 19, 1259 
(1951). 

® Gutowsky, Meyer, and McClure, Rev. Sci. Instr. (to be 


published). 
1 W.N. Tuttle, Proc. Inst. Radio Engrs. 28, 23 (1940). 
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resonance frequencies. A similar equation is used to 
compute the ratio from the resonance frequency of 
TP”. The increased precision of our measurement of 
this ratio results largely from the direct measurement 
of Av’, which is fairly small, instead of computing the 
ratio from the two resonance frequencies themselves. 
The stability and high homogeneity® of the field of the 
permanent magnet were also essential. 

Av’ was measured in the following manner. The 
General Radio 805C signal generator and rf bridge 
system were tuned approximately to the resonance of 
one isotope, and the spectrometer to the other. The rf 
bridge resonance was centered on the oscilloscope by 
adjusting the de field biasing current. The bias field 
was kept as constant as possible and varied no more 
than about 0.03 gauss during a series of measurements. 
The spectrometer resonance was then displayed on the 
same scope by means of the switching system shown in 
Fig. 1, and tuned to center. The frequency difference 
was then the difference between the frequency of the 
signal generator and the frequency of the spectrometer. 
The output of a Signal Corps BC-221 frequency meter 
was connected to the external modulation terminal of 
the signal generator, producing side bands separated by 
the frequency of the meter. The frequency meter was 
adjusted so the first side band of the signal generator 
zero beated against the frequency of the spectrometer, 
as indicated by a stationary spectrometer resonance 
pattern on the scope. Loose coupling of the two systems 
was provided by the common ground of the two sample 
coils. The frequency separation, Av’, was then just the 
frequency of the frequency meter itself. In a given run 
ten measurements of Av’ were made in the manner 
outlined above; half of the measurements were made 
with the coil connections interchanged to correct for the 
very small field difference between the two sample 
coils. The actual frequency of the signal generator or 
the spectrometer was measured by loosely coupling the 
frequency meter with either the rf bridge preamp or 
the spectrometer and zero beating. 

The chemical and concentration shifts in the thallium 
resonance were measured with a simple rf bridge system 
similar to that included in Fig. 1. In most cases, in- 
cluding the samples used for the magnetic moment 
ratio experiment, the resonance line widths were 
governed by the inhomogeneities in the magnetic field, 
and the lines could be positioned accurately on the 
oscilloscope. The shifts were measured by interchanging 
samples in the rf coil and noting the difference in the 
field biasing current needed to center the resonance 
first from one sample and then from the other. This 
method eliminates the field corrections required in a 
double probe system, but it has the disadvantage that 
the signal generator may drift a small amount while 
samples are interchanged and the bridge rebalanced. 
The error introduced by frequency drift was minimized 
by doing the measurements rapidly and by inverting 
the order of measuring the samples halfway through a 
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series of measurements so a constant drift would tend 
to cancel out. It is believed that most of the error was in 
centering the resonance line, especially for the weaker 
lines, with probable errors of +0.02 gauss for most of 
the measured shifts, and maximum systematic errors in 
the calibration of the field biasing current of +1 per- 
cent of the measured shift.® 

The samples used were either of commercial origin, 
of cp grade, or were prepared as described in the text. 


RESULTS AND DISCUSSION 
The Ratio of the Magnetic Moments 


This ratio was measured in two different samples. 
One was a 1.4 molar aqueous solution of thallous 
acetate and the other a thallic solution prepared by 
dissolving Tl,O; in agua regia. The magnetic moment 
ratio was the same in the two oxidation states. The 
results of the several series of measurements are given 
in Table I. These measurements give an average of 


pri / pwr = 1.009838+ 0.000001. 


This value agrees quite well with the earlier less precise 
values** which are given also in Table I. 

The ratio of the hyperfine structure separations of 
the ?P; ground states of Tl’ and TI has been re- 
ported by Berman® as 


Avris/ Aytee= 1.00974+0.00003. 


This ratio is smaller than our magnetic moment ratio 
by an amount 
A=9.8+3X10~°. 


The uncertainty in this value of A is due aimost entirely 
to the uncertainty in the ratio of the hyperfine structure 
separations, but the errors are small enough certainly 
to prove the reality of the difference. 

In the first-order theory of hyperfine structure, A is 
zero. However, the theory assumes the nucleus to be 
both a point charge and a point magnetic dipole. These 
assumptions are valid enough for electrons whose wave 
functions are negligible in the region of the nucleus; 
but otherwise, as is true for electrons in the S; and P, 
states, some error is introduced. The finite size of a 
nucleus changes the electrostatic potential within the 
nucleus from that of a point charge and thus changes 
the electronic wave function in the immediate vicinity 
of the nucleus from that in a pure Coulombic field. 
The resulting change in the hyperfine structure differs 
for isotopic nuclei because the nuclei differ in size, 
thereby changing the ratio of the hypertine splittings. 
In much the same way the finite distribution of the 
magnetic moment in a nucleus modifies the electronic 
wave function in the region of the nucleus from that 
applying to a point dipole. If the distribution of mag- 
netic moment is different in two isotopic nuclei, their 
hyperfine splittings are perturbed by different amounts, 
and the ratio is also changed. 
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Crawford and Schawlow" have considered the effect 
on the hyperfine structure, of the non-Coulombic poten- 
tial in the region of the nucleus, while Bohr and Weiss- 
kopf™ have investigated the effect of the finite cistribu- 
tion of the magnetic moment. From these two theories 
Berman’ calculated values for A of 

A, =9.3X 10-5, 
for a uniform distribution of charge and neglectable 
nonelectrical forces in the nucleus; 

A,=10.4X 10", 
for a surface distribution of charge; and 

A:=1.4X10~°, 
a maximum value for the effect of the finite magnetic 
moment distribution. These combine to give theoretical 
values for A of 11.8 and 10.7X10~° which are to be 
compared with the experimental value of 9.8+3X10~°. 
The excellent accord suggests the validity of the theories 
used in the calculation. But the uncertainties, experi- 
mental and in A», are too great to differentiate between 
the nuclear models proposed in calculating A;. How- 
ever, some preference is given to the model in which 
the nuclear charge is distributed uniformly. 


Chemical and Concentration Effects 


Our observations of chemical shifts in the thallium 
resonance were concerned primarily with the concentra- 
tion dependence in aqueous solutions. Most thallium 
compounds are sparingly soluble in water, if at all, so 
the investigation was limited mainly to TIC,H,Os:, 
TINOs, and T1I(NOs;)3. The sample to which the shifts 
were referred was taken somewhat arbitrarily as a 2.39 
molar thallous acetate solution; a saturated solution 
was not chosen because the solubility was found to be 
highly temperature dependent. The resonance shifts are 
reported as Ao@ which is defined by 


Ao = 10° (H,—H,)/H,, 


Taste I. The ratio of the thallium magnetic moments. 


Sample wT 1208 (mT 208 


TIC,H,O2 
TIC.H,0, 
T1,03+aqua regia 
Tl,0O3+ aqua regia 
Tl,O3+ aqua regia 
Tl,O3+-aqua regia 


Source 


Run 
8389 
8380 
8379 


1.009 
1.009 
1.009 
1.009 8382 
1.009 8363 
1.009 8367 


This research 


Average 1.009 838 (1) 
Proctor® 1.009 7 (2) 
P 1.009 86 (5) 
1.009 83 (5) 
1.009 822 (19) 


Poss 
Sheriff and Williams' 
Walchli4 


* See reference 4. 
> See reference 5. 

See reference 6 
4 See reference 7 


uM. F. 


(1949). 
2 A. Bohr and V. F. Weisskopf, Phys. Rev. 77, 94 (1950). 


Crawford and A. L. Schawlow, Phys. Rev. 76, 1310 
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Fic. 2, Chemical shifts in the thallium resonance in aqueous 
solutions of various composition. The TINO; solutions were about 
0.5 molar in TINOs; with nitric acid making up the balance of 
the nitrate ion concentration, which is plotted. The TIC,H,O2 
solutions contained no other solute. 


where //, and //, are the resonance magnetic fields, 
at a fixed rf frequency, for the unknown sample and 
the reference, respectively. The reported observations 
are of ‘Tl’ because its absorption is much stronger than 
that of Tl’. All measurements were made at room 


temperature which varied between 22° and 28°C 


A set of measurements was made on both isotopes to 
confirm the isotopic independence of the shifts. The 
shift was observed between a thallous acetate and a 
thallic nitrate solution. The shift obtained in a series 
of five measurements was 8.745 gauss for both TP?” and 
TP. The exact agreement is fortuitous since the prob- 
able errors in the measurements for each isotope were 
+0).045 gauss. 


TIC 2H O02 


The chemical shifts found in thallous acetate solutions 
of various concentrations are given in Fig. 2, The con- 
centrations were determined by a method given in 
Kolthoff and Sandell."* It can be seen that the concen- 
tration dependence of the resonance shift is linear over 
the observed range, from 0.5 to 6.0 molar. The slope of 
the straight line is —0.62 liter mole. 

Other observations were made on solutions containing 
both thallous acetate and sodium acetate. The thallous 
acetate concentration was kept between 1.8 and 2.0 
molar while the concentration of sodium acetate was 
varied. In Fig. 3 the thallium resonance shifts are 
plotted against the total concentration of the acetate 
ion, giving again a linear relation. Moreover, the slope 
of the line is —0.60 liter mole~! which is the same, 
within experimental error, as that for the solutions 
containing only thallous acetate. The sodium resonance 

7. M. Kolthoff and E. B. Sandell, Textbook of Quantitative 
Inorganic Analysis (The Macmillan Company, New York, 1949), 
revised edition, p. 637 
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was investigated in the mixed solutions, but no meas- 
urable shifts in its position were detected. 

The shifts, Ao, were measured for two thallous 
acetate solutions at a lower field of 4180 gauss, using 
another permanent magnet.’ The resonance shifts in 
gauss, (H,—H,), were directly proportional to H,, that 
is, Ao was independent of the applied magnetic field. 
This is consistent with the field dependence of the 
chemical shifts in nuclear magnetic shielding." 


TINO; 


Included in Fig. 2 are the resonance shifts observed 
for thallous nitrate. The lowest concentration, 0.48 
molar,'® was a saturated solution at 27°C. The other 
two solutions were thallous nitrate dissolved in nitric 
acid. The resonance shifts are plotted against the total 
nitrate concentration. The thallous concentration was 
estimated to be 0.5 molar in the more concentrated 
nitric acid solution and 0.3 molar in the other. 

The shifts appear to depend upon the nitrate concen- 
tration and not upon the thallium concentration. Meas- 
urements were made at higher temperatures on more 
concentrated, saturated, aqueous thallous nitrate solu- 
tions, and shifts in the same direction and of the same 
magnitude were found as those of the nitric acid solu- 
tions in Fig. 2. These measurements have not been 
included, however, since the concentrations are un- 
certain, and the data are only qualitative. 

The three points in Fig. 2 lie almost exactly on a 
straight line, with a slope of 0.18 liter mole'. It is 
noteworthy that the thallous acetate and thallous 
nitrate data extrapolate to almost the same point at 
zero concentration, but that there is a slight difference 
which is outside experimental error provided the 
straight line extrapolation is valid. 


Dy pe 
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Fic. 3. Chemical shifts in the thallium resonance in mixed 
TIC2H;O02 and NaC2H;0O: solutions. The TI1C:H;O2 concentration 
was kept constant at about 1.8 molar. The shifts are plotted 
against the total acetate concentration. 


WN. F. Ramsey, Phys. Rev. 78, 699 (1950) ; 86, 243 (1952). 
‘6 This value was interpolated from solubility data given by 
Lord Berkeley, Trans. Roy. Soc. (London) A203, 189 (1904) 
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T1(NO3)3 


In water, thallic nitrate hydrolyzes immediately to 
thallic oxide, but is stable in nitric acid solutions. 
Consequently, the samples were prepared by dissolving 
solid thallic nitrate in nitric acid of different concentra- 
tions. The quantities were chosen such that the thallic 
nitrate concentration was about 1.5 molar in the various 
solutions. The T1(NO;),; was obtained by dissolving 
TI,0; in 8N nitric acid and evaporating the excess 
water and nitric acid in a vacuum desiccator. Analysis 
of the actual samples was difficult so the nitric acid 
concentration was estimated from the original concen- 
tration of the acid and the change in volume when the 
solid Tl(NO;)3 was added. Further uncertainty in the 
nitrate concentrate arises from variations in the amount 
of solid TI(NO;)3 dissolved and in the occlusion of 
HNO, with the solid. 

The resonance shift is given in Fig. 4 as a function 
of the nitric acid concentration. The data appear to 
give a straight line within the very limited accuracy 
with which the concentrations are known. The slope of 
this line is 0.18 liter mole~', which is the same as the 
slope of the similar graph for TINOs. 


Other Thallium Compounds 


The thallium resonance in solid TIC.H;Q. was ob- 
served with a narrow band amplifier. The line was 
broad, with a separation of 1.5 gauss between the 
points of inflection. The shift was found to be — 2.67. 

A dilute solution of TIC]; was prepared by passing 
Cl, through a suspension of TICI'® in water. The reso- 
nance shift, Ao, was measured to be —21.8 in this 
solution. Measurements on solutions of T],O; in various 
mixtures of HCl and HNOs indicated the thallic Ao 
decreases with chloride concentration. 


Discussion of the Resonance Shifts 


It is a relatively simple matter to compute the 
nuclear magnetic shielding of the spherically symmetric, 
free atoms and ions. But the theoretical values!” have 
not been subjected to experimental verification. It was 
our original thought that if Tl*! and Tl** in aqueous 
solution might be considered as equivalent to the free 
ions from a nuclear magnetic resonance standpoint, 
a measurement of their resonance shift could be com- 
pared with theory. The experimental shift in the TI** 
with respect to the TI*! resonance, extrapolated linearly 
to infinite dilution, is about —19. On the other hand, 
the resonance shift predicted by Lamb’s equation! is 
—().15. This was computed"? from the radial charge 
density of the 6s electrons of the thallous ion, deter- 
mined by Williams'® using the Hartree self-consistent 
"16 This method of preparing TICI; is similar to that given by 
A. S. Cushman, Am. Chem. J. 26, 505 (1901). 

17 We wish to thank Dr. W. C. Dickinson for an earlier estimate 
of the shift, made from the wave functions for Hg and Hg**, 
giving the value —0.13. 

18 F, Williams, J. Chem. Phys. 19, 457 (1951). 
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Kic. 4. Chemical shifts in the thallium resonance in mixed 
TI(NO;)3; and HNOs solutions. The TI(NO;)3 concentration 
varies about 1.5 molar; the concentrations plotted are approxi- 
mate values for HNO; alone. 


field method. Since the observed shift is more than a 
hundred times the theoretical value, it seems clear the 
ions cannot be considered as monatomic, but that there 
is a very large chemical effect from hydration of the 
ions or from complex formation. In fact thallic ion is 
known to form a large number of complexes, for 
instance’? TICI,+ and TICI,~; and a few complexes 
have been suggested for thallous ion. 

The existence of chemical effects is not surprising, 
therefore, but several of the observed aspects warrant 
closer scrutiny. The experimental evidence shows the 
shifts in the thallium resonance to depend only upon 
the nature and the concentration of the anions in the 
solutions. Thus, in the mixed solutions containing 
TICoH;,02 and NaC.H,O. the shifts were the same as 
in pure TIC,H,O, solutions containing the same amount 
of acetate, the Na* ion in the mixed solutions being 
without apparent effect. Moreover, the resonance shifts 
are linear in the anion concentration; and with a given 
anion, the concentration dependence is the same for both 
Tl* and TI** in spite of the large shift between the Tl? 
and Tl** states. At least this is the case for the nitrate 
solutions within the rather large experimental error. 

The position of the proton resonance has been found 
to be concentration dependent*! in aqueous solutions of 
electrolytes which ionize to give hydrogen containing 
ions, and where rapid chemical exchange averages the 
chemical shifts over the different hydrogen containing 
chemical species to give a single narrow resonance. The 
thallium concentration effects could arise in a similar 
manner from fast exchange among the thallium ions 
and one or more complex forms. For TIC,H,O:2, where 
the different chemical states of the thallium might be 
~ 9G. Harbottle and R. W. Dodson, J. Am. Chem. Soc. 73, 2442 
(1951). 

2” R. Benoit, Soc. Chim. France 5-6, 518 (1949). 

21H. S. Gutowsky and A. Saika, J. Chem. Phys. 21 (to be pub- 
lished). 
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taken as the ion and the undissociated molecule, shifts 
of the proper order of magnitude can be calculated by 
taking the shift of the undissociated molecule to be 
that of the solid TIC2H,O», and using the dissociation 
constant calculated by Robinson and Davies” from 
conductance data. However, this mechanism cannot 
give the linear dependence of the shift over the large 
concentration ranges investigated. 

Nonetheless, the existence of the chemical effects 
demonstrates that the electronic distribution about the 
thallium nucleus and, consequently, its magnetic shield- 
ing, are altered in some manner from the free ion by the 
anions and water molecules surrounding it. Besides the 
chemical equilibrium mechanism which appears in- 
adequate, we have considered polarization and elec- 
tronic exchange effects. The electric fields generated by 
nearby ions and molecular dipoles strongly polarize the 
thallium ions. The effect of the polarization on the 
magnetic shielding of the thallium nucleus was calcu- 
lated as a second-order perturbation, assuming point 
charges and dipoles. Although the computed effect on 
the shielding is large for a given orientation, the net 
effect is zero when all orientations are equally probable 
as is the case in the solutions. The only satisfactory 
model of those we have considered is based on elec- 
tronic exchange effects, intermediate in nature between 
the covalent bonding implied in the analysis in terms 
of chemical equilibria and the purely Coulombic inter- 
actions considered in the polarization model. 

Ordinarily, in not too concentrated solution, the 
cation of a strong electrolyte is surrounded by a layer 
of water molecules of hydration, with the anions re- 
maining outside this layer. However, Fajans® has 
shown by means of refractivity measurements on solu- 
tions of strong electrolytes that this shell of water 
molecules is sometimes penetrated by the anions, and 
that the amount of penetration increases with concen- 
tration, This penetration is essentially a replacement by 
an anion of one of the water molecules surrounding the 
cation, forming an “ion pair.” This “ion pair” is not 
quite the same as a “truly undissociated molecule,” 
since the time of association may be less than the time 
needed by the molecule to execute a single vibration 
along its bond. Thus, the association can be regarded 
as little more than a sticky collision. If electronic ex- 
change interactions occur during the association, the 
diamagnetic shielding of the nuclei would be reduced 
from the free ion values. This can be seen from 
Ramsey’s theory of nuclear magnetic shielding in 
molecules; the electronic exchange introduces the 
second-order paramagnetic term, which is absent for 
the free ions. 

The ideas expressed above lead directly to a qualita- 
tive explanation of the experimental results. The shift 

#2 R. A. Robinson and C. W 


(1937). 
% K. Fajans, Trans. Faraday Soc. 23, 357 (1927). 


Davies, J. Chem. Soc. 1937, 574 
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in the thallium resonance will be proportional to the 
average number of anions and of water molecules sur- 
rounding the thallium ions. The average numbers 
should be proportional linearly to the total concentra- 
tion of anions, so the shift should depend linearly on 
the anion concentration, The direction of the shift 
depends upon the relative values of the thallium ion- 
water and of the thallium ion-anion interactions. The 
direction of the shifts observed for TIC,H;O. correspond 
to the Tl* anion interaction being larger than the 
TI* H,O, while the shifts for TINO; correspond to the 
reverse situation. The decreasing order of interaction, 
acetate, water, and nitrate, is reasonable in terms of 
the general chemical properties of the species. 

The large resonance shift between the thallous and 
thallic solutions results probably from the formation 
of a stable coordination complex by TI**, such as 
TI(NO;)*? in the nitrate solutions, filling the low-lying 
6s orbital. Therefore, the concentration dependent 
shifts in both thallous and thallic solutions involve 
electronic exchange with the thallium 6 orbitals. This 
could account for about the same concentration de- 
pendence being observed in the thallous nitrate and 
thallic nitrate solutions, providing the reasonable as- 
sumption is made that the different manner in which 
the 6s orbital is filled in the two ions does not affect 
very much the solvent and anion interactions with the 
6p orbitals. 

The question arises as to why effects of the sort re- 
ported here have not been observed in other ions. It may 
be simply that the effects occur, but are too small to be 
observed in the lighter elements previously investigated. 
In this connection we should mention that preliminary 
measurements on cesium chloride solutions have shown 
some concentration dependence of the Cs! resonance, 
but the shifts are much smaller than those in thallium. 
The largeness of the thallium shifts may be attributable 
partly to the fact that in this case we are not dealing 
with the rare gas electron configurations possessed by 
most lons. 

Besides their bearing upon the structure of solutions 
of electrolytes, these results demonstrate it is not always 
possible to regard ions in solution as equivalent to free 
ions as far as magnetic resonance is concerned. There- 
fore, the use of shielding fields calculated for free ions 
to compute corrected magnetic moments from measure- 
ments on ions in solution may not be valid in many 
cases. In any event, the possibility of concentration 
dependence should be considered when nuclear mag- 
netic moments are measured using ionic salts in solu- 
tions. 

The equipment for this work was provided mainly 
by a grant-in-aid from the Research Corporation. Also, 
we wish to thank Mr. R. E. McClure for his assistance 
with some of the preliminary chemical shift measure- 
ments and with the comparison of the shifts for Tl 
and TI, 
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Half-widths of resonances for protons incident on a number of light nuclei with Z ranging between 4 and 
14 are calculated in the one-body approximation. It is found that neglecting the tail of the wave function 
in the integral representing the probability of the proton being in the incident state can lead to errors of 
the order of 50 perceut. Estimates of level shifts are also made using formulas derived by Breit. These 
represent approximately the difference between the energy at which the phase shift is 90° and the energies 


corresponding to maxima of the absolute value of the radial function 


S$ or else of the absolute value of 


¥/G, where G is the irregular function. Both & and G are normalized to unit amplitude at a large distance 


INTRODUCTION 


N nuclear reaction theories there occurs a quantity 

usually denoted by I’ which is closely related to the 
half-value breadth of resonance levels. Differences in 
formulation and viewpoint lead to different forms of 
final expressions for the collision cross sections with 
correspondingly different definitions of the resonance 
half width I’. In some discussions!” the quantity I’ is 
detined in close analogy to the disintegration proba- 
bility of a nearly stationary state. In other work’ the 
connection with the semistable states is given less 
prominence. In the former type of consideration I’ is 
essentially proportional to 


Alf W *dr+correction term], 


where v is the relative velocity of the particles while 
the integral is extended over most of the region within 
which |W |? is large. A correction term to the integral is 
introduced in order to reproduce the experimental half- 
value breadth. If the correction term is to be relatively 
small, the integration usually has to be extended 
through appreciable portions of the reaction channels. 
In the latter type of development the definition of a 
level is made in terms of a preassigned nuclear radius 
and extensions of the region of integration to portions 
of the outer channels are not natural in these theories, 
the usual definitions of reduced widths involving inte- 
grals confined to the nuclear interior. In the former 
method the theoretical 2 is adjusted to be a first 
approximation to the experimental half-value resonance 


* Assisted by the joint program of the U. S. Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1G. Breit, Phys. Rev. 40, 127 (1932); G. Breit and F. L 
Yost, Phys. Rev. 48, 203 (1935); G. Breit and E. P. Wigner, 
Phys. Rev. 49, 519 (1936); H. A. Bethe and G. Placzek, Phys. 
Rev. 51, 450 (1937); H. A. Bethe, Revs. Modern Phys. 9, 71 
(1937); G. Breit, Phys. Rev. 58, 1068 (1940); G. Breit, Phys. 
Rev. 69, 472 (1946). 

2G. Breit, Phys. Rev. 58, 506 (1940). 

3P. R. Kapur and R. Peierls, Proc. Roy. Soc. (London) A166, 
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breadth. In the latter the adjustment to experiment is 
carried out by means of “level shift” calculations and 
changes such as the introduction of I’ in the work of 
Thomas.‘ 

In the present note the difference caused by including 
the tail of the wave function through a disintegration 
channel is partially studied in the special case of the 
one-body problem. It is realized that by neglecting the 
many-body character of the process an exaggerated 
importance may be given to this “tail” effect. On the 
other hand, the work of Thomas‘ shows that the 
interaction of an s particle with C” or O'* is reasonably 
well represented by a one-particle model in a limited 
energy region and the exaggeration involved is therefore 
not always serious. Admittedly, however, the whole 
interpretation of C' and N" states still contains some 
contradictions regarding preference for one- versus 
many-body formulations. Table I contains a comparison 
of the values of different kinds of I computed in 
different conventions. The first of the three columns 
starting with the one marked I’ represents a reasonably 
conscientious approximation to the half-width. The 
second is calculated by extending the integral to the 
turning point in the radial motion corresponding to a 
classical dynamics treatment of the actual problem. 
The third gives the value computed by terminating the 
integration at the nuclear radius. The rather large 
differences between the values in the last two columns 
show that the level shift and I’ correction terms may 
be quite serious in the “black box” type of calculation. 
Special circumstances accounting for relative promi- 
nence of the effects in some cases and their relative 
absence in others will be discussed toward the end of 
this note. The values in the table have been calculated 
for hypothetical rather than actual resonances, the 
well depth and radius having been treated as in the 
work of Freeman and McHale,®> who employed the 
one-body approximation of Ostrofsky, Breit, and 
Johnson.*® 

It was felt that this procedure provides a better 
picture of the relationships between quantities as a 


*See R. G. Thomas, footnote 3. 
5B. E. Freeman and J. L. McHale, Phys. Rev. 89, 223 (1953). 
6 Ostrofsky, Breit, and Johnson, Phys. Rev. 49, 22 (1936). 
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function of the atomic number, orbital angular mo- 
mentum, nuclear radius, and incident energy than 
could be accomplished by studying experimentally 
observed reactions, since for the latter the values of 
the parameters are restricted by practical circumstances. 
The conventions regarding nuclear radii are explained 
in the second of the two footnotes to Table I. During 
the course of the work some improvements in methods 
of computation have been developed which are also 
briefly reported on below. 


Notation 


F’,, Gy: -regular and irregular Coulomb functions for 
angular momentum LA normalized to be asymp- 
totic to the sine and cosine of the same phase at 
large r with />0 at small r. When no ambiguity 
arises the subscript L is omitted_in the list of 
notation and in the text. 

r, v:- relative distance and velocity. 

k=pv/h. 

F’=dF /dp, G'=dG/dp, p=kr. 

b, reip=r(elp)-->values of r at nuclear boundary and at 
classical turning point. 

= phase shift. 

F=e'*[ F cosK+G sinK | for r>6 and the continuation 
of this function into r<b by means of the differ- 
ential equation for r times the radial function. 

I'= resonance half-width. 

l’=depth of square well representing one-body po- 
tential. 

Ey= energy for which K = 90°. 


PROCEDURE AND RESULTS 


For one-body resonances which are not too wide one 
may calculate the half-width’ by means of the formula® 


R 
ki rma f F | %dr+[ (G?E/k)(0/0E)(RG'/G) Jnr, (MN) 


0 
where R>b and E=£ . This formula was originally 
derived from the relation 


(F°6)/(0/0E)(1—FG8), (2) 


r~- 


which was employed by Freeman and McHale.’ They 
determined the denominator of Eq. (2) graphically. 

A difficulty in the numerical evaluation of the right 
side of Eq. (1) is the calculation of the derivative 
(0/0E)(kG'/G). If kG’/G is obtained from the Coulomb 
tables,? the energy derivative can be obtained by 
differences with a corresponding loss of accuracy. This 
can often be improved by performing the calculation 

? The expression “half-width” is used here for half of the half 
value breadth. The latter is the breadth measured between points 
of the resonance curve at half of the resonance maximum. The 
occurrence of the factor 4 in resonance formulas is thus avoided. 

* The second and third parts of reference 1. 

® Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs. 
Modern Phys. 23, 147 (1951) 
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McHALE 


at a different radius, using the identity,'° 


GE od (— ; l= rs) (“)| 
| k OEXG )| b k AGEXNG Cai 
R 
=k f Gdr. (3) 
t 


In principle the quantity [(@E/k)(0/dE)(kG’/G) |,» 
can be obtained by applying Eq. (3) in the limit R-0."! 
Such a form is awkward for numerical work, especially 
for L>0. 

The direct numerical evaluation of (0/0) (kG'/G) 
can be avoided by utilizing the equation” 


(0/0E) (RkG'/G) = (k/p) (p/FG)?(0/dE) (FG/p) 


R 
-(#/PE) f Fdr, (4) 
0 


which follows from the Wronskian relation. Equation 
(4) is often more convenient because (0/0E)(FG/p) is 
readily obtained by differences of the tabulated func- 
tion’ 60. Since in many cases F is relatively small the 
last term in Eq. (4) is often needed only with little 
relative accuracy and this form appears preferable, 
therefore, to others involving integrals over G’, the 
danger of cancellation of terms of roughly equal abso- 
lute values being minimized. 

As indicated previously the reactions and parameters 
L, b, U, and Eo selected for the calculation of I are 
those used by Freeman and McHale® and do not 
correspond to real resonances. It is assumed in the 
present work that I is sufficiently well given by Eq. (1). 
Current ways of dealing with reduced widths suggest 
the desirability of comparison of I with an approxima- 
tion to this quantity in which the last term on the 
right side of Eq. (1) is omitted and the upper limit of 
the integral is set at r=). Accordingly, computations 
were made for the value of 


b 
l,=E ef $\*dr, E=Es. (5) 


Since, on the other hand, the second term on the right 
side of Eq. (1) is likely to be relatively unimportant if 
the integration is extended to the classical turning 
point, an alternative approximation to T° was also 
considered in the form 


r(ctp 
PepHk ef 
0 


” This result is implicitly contained in BW, the third reference 
in footnote 1. 

1 R, G. Thomas (the last reference of footnote 3) obtained a 
formula for the L=0 case which corresponds to the calculation of 
the limit in Eq. (3), using the connection between the second 
term on the left of Eq. (3) and the fo function in the limit R-+0 
with Ko=90°. 

2 Equations of this type are presented in BW. Compare 
formula appearing in their reference 17 


Fi*dr, E=Ep. (6) 





HALF-WIDTHS OF 


ONE 


BODY RESONANCES 


TABLE I. One-body half-widths and level shifts in Mev for protons incident on light nuclei.* 


U(Mev) Eo(Mev) r 


19.10 0.22 

19.10 4.9X 103 

ce a 28.63 0.11 

N' a 28.63 3.3X%104 

F's ® K 19.10 0.034 

Ne” (B 0 1.0 

Na™ ® 19.10 3.110" 
0.44 


Meg" c 0 

4|?? a@ 28.63 0.81 1073 
® 19.10 0.15 
®B 0 0.29 

Si** at 28.63 1.0X10"4 
BR 19.10 0.062 
YB 0 0.26 


Isotope bt 


Be 
BU @B 


ee 0.20 
0.11 
0.69 
0.36 
0.14 


0.24 


0.21 


Tctp 
4.9 10 


3.4X10"' 
0.033 


3.0X% 10° 
0.81 10-8 


0.99 10"* 
0.059 


rm Il (E 


0.44 0.31 
8.7X10™° 7.1X%10% 
0.22 0.17 
5§.3X10™ 4.6X10°' 
0.054 0.041 
0.93 1.1 
4.3105 3.9105 
0.54 0.66 
1.2<x10"3 1.0K 10 
0.25 0.24 
0.35 0.52 
1.4104 1.310" 
0.11 0.10 
0.33 0.45 


-Eo E 


0.0061 
3.1 10-¢ 
0.0011 
90K 10% 
0.00014 
0.33 
1.2X10°" 
0.089 

5.8 10°8 
0.0084 
0.046 

9 1x10 lo 
0.0013 
0.035 


0.023 
3.710 
0.0058 
2.0K 1077 
0.00076 
0.52 
2.2X 10" 
0.13 
6.6X% 10? 
0.017 
0.065 
1.4 10 
0.0032 
0.052 


* The reactions considered and the choice of parameters 6, L, U, Eo are the same as those in Table III of the reference in footnote 5 
b @ =1,.6Xx1073(A +1)! em; ® =2.1 %10718(A + 1)! om. A is the mass number of the target nucleus 


In Table I comparisons are made of the half-width [ 
with the approximations T, and [;, as defined by 
Eqs. (5) and (6). The results indicate that T.:, is a 
much better approximation than Tr, in all cases except 
Ne” for which the resonance is so broad that Eq. (1) 
should not be expected to hold. For the sharp resonances 
occurring for small Ey and large L in the N"“, F9, Na*, 
Al’?, and Si’* cases, the agreement between TI and Terp 
is particularly good, and the disparity between I’ and 
I’, is a minimum. In such cases the effect of the tail of 
the wave function on the half-width is adequately 
accounted for by evaluating the approximation Iz at a 
point slightly beyond the thin shell where G? is rapidly 
decreasing. For low flat barriers I’.., remains a better 
approximation than I’, but the correction term to the 
integral is of increased importance. In the Be® case for 
example the difference between I’ and Ix, is 8.5 
percent, while T and Il, differ by almost a factor of 2. 
Similar results are obtained for C”, and to a lesser 
extent for Mg”, as well as the Al?? and Si** reactions 
with L <1. The quantity” 


IT = (2E/p*) (p/G*) (7) 
is also tabulated since it might be expected that I « p/@ 
for sharp resonances, the proportionality constant being 
a function of parameters like L or Z. This is in fact 
approximately the case. Thus, I'/II is roughly 0.8 for 
L=3, 0.7 for L=2, and 0.6 for L=1. 

It is well known that |%|? is not a maximum when 
the phase shift is 90°. Breit" obtained the approximate 


'8 This particular approximation is obtained from Eq. (1) by 
neglect of the correction term and the quantity —¥._151.4:/Gi? 
which arises from the internal integration. 

4 Equations (5.8) and (5.9) of reference 2. 


formula, 


FE! — Ex=—V (F/G)+1?(0/dE) Inc, (8) 


for the energy shift of the minimum of 1/|%!|*, and a 
corresponding relation 


E”" — Eub=—V (F/G) (9) 


for the minimum of |G/%/*. For sharp resonances this 
is only a small fraction of I’, the ratio | (F’~E,)|/T 
being about 10-4 when T is less than one kev and 
varying from 0.05 to about 0.1 when I is in the approxi- 
mate range 50-200 kev. In Ne”, where '~1 Mev, the 
ratio is about 0.5. Since the ratio (2’— Ey)/(E£’’— Ep) 
contains the factor G/F, it is large (about 20) for 
narrow resonances and varies roughly from 1.5 to 5 
for broad resonances. 

It is thus seen that in a number of circumstances 
Eq. (1) and the approximation I’,,, are suitable for the 
calculation of resonance widths, the level shifts being 
relatively insignificant. The approximation IT, is seen 
to be far from safe, however, an error of 30 to 50 percent 
being reasonably representative. In some cases the 
error is much larger. It is expected nevertheless that 
for reactions of a typically many-body interaction 
type the errors will be less significant, the {”|W|*dr 
owing its origin only in part to the radial integrals 
considered here. 

We are greatly indebted to Professor G. Breit for 
initiating and guiding the course of this work and for 
several valuable suggestions in the preparation of this 
note. In particular we wish to thank him for pointing 
out the utility of transformations such as Eq. (4). We 
also wish to thank Miss Cecilie Smolen for assistance 
with the numerical work. 
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Nuclear emulsions in conjunction with a neutron collimator have been used to measure the differential 
cross section as a function of angle for the elastic scattering of monoenergetic 14-Mev neutrons by protons 
and by deuterons. Measurements were carried out in the angular regions corresponding to neutrons being 
scattered at angles between 48° and 154.5° in the center-of-mass system by protons and between 46° and 


176 


in the same coordinate system by deuterons. The n-p scattering data are consistent with isotropic 


cattering in the center-of-mass system, and are in excellent agreement with the data of Barschall and 
laschek. The n-d elastic scattering data are strongly anisotropic. The shape of the angular distribution of 
the neutrons elastically scattered by deuterons may be inferred from the differential cross sections in milli 


barns for the following laboratory angles: 2°, 435428; 10°, 342427; 20°, 78+9.3; 30°, 


3844.2; 40°, 59 


5.2; 50°, 104+9.0; 60°, 136412; 65°, 142414. Strong evidence for the reaction D(n, 2n)H' has been found 
and an attempt to determine the energy and angular distribution of the disintegration protons was moder 


ately successful 


I. INTRODUCTION 


HE extensive theoretical calculations which have 

already been carried out on the scattering of 
fast neutrons by protons and deuterons are a good 
indication of the importance attached to these two 
reactions in the eventual understanding of the nature 
of nuclear forces. 

Most theories! dealing with the interaction between 
neutrons and protons predict spherically symmetric 
scattering below 10-Mev neutron energy and this is 
indeed well by all recent experiments.” 
lor energies above 10 Mev, however, appreciable 
deviations from symmetry are predicted, depending 
upon the nature of the forces assumed for the neutron- 
proton Although angular distribution 
measurements’ at incident neutron energies between 
10 and 15 Mev have not all been in good agreement, 
the most recent such measurements are consistent with 
spherical symmetry to within approximately 5 percent. 
In the study of n-p scattering there is some advantage 
to be gained in not using neutron energies much in 
excess of 14 Mev, since for high neutron energies the 
analysis is complicated by the presence of nonzero 
angular momentum states as well as relativistic effects. 

Calculations by Buckingham and Massey‘ on the 
up to 11.5-Mev neutron 


borne out 


interaction. 


neutron-deuteron collision 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

* Now at Wellesley College, Wellesley, Massachusetts. 
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Publishers, Inc., New York, 1946), p. 55. 
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New York, 1948 Vol 1, p 123 

*Amaldi, Bocciarelli, Ferretti, and Trabacchi, Naturwiss. 30, 
582 (1942); F. C. Champion and C. F. Powell, Proc. Roy. Soc. 
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Fundamental Particles (The Physical Society, London, 1947), p. 
150. G. Wentzel, Revs. Modern Phys. 19, 10 (1947), footnote 38; 
J. S. Laughlin and P. G. Kruger, Phys. Rev. 73, 197 (1948); 
H. H. Barschall and R. F. Taschek, Phys. Rev. 75, 1819 (1949) ; 
W. G. Cross, Phys. Rev. 87, 223 (1952). 

*R. A. Buckingham and H. S. W. Massey, Proc. Roy. Soc 
(London) A179, 123 (1941); H. S. W. Massey and R. A. Bucking 
ham, Phys. Rev. 71, 558 (1947) 


energy have recently been extended by Buckingham, 
Hubbard, and Massey® to include neutron energies up 
to 16 Mev. Here, also, the theoretical predictions 
concerning the angular distribution of the neutrons 
elastically scattered by deuterons show a marked 
dependence on the type of nuclear force assumed. From 
a comparison of their theoretical results with available 
experimental data, these authors conclude that the 
experimental evidence is consistent with the equiva- 
lence of n-n and p-p forces at the energies involved 
and that the symmetrical exchange type forces are 
favored over ordinary forces. Gordon and Barfield® 
arrived at somewhat the same conclusions from their 
phase shift analysis of low energy n-d scattering data 
in which they showed that d-waves are significant at 
4.5 and 5.5 Mev. 

Latter and Latter’ made phase shift analyses of both 
p-d and n-d elastic scattering data for incident neutron 
and proton energies below 5.5 Mev. From a comparison 
of Wantuch’s* n-d angular distributions at 4.5 and 
5.5 Mev with the p-d angular distributions of Rosen and 
Allred? at 10.4-Mev incident deuteron energy, they 
conclude that these experimental data are consistent 
with the principle of charge independence of nuclear 
forces. This conclusion agrees with that previously 
arrived at by Breit'® from a consideration of the same 
data. 

The n-d problem is complicated by two features 
which do not arise in the n-p interaction below 14 Mev. 
In the first place, the angular distribution in the 
center-of-mass system is strongly anisotropic. There- 
fore, unless measurements can be made over the entire 
angular region (0° to 180° in the center-of-mass 
system), which has so far not been done, it is quite 


® Buckingham, Hubbard, and Massey, Proc. Roy. Soc. (London) 
A211, 183 (1952). 

6M. M. Gordon and W. D. Barfield, Phys. Rev. 86, 679 (1952). 

7A. L. Latter and R. Latter, Phys. Rev. 86, 727 (1952). 

8 EF. Wantuch, Phys. Rev. 79, 729 (1950). 

9. Rosen and J. C. Allred, Phys. Rev. 82, 777 (1951). 

0G. Breit, Phys. Rev. 80, 1110 (1950). 


90 





INTERACTION OF 
essential that absolute differential cross sections be 
measured with high precision. In the second place it 
is energetically possible for the deuteron to disintegrate 
upon impact with a neutron having an incident energy 
above 3.3 Mev. To determine the energy and angular 
distribution of the emitted protons and the total 
cross section for deuteron breakup is in itself an 
interesting and challenging problem which has thus far 
not been resolved for the energy region under considera- 
tion. Furthermore, in order to evaluate the absolute, 
or even the relative, differential cross section for elastic 
scattering, it is quite essential that account be taken 
of the inelastic cross section. This problem is especially 
troublesome in the angular region where the elastic 
scattering cross section goes through a minimum. 

Angular distribution data for n-d elastic scattering 
have been published for various energies from 1.5 Mev 
to 14 Mev.*"' Most of these data fall into a fairly 
consistent pattern. However, where two or more 
investigators have reported detailed results for the 
same neutron energy, the quantitative agreement is 
often somewhat less than adequate from the standpoint 
of theoretical interpretation.’ This situation may be 
expected to change with the increasing availability of 
more intense and more nearly monoenergetic neutron 
sources. 

A universal difficulty in almost all neutron experi- 
ments involving the measurement of differential cross 
sections is the lack of adequate neutron intensity. 
This limitation follows from the fact that the neutrons 
must themselves be produced in a nuclear reaction. 
It is therefore usually the case that one must either 
sacrifice angular resolution to permit the detector to 
subtend a relatively large solid angle or ‘make do”’ 
with relatively few angles and poor statistical accuracy. 
In order partially to circumvent these difliculties we 
have used nuclear plates in a manner which has the 
following advantages. 

(a) Data in the laboratory angular revion 10 
170° are taken simultaneously during a given run. The 
relative accuracy of the differential cross sections is 


to 


thus improved, since inaccuracies involved in the ab- 
solute measurement of the neutron flux enter alike for 


each angle. 

(b) Nuclear emulsions enable one to establish the 
directions in space for the particles recorded and one 
can divide the plates into small areas whose relation 
in space to the target is accurately known. It is therefore 

Kruger, Shoupp, and Stallman, Phys. Rev. 52, 678 (1937); 
H. H. Barschall and M. H. Kanner, Phys. Rev. 58, 590 (1940); 
Coon, Davis, and Barschall, Phys. Rev. 70, 104 (1946); J. H. 
Coon and H. H. Barschall, Phys. Rev. 70, 592 (1946); J. F. 
Darby and J. B. Swan, Nature 161, 22 (1948); J. H. Coon and 
R. F. Taschek, Phys. Rev. 76, 710 (1949); Hamouda, Halter, and 
Scherrer, Helv. Phys. Acta 24, 217 (1951); Martin, Burhop, 
Alcock, and Boyd, Proc. Phys. Soc. (London) A63, 884 (1950); 
Griffith, Remley, and Kruger, Phys. Rev. 79, 443 (1950); J. 
Sanada and S. Yamabe, Phys. Rev. 80, 750 (1950); W. F. Capel- 
horn and G. P. Rundle, Proc. Phys. Soc. (London) A64, 546 
(1951). 


14-MEV NEUTRONS 


Fic. 1. Perspective drawing of neutron collimator 
and multiplate camera. 


possible to arrange the detectors so that they subtend 
rather large angles at the target without undue loss 
of angular or energy resolution. 

(c) The solid angles subtended at the target by the 
detector areas analyzed were determined from the 
orientation of the plates with respect to the target. 
Determination of these angles was made possible by 
accurate positioning of the plates and there was no 
need for defining slits. Thus possible difficulties due to 
slit edge penetration and scattering were eliminated. 


II. EXPERIMENTAL METHOD 


The experimental arrangement is shown in Fig. 1. 
The source of neutrons for this experiment was the 
T (d, n)He!‘ reaction. The accelerator used was the Los 
Alamos Cockcroft-Walton set from which the molecular 
beam of 250-kev deuterons is magnetically analyzed, 
collimated through a {-in. diaphragm and intercepted 
by a thick zirconium-tritium target. The plane of the 
target makes an angle of 45° with the deuteron beam 
direction. The tritium is absorbed in a zirconium film 
which is deposited on a thin tungsten disk.” The axis 
of the neutron collimator (Fig. 1) formed an angle of 
very nearly 90° with the deuteron beam, the mean 
neutron energy in this direction being 14.1+0.1 Mev. 
The intersection of the Zr-T target area with the 
deuteron beam formed an ellipse of which the largest 
projected dimension along the collimator axis was 3 in. 
The neutrons were monitored by counting a known 
fraction of the alphas from the above reaction by 
means of a proportional counter mounted 22 in. from 
the target in a geometry permitting a view of the entire 
target area.’ 

The neutron collimator has two components. The 
18-in. section nearest the source is made of iron and 
has a 3-in. diameter circular channel along its axis. 

2 Graves, Rodriguez, Goldblatt, and Meyer, Rev. Sci. Instr. 
20, 579 (1949). 

'S We are indebted to J. H. Coon for making available to us the 
Cockcroft-Walton source and the auxiliary equipment required 
to produce and monitor precisely the neutrons used in these 
experiments, and for his generous assistance. 
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TaBLE I, Compilation of target composition and target thick- 
ness used and of time integrated neutron flux incident on each 
target. 


4. Single plate camera 


Surface density 
ol target 
(mg/cm?) 


Neutron flux 
(neutrons/cm?) 


Run 


number larget 


5.1 10° 
5.0 X10" 
5.0 K 10° 
5.0K 10° 
5.0 «10° 
4.3 «10° 
2.0% 10" 
3.8 «10° 


deutero- paraffin 10.9 

ordinary paraffin 10.4 

deutero. paraffin 98 

ordinary paraffin 6.04 

deutero- paraffin 3.20 

deutero- polyethylene 5.04 

deutero- polyethylene 7.8 

VP.10 polyethylene 7.8 
B. Multiplate camera 


Surface density 
ot back target 
mg/cm?) 


Surface density 
Run ol tront target 
number mg/cm? 


Neutron flux 
{neutrons ‘cm 


2.62 X10" 
2.62 K 10° 
4.35 K 10" 
2.62 K 10° 
1.75 K10% 


4.73 deutero- paraffin 3.14 ordinary paraffin 
4.74 ordinary paraffin 2.53 deutero- paraffin 
543 deutero. paraffin 4.73 deutero- parattin 
1.73 deutero. parafh 3.14 ordinary paraffin 
blank backing b] ordinary paraffin 


Externally this part of the collimator has the approxi- 
mate shape of a pyramid with apex nearest the neutron 
source. Such a design combines a minimum amount 
of scattering material (and weight) with a maximum 
thickness of iron between the detectors and source. 
Iron was chosen for the basic shielding material since 
it has a relatively large cross section for inelastic 
scattering and since the neutrons which are inelastically 
scattered are greatly degraded in energy." Immediately 
adjacent to the base of the pyramidal iron section of the 
collimator is mounted a 6-in. slab of paraffin. A 1}-in. 
diameter hole through the paraffin slab is coaxial with 
the hole through the iron. The primary purpose of the 
paraffin is further to degrade those neutrons which 
result from inelastic processes in the iron. 

After proceeding down the collimator channel, the 
neutrons pass into the nuclear plate camera through 
a 0,003-in, platinum window, thence into the targets 
at the center of the camera and then out of the camera 
by way of a second 0.003-in. platinum window. The 
targets at the center of the camera face in opposite 
directions, thus permitting simultaneous recording of 
data from 10° to 170° in the laboratory system. The 
plane of each target makes an angle of 45° with the 
axis of the collimator. 

Both the deuterium- and hydrogen-containing targets 
were made by evaporation of paraffin onto 0.007-inch 
platinum backings.'® In order to make targets which 
would be stable in a vacuum, it was found necessary to 
fractionate the heavy paraffin at 240°C and 0.02 mm 
Hg, and then to use the higher melting point fraction 
for the evaporations. The evaporation of the heavy 
fraction of the deutero-paraffin was carried out at 
310°C in a good vacuum (<10~' mm Hg before evapo- 
ration started). The procedure was to place an appropri- 

4 EF. R. Graves and L. Rosen, Phys. Rev. 89, 343 (1953). 

'’ The deutero-paraflin was made for us during the war by 


lexaco. This sample of wax had been prepared by the reduction 
of carbon monoxide using the Fischer-Tropsch process. 
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ate amount of the deutero-paraffin in the bottom of a 
glass tube 4 in. in diameter and 5 in. long, above which 
was mounted the platinum backing with all portions 
except the center } in. masked off. The tube containing 
the deutero-paraftin was then immersed in an oil bath 
at 310°C and left there until refluxing action ceased. 
The weight of deutero-paraffin originally placed in the 
system to give the desired foil thickness was determined 
to a first approximation by experiments with ordinary 
paraffin and then determined empirically by trials 
with deutero-paraffin. The above simple procedure 
permitted almost complete recovery of that portion 
of the deutero-paraffin which was not deposited on the 
target. Also, the initial amount of heavy paraffin 
required to make the targets was less than 0.5 g. 

The target weights were determined with an accuracy 
of approximately 1 percent on a Mettler Gram-atic 
balance. After the experiment the targets were re- 
weighed and there was good agreement with the 
previous weighings. Table I gives the surface densities 
of the targets used for each run as well as the time- 
integrated neutron flux incident on the targets. The 
target facing in the direction of the neutron beam 
will be designated the front target while that facing 
in the opposite direction will be designated the back 
target. : 

The hydrogen content of the light (ordinary) paraffin 
and the deuterium content of the heavy paraffin were 
determined by chemical analyses.'® The procedure was 
to oxidize a given weight of paraffin to carbon dioxide 
and water and then to determine the weights of these 
combustion products. 

The hydrogen content of the light paraffin was 
determined to be 14.98+-0.02 percent by weight. This 
corresponds to an average chemical formula which 
is very close to Co»H4». Comparison of the combined 
weights of the C and H!, as determined from the weights 
of CO, and H,0, with the original weight of the paraffin 
indicated a completely negligible amount of high 
atomic weight impurity. 

The analysis of the deutero-paraftin presented some 
complications due to the presence of an appreciable 
amount of H'. The oxidation of this wax thus yields 
CO», D.O, and H.O. In order to determine the deu- 
terium content by the above chemical procedure, it is 
first necessary to determine the H!' content. This 
information is, however, immediately available from 
the range analyses which were carried out at each angle 
at which cross-section measurements were made. Each 


of these range analyses contains a group of tracks 
corresponding in range to protons knocked on by the 
incident neutrons. From the number of such protons, 
the n-p cross section and the weight of the target, the 
H! contamination in the heavy wax was determined 
to be 0.5 to 0.7 percent by weight. By utilizing this 


‘6 These analyses were carried out for us by A. R. Ronzio of 
this laboratory. 
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result along with the results of the chemical analysis 
one immediately obtains the respective weights of 
D.O and H,0 from the oxidation of a given weight of 
heavy wax, and hence the deuterium content which, 
for the deutero-wax used, turned out to be 24.8+0.4 
percent by weight. From the sum of the weights of 
CO:, D.O, and H.O and the uncertainties in their 
values it is again possible to place an upper limit on 
heavy impurities. If, for example, one assumes a con- 
taminant with atomic weight 16, it is deduced that 
there must certainly be less than 0.3 atomic percent 
of such an impurity. If the impurity is heavier the above 
upper limit is correspondingly less. 

The nuclear plates (Ilford C-2) were placed around 
the periphery of the camera in a plane perpendicular 
to the plane of the targets, so that the longitudinal 
axes of the plates lay on radii passing through the 
vertical axis of the target support. The long range of 
the recoil particles and the large angle these particles 
made with the emulsion surfaces made it desirable to 
use 400u emulsions in the forward 50°; 2004 emulsions 
proved adequate elsewhere. 

The procedure for making a run, after loading the 
camera, was to evacuate the camera for a period of 1 
hour before starting up the Cockcroft-Walton. The 
vacuum system contained a liquid air trap for the 
purpose of desiccating the emulsion. Pumping on the 
camera was maintained for the duration of the run, 
which usually lasted about 14 hours. When the run 
was completed, the plates were transferred to a light- 
tight box for transportation to the darkroom. The 
loading and unloading of the camera was accomplished 
under a light-tight tent equipped with a Wratten No. 
2 safelight. 

All plates were processed by a combination of the 
temperature development method’ and the two solu- 
tion technique.'* For the 400y plates the only significant 
departure from the procedure described by Stiller 
et al.” was substitution of two solutions for the amidol 
developer. For the 2004 plates only the soak and de- 
veloper solutions were at low temperature. In this 
modified procedure, the 200u plates are first soaked in 
distilled water for 1 hour at 5°C. They are then placed 
consecutively in solution A for 50 minutes and in 
solution B for 50 minutes, both solutions being main- 
tained at 5°C. The formulas for solution A and B are 
given in reference 18. 

Upon removal from solution B the plates are placed, 
emulsion side up, on toweling at a room temperature 
of 22°C, and permitted to remain so for 20 minutes. 
The plates are now placed consecutively in a stop bath 
of 2 percent acetic acid for 20 minutes, neutral hypo 
for approximately 5 hours (the hypo being changed 


17 Dilworth, Occhialini, and Vermaesen, Bull. centre phys. 
nucléaire univ. libre Bruxelles, Belgium No. 13a (Februrary, 1950); 
Bonetti, Dilworth, and Occhialini, Bull. centre phys. nucléaire 
univ. libre Bruxelles, Belgium No. 13b (March, 1951); Stiller, 
Shapiro, and O’Dell, Phys. Rev. 85, 712 (1951). 

‘8M. Blau and J. A. De Felice, Phys. Rev. 74, 1198 (1948) 
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every hour), acid hypo for } hour and, finally, into 
wash water for 2 hours. The acetic acid, hypo, and 
wash water are all maintained at approximately 22°C. 
The surface silver is rubbed off with chamois or a 
finger when the plates are removed from the stop 
bath. The plates are placed, still’ in Lucite holders 
which keep them horizontal with emulsion side up, 
in a room at 22°C and permitted to dry. 

The plates were scanned under magnifications from 
450 to 900 diameters, using apochromatic oil immersion 
objectives and compensating eyepieces. Tracks of length 
less than 1004 were measured with a calibrated eye- 
piece graticule, whereas tracks of length greater than 
1004 were measured by means of a micrometer screw 
and graduated drum assembly built by Erb and Gray 
of Los Angeles. The device makes possible the precise 
and rapid measurement of long tracks. (A 1000u 
projection can be measured to an accuracy of +3 
microns.) The orientation of a given track was deter- 
mined from its dip into the emulsion and its displace- 
ment in the horizontal plane. The latter measurement 
was made with the eyepiece graticule while the former 
was made with the fine focus screw. The dip was 
corrected for shrinkage of the emulsion. Each plate 
was divided into nine areas, each 1 cm long and 2 to 
4 mm wide. Two to eight such areas of 20 to 40 mm? 
were scanned on each plate. The size and position of the 
plate area analyzed determine the solid angle sub- 
tended at the target, while the position of this area 
and the position of the plate in the camera determine 
the angle of observation in the laboratory system with 
respect to the direction of the neutron beam. (The 
angular resolution varied from 10° at 45° to 5° at 20°.) 
Tracks whose directions were inconsistent with the 
radiator-detector geometry were considered to be 
spurious. Such tracks were due to a variety of factors 
such as protons from the nuclear emulsion being 
knocked on by background neutrons, (m, p) reactions 
in the 0.010-in. gold lining of the camera, (n, p) re- 
actions in the residual gas and water vapor in the 
camera, and, at small angles, protons produced by 
neutron interactions outside the camera with sufficient 
energy and in the proper direction to enter the camera 
via the window facing the collimator. Such elimination 
from consideration of tracks on the basis of direction 
was further justified by background runs made with a 
blank target. Since the solid angle of acceptance of 
tracks was only about 10~* of the total solid angle, this 
criterion for excluding spurious tracks was of con- 
siderable help in coping with the background tracks 
which are, to a greater or lesser extent, always present 
in neutron experiments. 

The problem of determining the differential cross 
sections for the n-d and n-p elastic scattering involved 
the extraction of the peaks of n-d and n-p recoils due 
to 14.1-Mev neutrons from the measured range distri- 
butions. The above procedure for eliminating most of 
the background plus the use of nearly monoenergetic 
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Fic. 2. Neutron spectrum incident on target. 


neutrons made this determination quite straight- 
forward and precise. 

One objective of these experiments was to determine 
the cross section for the reaction D(n, 2n)H'. It was 
therefore necessary to have precise information on 
the energy distribution of the neutrons striking the 
deuterium target, since degraded neutrons can produce 
knock-on deuterons which, at any given angle, will 
have a range less than that of the deuterons elastically 
scattered by 14-Mev neutrons and may therefore be 
confusable with protons from deuteron breakup. After 
a small background correction has been made on the 
basis of the blank target run, the energy spectrum of 
the neutrons incident on the target is determined from 
the n-p scattering experiment by the following pro- 
cedure. 

The distribution in range of the recoil protons, at 
any given angle, is converted to a proton energy 
distribution by using the appropriate range-energy 
curves; the proton energy distribution is in turn con- 
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Moximum energy protons 
from deuteron break-up 


Deuterons 








y, Lab Angie in Degrees 

Fic. 3. Range versus angle for charged particles arising from 
the interaction of 14.1-Mev neutrons with deuterons. The shaded 
area indicates the region in which protons from deuteron disinte 


grations can be resolved on the basis of their range. 
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verted into a neutron energy distribution by the 
relation E,=E, cos’y, where £,=observed proton 
energy, E,=inferred neutron energy, and y is the 
average angle between the directions of the incident 
neutron beam and the recoil proton. Finally the relative 
number of neutrons in each energy interval is divided 
by the neutror-proton scattering cross section for the 
mean energy of that interval. The resultant histogram 
represents the neutron spectrum incident on the target. 
Two examples are shown in Figs. 2a and 2b. Figure 
2a is based on data taken at 13° with respect to the 
neutron beam direction; Fig. 2b is based on the 
combined data taken at 15 angles from 15° to 40°. The 
large apparent spread in energy of the main neutron 
group in Fig. 2b is the result of a decrease in measuring 
resolution on account of the following two factors: One, 
at large angles the stopping power of the target is no 
longer small compared to the range of the scattered 
protons; Two, for large values of y, relatively small 
variations in y (induced by the angular resolution) are 
reflected as large variations in cos*~, the factor which 
determines the neutron energy corresponding to a given 
proton energy. The blank target background correction 
is less than 2 percent of the proton group which corre- 
sponds to the main neutron group in each figure. 

In experiments involving the neutron-deuteron inter- 
action it is essential to distinguish between recoil 
deuterons, recoil protons from the hydrogen contami- 
nation of the deutero-paraffin, and protons from deu- 
teron breakup. Figure 3 shows the variation of range 
with laboratory angle for the particles from the first 
two reactions and for the maximum energy protons 
from the third reaction. This latter is calculated on 
the assumption that the two neutrons go off in the 
same direction and with equal velocities. It is apparent 
that the recoil protons from hydrogen contamination 
in the heavy paraftin are always separable from the 
recoil deuterons but not from the highest energy 
disintegration protons. However, once the degree of 
contamination is firmly established at angles where 
adequate separation in range does exist, a correction 
can be made at other angles on the basis of the hydrogen 
content of the deutero-paraffin and the differential n-p 
scattering cross section for 14-Mev neutrons. The 
correction for deuterons knocked on by degraded 
neutrons is much more difficult to evaluate. Since such 
low energy deuteron recoils are indistinguishable, in 
the emulsion, from protons of the same range, it is 
necessary to make a correction for these tracks. The 
correction was calculated on the basis of the neutron 
spectrum incident on the target (Fig. 2b) and the 
known differential cross sections with respect to energy 
and angle for n-d and p-d scattering. The p-d scattering 
data were used in addition to n-d scattering data since 
insufficient n-d scattering data are available. For the 
purpose of these calculations the differential cross 
section at energy FE for n-d scattering is assumed equal 
to the differential cross section for p-d scattering at 
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energy (E+0.7) Mev. (The p-d scattering data were 
used only at large angles where Coulomb scattering 
would be unimportant.) 

To obtain data at laboratory angles smaller than 10 
and to lend additional credence to the cross-section 
values obtained at angles investigated by means of 
the arrangement shown in Fig. 1, we have utilized the 
target-detector geometry shown schematically in Fig. 4 
to measure cross-section values for n-d scattering and 
deuteron breakup at 2°, 13°, 15°, and 24.4°. This 
geometry does not involve use of a neutron collimator. 
The agreement, on an absolute scale, of the data from 
the single plate camera shown in Fig. 4 with that from 
the multiplate camera is a welcome check. 

In addition to making runs with a single plate camera 
and with different target thicknesses as well as with a 
blank target in the multiplate camera, the following 
checks were made to establish the fact that the various 
range groups of tracks observed actually came from 
the target. 

(a) A plot was made of the number of tracks ob- 
served versus projected angle in the horizontal plane. 
A similar plot was made with respect to the angle in 
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TaBLe I]. Summary of n-p scattering data. 


Statistical 
error 


percent) 


Q a(Ql 
c. m. angle (barns 
(degrees steradian) 


154.5 
146.6 
131.7 
114.7 
100.5 
84.1 
66.9 
48.0 


—_ 


0.0547 
0.0540 
0.0533 
0.0518 
0.0513 
0.0533 
0.0493 
0.0507 
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the vertical plane. The variation of number of tracks 
with angle was determined to be consistent with the 
position of the area of the plate analyzed and the size 
of target as seen by this area. 

(b) Areas at various distances from the target were 
analyzed to determine whether the number of tracks 
of each range group was proportional to the solid angle 
subtended at the target by the plate area analyzed. 

In the n-d experiment grain counts were made, at 
several angles, of tracks in the elastically scattered 
range group, and between the deuteron peak and the 
range group caused by knock-on protons from H! 
contamination in the deutero-paraffin. The tracks 
between the deuteron and proton peaks were thus 
established to be protons rather than deuterons, a 
conclusion which, at forward angles, is unavoidable on 
the basis of energy considerations. 

III. RESULTS AND DISCUSSION 
(A) n-p Scattering 


The differential cross section for n-p scattering in the 
laboratory system is determined by the relation 
a(W)=N,R?/noVA sing, (1) 
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hic. 4. Schematic drawing of single plate camera. 


where 


o(W)=cross section per unit solid angle in the labora- 
tory coordinate system at angle y, 
arc cos(cos# cos@) (see Fig. 1), 
=area of plate scanned, 
=number of protons of proper length and 
direction counted in A, 
distance from center of target to center of A, 
angle between plane of emulsion, (i.e., of A) 
and line from center of A to center of target 
-angle of dip into unprocessed emulsion, 
number of hydrogen atoms in the target 
-weight of target in gramsX0.1498X 6.025 
X 10”, and 
N=number of neutrons per cm’ that passed 
through the target. 


In order to convert o(y) to the differential cross 
section in the c.m. system one simply multiplies by 
the factor giving the ratio of solid angles in the labora- 
tory and c.m. systems. This factor is 1/(4 cosy). The 
c.m. angle 2 which corresponds to a laboratory angle 
y is 2= 180°—2y. 

Figure 5 and Table II give the results, in the center- 
of-mass system, for the angular distribution of 14.1-Mev 
neutrons scattered by protons. Although these results 
are not inconsistent with spherical symmetry, a slight 
asymmetry is by no means ruled out. The errors 
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Fic. §. Angular distribution of 14.1-Mev neutrons 
scattered by protons 
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TABLE III. Summary of n-d scattering data. 


Q Estimated error 
oly cm a (f2) Statistical arising from 
(barns angle barns error confusable protons 
8) steradian) (degrees) steradian) (percent) (percent) 


0.110 3.4 0 
0.0795 p. 3 0 
0.0585 5. 0 
0.0590 t 0 
0.0505 5. 2 


/ 


0.440 
0.308 
0.228 
0.230 
0.196 


0.0537 
0.0489 
0.0328 
0.0298 
0.0191 


1 0.208 
1 0.189 
1 0.125 
18.. 0.113 
20. 0.0712 


eo? 


0.0150 
0.0123 
0.0113 
0.0110 
0.0115 


0.0553 
0.0455 
0.0410 
0.0390 
0.0401 


22.9 
23.6 
"24.4 
26.7 
29.3 


2 0 NO oe 
on Ww 


non 


0.0115 
0.0122 
0.0132 
0.0171 
0.0355 


30.3 
32.8 
34.8 
38.6 
46.7 


0.0398 
0.0399 
0.0433 
0.0530 
0.0970 


-—N hh 


51.2 
52.4 
55.3 
57.8 
65.5 
67.0 


0.0422 
0.0477 
0.0520 
0.0598 
0.0841 
0.0859 


0.106 
0.117 
0.119 
0.128 
0.139 
0.134 


AwnNawnN 
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*Single plate camera data 


indicated in the figure and table are standard deviations 
due to statistical uncertainties alone. The standard 
error arising from the evaluation of R, A, ¢, mo, and NV 
in Eq. (1) is approximately 5 percent. The most 
probable value of the ratio of the cross section in the 
region of 130° to 155° to the cross section in the angular 
region of 65° to 105° is 1.04+-0.05. 

Our angular distribution is in quite good agreement 
with the angular distribution of Barschall and Taschek. 
The total cross section obtained from our data, by 
assuming spherical symmetry, is 0.66+0.05 barn. The 
value obtained by transmission measurements at this 
energy is 0.689+0.005 barn.'® 


(B) n-d Interaction 


The method of calculating the differential cross 
section in the center-of-mass system as a function of 
angle for n-d elastic scattering is identical with that 
outlined for the n-p scattering. mo was determined from 
the weight and composition of the deutero-paraffin. 

Figure 6 and Table III give the results of the angular 
distribution measurements for n-d elastic scattering. 
Figure 6 gives all of the points obtained in the various 
runs. The large degree of scattering of the points shown 
is due chiefly to statistical fluctuations. Table III gives 
the weighted averages of the cross-section values 


'’’ Poss, Salant, Snow, and Yuan, Phys. Rev. 87, 11 (1952) 
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displayed in Fig. 6. In addition to statistical inaccura- 
cies there exist errors attributable to the following: 

(a) Uncertainties in the evaluation of the back- 
ground in the range group of the elastically scattered 
deuterons. The portion of this background caused by 
D(n, 2n)H' was, of course, not present in the n-p prob- 
lem; estimates of these errors are given in column six of 
Table III. 

(b) Geometrical factors (R*, A, ¢, Eq. (1)):3 percent. 

(c) Number of deuterium atoms in target [mpo, 
Eq. (1) ]: 3 percent. 

(d) Number of neutrons per cm? passing through 
target [N, Eq. (1) ]: 3.5 percent. 

The 14-Mev neutron flux at the target was calculated 
on the basis of the number of neutrons generated in 
the source, as given by the alpha-particle counter and 
the distance between source and target. No correction 
was made for a possible contribution to the flux at the 
target by elastic scattering in the walls of the colli- 
mator channel. Experiments which we have performed 
to date indicate that this effect is less than 2 percent. 
However, if such a systematic error did exist it would 
mean that all the cross-section values obtained from 
the multiplate camera are too high by the amount of 
this error. 

Our n-d elastic scattering results are in reasonably 
good agreement with the most recent results of Coon 
and Taschek.” There still appears to be a discrepancy 
in the region of the minimum where the present results 
are lower than those of Coon and Taschek by an amount 
which is somewhat outside the combined errors. This 
difference, however, may be due to the fact that we 
have corrected our data for the presence of those 
protons from deuteron breakup which fall into the 
range group of elastically scattered deuterons. The 
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Fic. 6. Angular distribution of deuterons knocked 
on by 14.1-Mev neutrons. 


*” J. H. Coon (private communication) 
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correction was made on the basis of the shape of the 
range distribution of the charged particles recorded 
above and below the elastically scattered deuteron 
range group at each angle. 

It is rather difficult to compare the data of Griffith, 
Remley, and Kruger"! with the present data since theirs 
were taken at a lower energy and their cross-section 
scale is not absolute. However, if one normalizes the 
Illinois data to our own at 90°, the agreement is as good 
as one might expect, especially since their elastic 
scattering cross sections include a contribution from 
the cross section for deuteron breakup. This contribu- 
tion is in the proper direction and probably of sufficient 
magnitude to account for any discernible disagreement 
in the region of the minimum. 

Figure 7 compares our results with the theoretical 
predictions of Buckingham, Hubbard, and Massey® on 
the assumption of symmetrical exchange type forces. 
The disagreement may well be due to the fact that the 
theoretical calculations assumed no contribution from 
relative angular momentum states above /=2 (d scat- 
tering). A detailed analysis of these data has recently 
been carried out by Christian and Gammel.” Their 
calculated n-d angular distribution at 14.1-Mev 
neutron energy is in excellent agreement with the 
present experimental results. 

In Figs. 6 and 7, the experimental angular distri- 
butions have been extrapolated to zero degrees and the 
curves integrated. The average total cross section for 
elastic scattering arrived at in this manner is 0.67+.0.10 
barn. This value is significantly lower than the total 
cross section value of 0.802 barn obtained from trans- 
mission measurements.'? The rather large difference 
appears to be good evidence for the existence of an 


appreciable cross section for deuteron disintegration at 
this energy. There is, moreover, additional evidence 
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Fic. 7. Comparison of experimental and theoretical angular dis 
tributions of 14.1-Mev neutrons scattered by deuterons. 

21R. S. Christian and J. L. Gammel (following paper), Phys 

Rev. 91, 100 (1953). 
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8. Distribution in range of charged particles from n-d 
and #-p interactions at various angles 


for this process based on the observation of the protons 
which result from such breakup. 

Figure 8 shows the distributions in range of all the 
charged particles from the n-d and n-p interactions at 
various angles. The values assigned to A in this figure 
give the fraction of the tracks, in the range interval 
indicated, which must be subtracted on the basis of 
the blank target run for the forward angles and Run 
VD-7 (Table I) for the backward angles.” It is ap- 
parent, at least qualitatively, that the histograms of the 
charged particles from the n-d interaction show more 
tracks outside of the range groups corresponding to 
elastic scattering than do the corresponding n-p histo- 
grams. In particular, those tracks which fall between 
the range groups of elasticically scattered deuterons 
and protons, cannot be due to deuterons elastically 
scattered by the primary beam of 14.1-Mev neutrons. 
The tracks which appear below the range group of 
elastically scattered deuterons can, however, be due to 
deuterons elastically scattered by degraded neutrons 
and corrections must accordingly be applied. The 
values assigned to B in Fig. & give the fraction of the 
plotted tracks, in the range interval indicated, which 
is deduced to be due to deuterons elastically scattered 
by degraded neutrons. C designates the range interval 
within which one expects to find tracks of knock-on 
protons from the hydrogen in the target. The values 
assigned to C refer to the fraction of tracks in the 
designated range interval which one calculates to come 
from such scatterings on the basis of a 0.05 ratio of H! 
to H? atoms. These corrections were made on the basis 
of what is known about n-d and p-d elastic scattering 
cross sections as a function of angle and energy. Figure 
9 gives the angular distributions used for these correc- 
tions. In energy regions where no data are available, 
a log-log extrapolation of the data illustrated in Fig. 9 


2 At 11° the relatively large number of background tracks of 
range greater than 500u were determined to be caused by a small 
amount of grease on the outside of the front window. At larger 
angles such tracks were eliminated from consideration on the 
basis of their direction 
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was used. The dotted curve is an example of the results 
of such an extrapolation for 14.1-Mev n-d scattering. 

Figure 10 shows, in a semiquantitative manner, the 
deduced angular distribution for emission of protons 
from deuteron breakup. The large errors arise from the 
uncertainty in the background correction. It is to 
be noted that tracks of range less than 25u were not 
considered since it was felt that the measurement of 
their orientation with respect to the target could not 
be made with sufficient precision. ‘This limitation, 
together with energy loss in the target, implies that 
protons emitted with less than approximately 2-Mev 
energy would not be counted. A serious source of error 
in the assignment of differential cross sections for 
deuteron breakup arises from the possibility that 
unknown contaminants might give rise to protons from 
(n, p) reactions which would be indistinguishable, 
energywise, from deuteron breakup protons. The chief 
sources of such contaminants are probably the catalysts 
used in the preparation of the wax. To check further on 
this point we repeated a number of the single-plate 
camera runs using deutero-polyethylene as a target 
rather than deutero-paraffin. For the background run 
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we used ordinary polyethylene prepared by exactly the 
same process. The preparation of the polyethylene 
involved different catalysts from those used in the 
preparation of the heavy wax. The results for both 
elastic scattering and deuteron disintegration were 
independent of the target used and this fact, together 
with the very reasonable variation with angle of the 
range distribution of the disintegration protons, gives 
us considerable confidence that contaminants are not 
causing serious difficulty. 

The total cross section for deuteron breakup with 
the emission of protons of energy above 2 Mev is 
deduced, from the data given in Fig. 10, to be 53415 
millibarns. This value does not appear to be in violent 
disagreement with the total cross section for this 
process as deduced from the data of other investigators. 
Coon and Taschek,'' for example, report a maximum 
value of 50 millibarns for the cross section for the 
disintegration process over the range from 0° to 80° 
in the laboratory system. 

Ageno, Amaldi, Bocciarelli, and Trabacchi* esti- 
mated a cross section for this process of 40 to 90 
millibarns; while Griffith, Remley, and Kruger" also 
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hic. 9. Experimental angular distributions for n-d and p-d scattering. The dashed curve is a log-log extrapolation to 


14-Mev neutron energy of the following lower energy data: E,= 1.51, 2.53, and 3.49 Mev 


laschek, Phys. Rev. 72, 662 (1947); E,=2.5 Mev 


and G. de Montmollin, Phys. Rev. 83, 1277 (1951); E,.=4.5 Mev 
Rosen and J. C. Allred, Phys. Rev. 82, 777 (1951); E,»=9.7 Mev 
present data. 


Mev—L 
Phys. Rev. 88, 433 (1952); E,=14.1 Mev 


* The polyethylene was also prepared for us by A. R. Ronzio. 


R. K. Adair (private communication); £,=3.27 Mev 


Sherr, Blair, Kratz, Bailey, and 
7 I. Hamouda 
FE. Wantuch, Phys. Rev. 84, 169 (1951); E,=5.18 


Allred, Armstrong, Bondelid, and Rosen, 


* Ageno, Amaldi, Bocciarelli, and Trabacchi, Phys. Rev. 71, 20 (1947). 
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observed a significant probability for this reaction at 
12- to 13-Mev neutron energy. All the above data, 
present experiment included, indicate a lower cross 
section for deuteron breakup, by an order of magnitude, 
than is theoretically predicted.” 

It is interesting to speculate concerning the reason 
that more high energy protons are not emitted in the 
forward direction. It may be that this mode of disinte- 
gration is, to some extent, inhibited by the Pauli 
exclusion principle, for if the incident neutron transfers 
most of its energy to the proton in the deuteron, the 
two remaining neutrons might well be left in an S-state 
of orbital angular momentum and this is, of course, 
only possible in the case of antiparallel spins. 

The authors are indebted to the entire staff of the 
nuclear plate laboratory for the very careful plate 
analysis work upon which this report is based. We wish 
also to express our appreciation to Rexine Booth, 
Juanita Gammel, and Leona Stewart for their assistance 
in the reduction and compilation of the data and to 


26 B. H. Bransden and E. H. Burhop, Proc. Phys. Soc. (London) 
A63, 1337 (1950). 
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Fic. 10. Angular distribution for emission of protons from 
deuteron breakup. The dots represent the angular distribution 
of all disintegration protons of energy greater than 2 Mev; the 
open circles represent the angular distribution of only those 
protons whose range is greater than the range of the elastically 
scattered deuterons at the same angle. 


Leona Stewart for her very considerable help in the 
preparation of the manuscript. 
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Phase shifts for p-d and n-d scattering are calculated in Born 
approximation for partial waves with 1>1. These are used as a 
starting point for a phase shift analysis of the p-d data in the 
energy range 0-10 Mev. For />1, the phase shifts resulting from 
the phase shift analysis agree with those calculated in Born 
approximation. The *S and #S phase shifts have a reasonable 
energy dependence; that is, the “k coté” plots are smooth func 
tions of the energy and extrapolate to a set of scattering lengths 
near one of the known sets of n-d scattering lengths. It is con 
cluded that the correct set of n-d scattering lengths is 


a4=6.2+0.2X10 cm, a,=0.8+0.3XK10~" cm 


Since this is in disagreement with some previous theoretical con 
jectures, the scattering lengths and S phase shifts in the energy 


I. INTRODUCTION 


UR primary purpose is to find out what can be 

learned about the internucleonic forces from the 
p-d and n-d scattering data. Of course, a complete 
solution of the three body problem is not possible, but 
the program described in the next section leads to a 
clarification of the importance of the forces between 
like particles and the odd parity n-p forces in the p-d 
and n-d scattering. Unfortunately, it will be shown that 
these forces influence the scattering to only a minor 
degree, and the scattering is determined by the *S and 
'S n-p force. Furthermore, the scattering is insensitive 
to the shape of the *S and |S n-p potentials. 

An important result is obtained from a phase shift 
analysis of the p-d data in the energy range 0-10 Mev.'* 
It is concluded that the correct set of n-d scattering 
lengths is the set 


a4= 6.2+0.2X 10-¥ cm, 
a= 0.8+0.3X 107" cm. 


(1) 


Because this is in disagreement with some previous 
even though in agreement 
the scattering 


theoretical conjectures** 
with others,® we have recalculated 


lengths, and the results support the concluion. As a 


1 Brown, Freier, Holmgren, Stratton, and Yarnell, Phys. Rev. 
88, 253 (1952). 

2 Sherr, Blair, Kratz, Bailey, and Taschek, Phys. Rev. 72, 662 
(1947). 

31. Rosen and J. C. Allred, Phys. Rev. 82, 777 (1951). 

‘Allred, Armstrong, Bondelid, and Rosen, Phys. Rev. 88, 433 
(1952). 

§ DPD. G. Hurst and N. Z. Alcock, Can. J. Phys. 29, 36 (1951); 
Wollan, Shull, and Koehler, Phys. Rev. 83, 700 (1951). The 
latter paper contains references to other experimental work on 
the a-d scattering lengths. 

® A. Troesch and M. Verde, Helv. Phys. Acta 24, 39 (1951). 

7M. M. Gordon, Phys. Rev. 80, 111 (1950). 

§F. G. Prohammer and T. A. Welton, Quarterly Report Oak 
Ridge National Laboratory, Oak Ridge, Tenn. ORNL-1005 
(unpublished). 

*L. Motz and J. Schwinger, Phys. Rev. 58, 26 (1940). 


region 0-10 Mev are calculated using a variational method with 
neglect of polarization (a theoretical estimate of the effect of 
polarization. is made) and the results support the conclusion. 
N-d angular distributions are calculated and compared with experi 
ments. The agreement of the theoretical results with the experi 
mental ones provides a strong a fortiori justification of conclusions 
drawn from the theory about the importance of the internucleonic 
potentials in low energy p-d and n-d scattering. The scattering is 
nearly independent of the odd parity n-p potentials and of the 
forces between like particles. Furthermore, it is nearly inde 
pendent of the shape of the *S and 'S-n-p potentials. However, 
the 2S scattering length is sensitive to the singlet even parity n-n 
potential, and is calculated as a function of the depth of this 
potential. It is insensitive to other n-n potentials. 


further test of the results of the phase shift analysis, 
we have calculated the S phase shifts in the energy 
region 0-10 Mev, and the calculation confirms the 
results of the phase shift analysis. 


II. PROGRAM 


The calculations are carried out for a general central 
nuclear potential with either a Yukawa or Gauss radial 
dependence. These potentials are adjusted in range and 
depth to fit the low energy n-p"®" and p-p” data and, 
in the case of the Yukawa potential, the high energy 
n-p data."® Tensor forces are not taken into account 
since the n-p data can be well described by an “equiv- 
alent central potential” and possible relatively weak 
tensor forces in p-p and n-p odd parity states are ex- 
pected to play a small role in n-d or p-d scattering 
(Sec. VIII-A.2). Any effects attributable to inelastic 
scattering have been neglected throughout because the 
experimentally determined inelastic cross section" is 
much smaller than the elastic cross section at these 
energies (see also Sec. VIII-A.4). 

The first step is to calculate the phase shifts for />1 
using Born’s approximation with the symmetry of the 
like particles taken into account (Secs. III, IV). The 
validity of this approximation is discussed in detail in 
Sec. VIII-A.1. It may be expected to yield reasonable 
results for the higher angular momentum states 
because of the large spatial extent of the deuteron and 
the presence of the centrifugal barrier. Further justi- 
fication comes from the smallness of the calculated 
phase shifts. 

The next step is to determine the 4S and *S phase 
shifts so that calculated and experimental angular 
J. M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949). 

''H. A. Bethe, Phys. Rev. 76, 38 (1949). 

12]. D. Jackson and J. M. Blatt, Revs. Modern Phys. 22, 77 
(1950). 

3R. S. Christian, Repts. Progr. Phys. 15, 68 (1952). 

4 J. H. Coon and R. F. Taschek, Phys. Rev. 76, 710 (1949). 
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distributions for p-d scattering in the energy range 
0-10 Mev agree within quoted experimental error (Sec. 
V-A). Improvement in the fits is obtained by allowing 
the ‘P phase shift to change from its value calculated 
in Born approximation. When this is done, it is found 
that the change in the value of the.4P phase shift is 
small and a smooth function of energy. 

The 4S and 2S phase shifts found in this manner have 
a reasonable energy dependence. That is, the ‘“k coté” 
plots extrapolate to zero energy to give a set of scat- 
tering lengths near one of the known sets of n-d scat- 
tering lengths. We find for the p-d scattering lengths 


a4= 12.541.0X 10-" cm, (2) 
d2= 1.4+£1.0 10-" cm. 


Because of the connection between n-d and p-d scat- 
tering lengths (Sec. V-C), this means that the scattering 
lengths (/) are the correct n-d scattering lengths, in 
disagreement with some previous theoretical work.*~* 
A careful recalculation of the scattering lengths is 
undertaken in order to resolve this difficulty. 

The calculation of the n-d scattering lengths is 
carried out using a variational method neglecting 
polarization of the deuteron (Sec. VI-A). The varia- 
tional treatment is similar to that used by Massey and 
Buckingham" and Verde.*!® In its details, the work 
has some similarity to the work of Motz and Schwinger.® 
The neglect of polarization (discussed in Sec. VIII-A.3) 
is not expected to be serious in the case of the quartet 
state because the exclusion principle prevents the three 
particles from being close together simultaneously at 
low energies. Because the phase shift analysis shows 
that the doublet state makes only a small contribution 
to the low energy scattering, errors attributable to 
neglect of polarization are of little consequence for the 
angular distribution calculations. The results of the 
calculation, 


(3) 


check the scattering lengths (1) closely for the quartet 
state and are even in fair agreement for the doublet 
state. However, they definitely rule out the other set 
allowed by the experiments: 


a4=5.9X10-8 cm, = a2.=1.5X10-" cm 


(4) 


The quartet and doublet n-d S phase shifts at 
energies up to 10 Mev are calculated using a somewhat 
more crude approximation than that employed for the 
the scattering length calculation (Sec. VI-B). The 
energy variation of the “k coté” plots is in fair agree- 
ment with that found from the phase shift analysis. 

n-d angular distributions are calculated (Sec. VII-A) 
using the theoretical corrections to the p-d phase shifts 
necessitated by the absence of the Coulomb forces 


a43=2.4X10-% cm, a2=8.3K10-" cm. 


18R. A. Buckingham and H. S. W. Massey, Proc. Roy. Soc. 
(London) A179, 123 (1941). 
16M. Verde, Helv. Phys. Acta 22, 339 (1949). 
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(Sec. IV-D). These are compared with the experi- 
mental data. 

In Sec. VII-B the problem of deducing information 
about the n-n forces from the n-d scattering data is dis- 
cussed. It is shown that the angular distributions are 
not sensitive to the n-n forces. The 2S scattering length 
is, however, and is calculated as a function of the depth 
of the singlet even parity m-n potential. It is shown to 
be insensitive to other n-n potentials. The 4S scattering 
length depends only on the triplet odd parity n-n 
potential, to which it is very insensitive. 


III. THE BORN APPROXIMATION 


Others have described the formulation of Born’s ap- 
proximation for n-d'’'* and p-d" scattering. 

There are eight two body potentials *V,,*, 
Vas’, "Ves. Vos’, Veo > Van's” The super- 
script to the left of *V,,+, for example, specifies that 
3) ,p* is the potential for a triplet state, while the super- 
script to the right specifies that it is the potential for a 
state of even parity. The subscript specifies that *V »»)* 
is the potential between a neutron and a proton. Thus 
3V,»* is the potential for the deuteron ground state. 
We suppose that all of these potentials have the same 
radial dependence, so that, for example, 'V,,*(r) 
='V,,+U(r), the V’s becoming pure numbers. U(r) 
is taken to be the potential for the ground state of the 
deuteron, so that *V,,+=1. U(r) is understood to be 
multiplied by 4M/3h? which reduces it dimensionally 
to the reciprocal of the square of a length. Let 


*V as ’ 


Van - 


J, (0) = f exp(—tk’-q)¢('r! )U(\q+4r!) 


x exp (ik-q)o(/r| )drdq, 

1.(0)= f exp(- ik’-q)o({r/)U(\q+hr}) 
x exp[—ik- (3q—}4r) }p(\q+ 34] )drdq, 

Js(0)= f exp(—ik'-a)o( r/)U(\q+4r!) 


x exp —ik- (4q+ 3r) lo(/q—}r| )drdq, 
where 


f=f3—f, q= —tit+} (ret), 


are the center-of-mass coordinates; k, given by 
8M 


E (lab), 
9h? 


= (7) 


where £ is the energy of the incident nucleon in the 


17M. Verde, Helv. Phys. Acta 22, 339 (1949) 

16T.-Y. Wu and J. Ashkin, Phys. Rev. 73, 986 (1948). In the 
last of their Eqs. (29), the coefficient of d? is 1 instead of 4. 

19 J. L. Gammel, “Elastic scattering of neutrons and protons by 
deuterons,” Cornell thesis, 1950 (unpublished) 
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laboratory, is the wave number vector of the incident 
particle, and k’ is the wave number vector of the scat- 
tered particle. Because the scattering is elast’c, 
|k! = |k’!. The angle between k and k’ is the scattering 
angle in the center-of-mass system, 6. @(r) is the wave 
junction for the ground state of the deuteron. 
For n-7 scattering, the scattering amplitude is given 
tor f (0) = aS (0) 4+-BI2(0)+yJ3(0), (8) 
where 
AV ott h Vag t+ Van; 
s/ . ; 


13 
2 a! np 'V we - OY in ’ 


for S=%; and 


ae i O17 1 317 : 4 kK , 
a=F ‘| os" + 5 ay np { g ] wo" + 3 af! np 


+3 Vant+4 Vie 


’ 


for S= }, 

Corrections to Eq. (8) required by the presence of the 
Coulomb force in p-d scattering are discussed in Sec. 
IV-D. 

The phase shifts‘are computed from 

kf (0) = 301 (21+-1)6,P (cos), (11) 


and these phase shifts are substituted in the rigorous 
formula for the angular distribution, which for p-d 


scattering is 
2 n 2 1 
exp[ 7 In + 
3/1—cos0 1—cos0 21 


x [exp (275,) — 1] exp (id, Pi(cos8) | 


k’a (0) (21+-1) 
l 


Lo 2 1 
+ —| exp( in In )+ -¥ (21+ 1) 
; ; 


3) 1—cosé -cosé 24 


x [exp (276) — 1] exp (ids) Pi(cosd)| , (12) 


where the superscript on the 6,’s specify the spin state 
for which they are the phase shifts, and 


n=e'/hv, o=phasel'(/+-1+ 7). (13) 
Reasons for using the exact expression (12) rather than 
f?(0) corrected for S phase shifts are discussed in Sec. 
VIIIL-A.5. 

Each of the above integrals forming the scattering 
amplitude can be given a simple physical interpreta- 
tion” in the sense of validity of Born’s approximation, 


” The physical significance of these integrals has been discussed 
by others. See the papers of reference 29. 
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since only a single collision takes place. /;(@) represents 
potential scattering in which the incident particle 
scatters off one of the two particles in the deuteron. 
J;(0) represents a type of scattering or direct ‘‘knock 
out” in which the incident particle exchanges directly 
with one of the particles in the deuteron so that the 
“struck” particle is ejected from the deuteron and the 
original incident particle remains to form the deuteron. 
(This exchange is attributable in part to the exclusion 
principle and in part to explicit exchange forces.) J2 (4) 
is a manifestation of the exclusion principle and repre- 
sents pickup by the incident particle of a dissimilar 
particle in the deuteron to form a new deuteron, the 
remaining particle becoming the scattered particle. It 
can, therefore, be expected that J,(@) is peaked in the 
forward direction. J;(@) should also be peaked in the 
forward direction since in order to reconstitute a deu- 
teron the incident particle must transfer most of its 
momentum to the struck particle. [Actually J;(4) is 
almost spherically symmetrical. ] J2(6) is peaked in the 
backward direction since following the pickup process 
the “new” deuteron is most probably traveling in the 
direction of the incident nucleon. 


IV. COMPUTATION OF PHASE SHIFTS 


The integrals J,(6), J2(6), and J;(@) are calculated 
using Gauss and Yukawa radial forms for U(r) with 
ranges adjusted to fit the low energy data. 


A. Zero Range Approximation 


In order to gain some further insight into the nature 
and magnitude of the terms in Eq. (5), we first consider 
the “zero range” approximation. Actually, this need 
not be thought of as strrictly a zero range approxima- 
tion; it can be thought of as an approximation in which 
it is assumed that the other terms in the integrands in 
Eq. (5) vary slowly compared to the potential. This 
would be the case if the range of U(r) were very small 
compared to the deuteron radius and the wavelength 
of the incident particle. With the potential 


U(r)=U6(\r}), (14) 


where 6(|r|)=1 for r<ry and 6(/ r|)=0 for r>ro, and 
U» is a potential depth such that Ur? is a constant 
whose value is 27/3, we find 


4dr 
J \(0)= (2rsiUo f exp (— tk’: q)¢?(| 2q)) 
5 
x exp (ik-q)dq, 


4dr 
J2(0)=- (rs Ul (rd) mf exp (—ik’-q) 
3 


X (| 2q|) exp(—2ik-q)dg, (15) 


J;(0)= 


(ry*Us f exp(— tk’-q)¢*(| 2q) ) 
3 


xexp(ik-q)dq, 
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(p(ro))s is the average value of the deuteron wave 
function for r<ro. In this approximation we may evi- 
dently use the zero range deuteron wave function 


(16) 


inside the integrands as we are only interested in its 
low Fourier components. The results are 
=) 


Sar k sin(@ 
J \(@)= ( ). tan ( 
3 2a 
re ar j 2a 
0=(- ") [rcocranl ) 
3 a 4a’+ k? (5+ 4 cosé) 


8r\? Ta 
-( 3 ) 4da?+ k?(5+4 cos@) " 


J3(0)=J,(0), 


o(r) = (a/2m) 4e-2"/r, 


ary 


k sin(0/2) 


(@(ro))a was calculated for square wells, and in evalu- 


ating J2(@), 
a\in 
lim (o(ro)) v= (~ ) 
r9—0 2r/J 2ro 
is used. 


We note that /,(6) is peaked in the forward direction 
as is J;(@) and J2(8) is peaked in the backward direction 
in agreement with our physical arguments of the last 
section. 

Also we note that J,(@) and J;(@) are of order 
(roa)J2 (0). Detailed analysis shows they also have less 
angular variation than J2(6), and the contributions of 
J,(0) and J;(@) to the phase shifts fall off more rapidly 
with increasing / than the contribution of J2(@). 

In calculating J,(@) and J,(6) for other radial forms 
of the potential, it is convenient to make the trans- 
formation 

q+ir=w, r=z. 
Then 


J10)= fexp(—itk—W)-4a)o"(|1 dz 


xf explitk—k)- wl ( 


w) )dw, 


1.00)= f exp’ (—i(k+4k’)-z)(\ 2) dz 


Xf exp(—itk + 3b)- m9 w|)U( w! )dw. 


Irom these forms we note several things. First, as the 
energy increases, the angular variation of J,(6) in- 
creases more rapidly than the angular variation of 
J,(0) primarily attributable to the part of J;(@) con- 
taining ¢?('z|) in its integrand. Thus at very high 
energy the elastic scattering becomes potential scat- 
tering. Second, J,(0) is sensitive to the shape of the 
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potential. At low energies, it is larger for potentials 
which have a long tail. Third, the potential may be 
eliminated from J,(6) by making use of the two-body 


equations of motion 


U (w)o(w) = (V?— a )b (w). 


Then /.(8) is of the form 


J,(0)=[ (Ak+k’)?+ 2 if exp(i(K+ 3k’): 2)@(s)dz 


x few -i(k’+4k)-w)p(w)dw. (17) 


At low energies, /2(@) is practically independent of the 
shape or range of the potential. 

J;(0) cannot be separated into the product of two 
integrals nor can the potential be eliminated. We have 
seen that in “zero range’”’ approximation it is J;(@). 
However, this is an overestimate for finite range. A 
detailed examination of the expansion of J;(@) in 
spherical harmonics shows that its contributions to the 
higher phase shifts are less than those of /;(@) because 
there is no line up of the potential and a deuteron wave 
function or two deuteron wave functions, which makes 
it necessary to perform an average over P;(cosy), where 
y is the angle between q and 4q+?r which varies from 
0° to 3aro/2 (about 30°). The effect is more pronounced 
the longer the tail of the potential. 


B. Gauss Radial Form 


We use 
U(r) = Uy exp(— (r/d)?), 


U»y=86.4 Mev, A=1.332K10-" cm. 


(18) 


In this calculation, the unit of length was taken to be 
1.332 10~-" cm, so that 


k?=0.03806E. 


t is necessary to represent the deuteron wave func- 
tion by the sum of three Gauss terms: 
0.16x") 
(19) 


$(x) = 0.02133 exp (—0.03x?)+-0.08582 exp ( 
+0.18115 exp (—0.76x?), 


which approximates the actual deuteron wave function 
for the potential (17) to within 3 percent to three times 
the deuteron radius. Wu and Ashkin'*® have given for- 
mulas for J;(0), J2(@), and J3(@) in this case. 

Each of the integrals is of the form 


=k >; ayexp(—b,k?) exp(—c,k* cos), (20) 


(k/4ar)J (0) = 
where the a’s, b’s, and c’s are given in Table I. 

A partial wave analysis of k/,(6), k/.(0), and k/;(@) 
is made as follows: 


(k/4xr)J (0) =>" 1 (21+ 1)6;'P1(cos8). (21) 
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TaBLe I. Constant for Gauss potential. 








Ji 


bi Ci ai 


1.0197 
3.4332 
3.8774 
1.3217 
1.2668 
0.25829 
0.33314 
0.05854 
0.22869 


— 2.5834 
—1.1579 
—0.65822 
—0.89061 
0.63585 
—0.58224 


0.37966 
0.53992 
0.13499 
0.49912 
0.43223 
0.21063 


2.5834 
1.1579 
0.65822 
0.89061 
0.65585 
0.58224 


SCeonaunkwnrd — 


J\(6) and J;(@) do not contribute to the phase shifts 
for 1 >3. 
5,', 62', and 6;' are presented graphically in Fig. 1. 


C. Yukawa Radial Form 


We use 
exp(—r/d) 
U(r) = Up ———__, 
r/d 
(22 
U,=68.0 Mev, A=1.18K 10-8 cm. 


10.720 


Js Ji 
bi ra ai bi a 
— 1.8062 
-- 0.39784 
0.089197 
—0.13021 
0.10081 
0.12157 


2.3659 

0.95370 
0.45752 
0.65104 
0.39603 
0.28604 


0.36854 
0.51846 
0.12840 
0.44144 
6.35617 
0.13153 


10.686 

10.594 
2.2225 
2.1307 
0.58874 
2.2566 
0.64716 


0.68058 0.54528 


In this calculation, the unit of length was taken to be 
10-8 cm, so that 


k?=0.0214E. 
For the deuteron wave function we use 


24 (a+)? 


, 


[j= | exp(— ar) —exp(—£r) 
o(r)= incense iced a 
r 


where”! 


a=().2316, B=1.268. 
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Fic. 1. Plots of 4;' for the Gauss (dotted curves) and Yukawa (solid curves) potentials as a function of energy. 


21 G. F. Chew, Phys. Rev. 74, 809 (1948). We have used Chew’s value 8B=5.5a. More recently, R. L. Gluckstern and H. A. Bethe, 
Phys. Rev. 81, 761 (1951), have given 8=7.0a. This makes litt!e difference (see their footnote 32). 
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We find for /,;(@): 


k 2k K K 
J \(0)= tan-'—-—2 tan“ 
Sr K da 2(a+ 8) 
K 
1 
13 v t 
where 
1 6 4M 
yv=-, K=2ksin-, 
A 2 . a- B)* 


aB(at+p) 


= 1.056, (26) 


and for J2(0): 


k k 1 1 
J,(0)= i 
K 


Sar kK’ 


A?’+,? K+ a 


—tan 


where 
K'=k(cos@+5/4)}. (28) 

A partial wave analysis is also made of these. Again 
J\(@) does not contribute to the phase shifts for /> 3. 
The calculations with a Gauss potential show that 
J;(0) is nearly spherically symmetrical and does not 
contribute appreciably to the phase shifts for />1, 
and exploratory numerical calculations of J;(6) showed 
that with a Yukawa potential it gives even smaller 
contributions to the phase shifts for />1. Rather than 
evaluate J;(0) numerically, we have assumed that it is 
also spherically symmetrical for a Yukawa potential. 

5,' and 6, are presented graphically in Fig. 1. 


D. Effect of the Coulomb Force in p-d Scattering 


The n-n potentials are replaced by p-p potentials, of 
course. There are two additional integrals 


4M 1 1 
C,(6)= ef exp(—ik’-q)¢( r ( ) 
3h? q q+ir 


exp(ik-q)@('r! )drdq, (29) 


4M ees 1 1 
C;(6)= ef exp(—ik’-q)¢(\r ( ) 
3h? q q+ ir! 


x exp(—ik- (4q+fr)o(\q—3r} )drdg. (30) 
These allow for the fact that the deuteron’s charge is 
not concentrated at its center, but distributed through- 
out it. The scattering amplitude is given by 


4m f(0)= Plat, (0)+8I2(0)+7I3(8) 
+C,(0)+C;(0)], (31) 
where 


c=+1, S=}, e=-1, S=}, (32) 
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Fic. 2. f, a correction factor to the usual Coulomb penetration 


factor, defined by Eq. (34) versus n 
and P is a penetration factor given by 


2xn 
P=/C?, Ce= (33) 
exp (27m) — 1 
C’ is the penetration factor one might use offhand. 
However, the regular Coulomb function F(p)/p is 
greater than Cy? j;(p).” Therefore, Co? over estimates the 
effect of the Coulomb force in reducing the p-d phase 
shifts from the n-d phase shifts. To correct for this, we 
have defined the penetration factor P as follows 


1 Lx 

Pe f exp(— 2aq)F (kg) Fi(2kq) (dg/q) 

P : = fC’. 
| exp(— 2aq) j:(kq) j:(2kg)qdq 


0 


(34) 


We have used the zero range approximation for this 
simply because it is the only case for which the integrals 
with Coulomb functions can be handled. f furns out 
to be independent of /. It is plotted as a function 7 in 
Fig. 2. 

Actually, we have used only a mean value of f in 
calculating the Born approximation p-d phase shifts; 
namely 


f=1.273. (35) 


The integrals C,(@) and C;(6) are found to contribute 
nothing to the phase shifts for />1. 


2 Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs 
Modern Phys. 23, 147 (1951). 
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TABLE II. Born approximation phase shifts for p-d scattering (radians). 


For l >3, i= —} 4% 
sr) by 454 ‘55 ‘b6 61 2 


0.103 
0.064 
0.043 
0.036 
0.029 


—(.058 
0.116 
-0.118 
0.113 
—0.110 


0.0154 0.00246 
0.0094 


0.0049 


0.0478 0.00618 
0.0336 


0.0204 


549 0.127 
166 0.101 
380) 0.074 
345 0.064 
$07 0.053 


0.0120 0.0025 


0.264 0.042 
0.212 0.029 
0.200 0.027 
0.196 0.026 
0.022 
0.019 
0.0164 
0.0130 
0.0099 
0.0082 
0.0062 
0.0047 


0.0043 


0.162 


V. ANALYSIS OF p-d EXPERIMENTS 
A. Phase Shift Analysis 


According to Eqs. (8), (11), and (21), the phase 
shifts are given by 


5, = a,!+Bdy!+-y5;!, (36) 


where a, 8, and y are given by (9) for S= 3 and by (10) 
for S=}. 

In calculating the phase shifts, we have taken 
‘Vapt=1, 'Vapt=0.09 in agreement with the low 
energy n-p data. We have taken the odd parity poten- 
tials to be zero in agreement with the high energy n-p 
data. We have assumed that n-n, p-p, and n-p poten- 
tials are equal in equivalent states. Because of the 
small size of 6,/ and 6;' compared with 6,! for />1, and 
because 6,' depends only on *V,,*, it does not matter 
much (not at all for />3) what we take for the odd 
parity forces or what we assume about the n-n and p-p 
potentials, a point returned to in Sec. VII-B. The phase 
shifts are tabulated in Table IT. 

Using these phase shifts as a starting point, a phase 
shift analysis of the p-d data in the energy range 0-10 
Mev' * is made using the rigorous expression (12). The 
method used in making the phase shift analysis is the 
same as that used by Dodder and Gammel in analyzing 
the p-He* elastic scattering data. The phase shift 
analyses were performed on IBM card-programmed 
electronic calculators. The decks were prepared so that 
if fits could not be obtained with the S phase shifts 
alone, the P phase shifts could be changed from their 
values calculated in Born approximation and the data 
analyzed for them ; the same is true of the D phase shifts. 

The results of the phase shift analysis are given in 
Table III. Some improvement is obtained by allowing 
the ‘P phase shift to change from its value calculated in 
Born approximation. The ‘P phase shift found if this 
is done is compared with that calculated in Born ap- 


* 1). C. Dodder and J. L. Gammel, Phys. Rev. 88, 520 (1952). 


0.0006 


0.023 
0.016 
0.014 
0.014 
0.011 
0.010 
0.0082 
0.0065 
0.0049 
0.0041 
0.0031 
0.0023 


- 0.096 

-0).082 

0.078 

— 0.077 


0.065 


proximation in Fig. 3. The *P phase shift and phase 
shifts for />2 agree with those calculated in Born 
approximation. In analyzing for the S phase shifts or 
the S and *P phase shifts, the *P phase shifts and phase 
shifts for 1>2 used are those calculated with the 
Yukawa shaped potential. No significance is to be 
attached to this since those calculated with the Gauss 
shaped potential would have served as well. 

Calculated and experimental angular distributions 
are compared in Fig. 4. The effect of omitting the con- 
tribution of partial waves with />3 is illustrated in 
several figures, making it clear that the higher phase 
shifts are certainly necessary in the analysis. 
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;. 3. Comparison of calculated and “experimental” 
P phase shifts. 
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TABLE III. Results of phase shift analysis. 


‘P on Born approx 
I ‘S 2 rm 2S rms 
vercent 
vercent 


9.06 
5.18 
3.49 
3.00 
ESS 
2.08 


73.34° 
—78.93 
- 66.94 
-66.27° 
61.01 
54.89 
- 52.48 
46.92 


3.2 percent 
3.56 percent 
6.70 percent 
2.63 percent 
2.0 percent 
1.9 percent 
0.9 percent 
3.2 percent 
—49.27 1.46 percent 
~ 45.38 1.73 percent 
44 2.1 percent 
42.40 i ) percent 
38.50 7 percent 
5 percent 
8 percent 
) percent 


78.05 4 
5 


724 
40.45 13 | 


— 27.5' 5 


ota 
— 23.19° 


1.‘ 
1.¢ 
32.09 3.7 
2 
1.¢ 


The question of how well the data determines a 
given phase shift is an important one. The p-d data at 
5.2 and 9.7 Mev were carefully examined to determine 
how well the 4S and 2S phase shifts are determined with 
the phase shifts for />1 given values calculated in 
Born approximation. Figures 5(a) and (b) show plots 
of the sum of the squares of the percent deviations 
from the experimental points (>°) as a function of the 
*S phase shift for several values of the 4S phase shift. 
These make it possible to visualize a surface 

> =D (‘bo, 750). 

It can be seen that at 5.2 Mev. there are two solutions 
for the 2S phase shift. The solution with *6)=57° can 
be ruled out after the calculations of Sec. VI-B make it 
certain that the “k coté” plot for the *S state has a 
certain energy dependence. At 9.7 Mev, these two 
solutions blend, which makes for a very great uncer- 
tainty in the value of the *S phase shift. The 4S phase 
shifts are reasonably well determined, however. All this 
has its origin in the fact that the doublet state makes 
only a small contribution to the elastic scattering. 
Unfortunately, only the *S phase shift is sensitive to 
the n-n forces in n-d scattering, and it is sensitive only 
to the singlet even parity n-n potential. As this analysis 
shows, the 2S phase shift is hard to determine from the 
experimental data. In Sec. VII-B, further illustrations 
of the fact that wide changes in the *S phase shift do 
not affect the angular distribution are presented. 

Uncertainties in quantities (phase shifts, ‘‘k cot 6’) 
deduced from experiment are indicated on the graphs. 
These are based on studies similar to those described 
in the previous paragraph. 


B. p-d Scattering Length and Effective Ranges 


Plots of 
“k cot 6° =Co’k coté+h(n)/R, 


37 
R= 3(h?/Mé) = 21.6X 10-" cm, a 


for the 4S and 2S states are shown in Fig. 6. The scat- 


tering lengths are the set (2), and the effective range 


for the 4S state is 
py= 1,.99+-0.07 KX 107" cm. (38) 


For S=}, the scattering length is very short so that an 
effective range theory is not very useful. The large 
uncertainties in the 2S phase shifts make it unadvisable 
to quote a value of pz; deduced from experiment. 


C. Connection between p-d and n-d 
Scattering Lengths 


Blatt and Jackson” give the following connection 
between the p-p and n-p scattering lengths 


; FF 4 ro 
ae in } 0.330] 
ad, ay RL R 


They use for the wave function in the ‘‘internal’”’ region 


(39) 


u=sin(mrr/2ro). 


Our wave functions (Sec. VI-B, Fig. 9) have maxima 
at about 2.0 10~" cm. Taking this as an estimate of ro, 
we find 

1 ) 1/ay = — 0.095. 


For the 4S state, with our value of 4a,= 12.5 10~" em, 
this gives 


‘ay =5.7K 10-8 cm. 


For the *S state, with our value *a,=1.4, it gives 


7an= 1.2K 10-" cm. 


Of course, the value for the doublet state means almost 
nothing because we cannot get an accurate value of 
2a, from the experiments. Had we used a slightly larger 
value of ro, the value for the quartet state would have 
been in better agreement with (1). 

However, the set (4) is definitely ruled out, and the 
p-d scattering lengths indicate that the correct set of n-d 
scattering lengths is the set (1). 





R. 3S. CORISTIAN 


AND J. L. GAMMEL 





5.2 Mev 
x Experimental y 
Best Fit, “P on Born 
; Approx. | 
‘“— Best Fit varying *P , 


| 





5 


9.66 Mev 


x Experimental 
Best Fit, “P on Born 
Approx. 


—— Best Fit varying “*P 
” ie -No L?3 


: X 
x 











Minnesota Dota 
x, L105, 0.73 Mev 
*, 1495, 0.985, 0.48 Mev 


__* 
al 


a »* 





— 


\ oe ae oe 1 L O l 1 
0 30° 60® 90° 120° 150° 180° O* 30° 60 90° 120° 150° 180° 
el 25 





Los Alamos Data 
» 3.49 Mev 
° |.51Mev 

















aa bee 
60° 80° 100° 


an 0 | | ! | | 
120° 132° OP 30° 60° 90° 120° 150° 180° 


CENTER- OF-MASS ANGLE (DEGREES) 


Fic. 4 


p d angular distributions calculated using S phase shifts adjusted to give best fits to experimental data. The 
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Ihe ordinate is the dimensionless quantity k’o (6 


VI. S-STATE CALCULATIONS 
A. Scattering Lengths, Effective Ranges 


To support the conclusion of the last paragraph, we 


have calculated the n-d scattering lengths. 
For S= 3, assuming for purposes of illustration that 


the nuclear potentials are spin independent but that 
the odd parity forces are zero, the equations of motion 


are 
Ty’ = —U ry’ (Uy —U'p’") (40) 
Ty” LUsy” 1(L"y’- Uy"). 
This is written in Verde’s notation.'® This can be 
written 


, 


(41) 





ELASTIC SCATTERING 
where (U) is a matrix. Verde'® gave the variational 
principle 


/ 


fw \[T-(l ) | drydtxdr3=0. (42) 
v 


In the no polarization approximation, y’ and y” are 
written 


W’ = 3v3{(12) f(3)—o(13) f(2)}, 
v= — (23) f(1) + 46(12) f(3) + $6(13) f(2), 


where @ is the wave function of the ground state of the 
deuteron and f is a function to be determined. The 
coordinate are labeled such that a pair of numbers 
indicate a vector extending from the first particle of 
the pair to the second number while a single number 
indicates a vector extending from that particle to the 
center of the other two remaining particles. 

Substituting Eq. (43) into Eq. (42), eliminating 
integrals with f(1) by permuting 1 and 2 (the integrals 
are invariant with respect to these permutations) 
varying (2) and f(3) independently, and equating the 
coefficients of 6f(2) and 6/(3) to zero leads to a differ- 
ential equation for f(3): 


(43) 


(w24-HY/(3)~ foci2y vet R*)f(2)6(13)drid7- 
= f sav 2608/Q)dr adr. 
—4 f 6(12)0(13)9(12)/(3)drdr, 


- § f 612) U 28) 6(13)/2)drdr. (44) 


The second term on the left and the first term on the 
right may be put in a different form by making use of 
the fact that ¢(13) is a solution to the deuteron problem. 
We may then replace Eq. (44) by 


wee /6)— f7Qo(13)0C2¢rdr] 
= [oa2visoasyQydrdr: 
—3 fo12)U(13)9(12y/B)drudr 


_ § f 6(12)023)6(13)drdr. (44) 


Equations (44) and (44’) lead to identically the same 
results if ¢ is an exact solution of the deuteron problem. 
The exact time dependent equations of motion satisfy 
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the reciprocity theorem ;*4 that is, the transition prob- 
ability for a process and its inverse (obtained by re- 
versal of time) are equal. To insure this property for 
any choice of a trial function in which ¢ is not an exact 
solution, we must use a fifty-fifty mixture of Eqs. (44) 
and (44’). 

Use of the zero energy Green’s function 1/4! r3— 83" | 


=1/49R; in (44’) leads to 


f(3’)=1+4 freeasyoaaydrds. 


1 
| [: (12) U (13)G(13)/(2)dr dred, 
trR 


1 
if P(12)l (13) PU12)f(3)dridrodr; 
J 4drkR; 


1 
if $(12)U' (23)@(13)f(2)drydrodrs. (45) 
irR, 


The first integral, which we call the “orthogonality” 
integral arises from the Pauli principle and vanishes in 
Born approximation. (Because of this term it appears 
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Fic. 5. Plots of the sum of the squares of the percent deviations 
of calculated points from experimental points versus the *S phase 
shift for several values of the 4S phase shift (the curves are labeled 
with one-half of the value of the 4S phase shift). At 5.2 Mev, 13 
points are used; at 9.66 Mev, 15 points are used 


* B. A. Lippman and J. Schwinger, Phys. Rev. 79, 469 (1950). 
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lic. 6. Plots of “k coté” defined by Fx 
as though the interaction would be different from zero 
even if the force between the incoming particle and the 
deuteron were zero. However, the interaction between 
the deuteron and the incoming particle cannot be zero 
because of the identity of the two like particles unless 
the interaction of the two particles forming the deuteron 
is also zero.) When Born’s approximation is made and 
the second, third, and fourth integrals examined asymp- 
totically in the variable 3, they are of the form J2(6), 
J\(0), and J;(0), respectively, and are labeled accord- 
ingly. 

Calculations were performed with three forms of J2; 
namely, (1) that resulting from Eq. (44), (2) that 
resulting from a fifty-fifty mixture of Eqs. (44) and 
(44’), and (3) that resulting from Eq. (44’). In all 
these calculations, only the form of O in Eq. (44’) or 
(45) was used. This means that the scattering lengths 
resulting with the first and second forms of J» are not 
stationary as is the scattering length resulting with the 
third form. However, if ¥/ and y’’ (Eq. (43)) were 
exact solutions of the wave equations, @(12) f(3), @(13)- 
f(2), and $(23)f(1) would also be exact (unsym- 
metrized) solutions of the wave equation, and both 
forms of O usea with any combination of Je’s would 
lead to the same results. Thus a comparison of the 
results of the calculations with the forms (1) and (2) 
of Jy and the results of the calculation with from (3) 
of J» reflects in some manner the adequacy of the no 
polarization approximation. 

Motz and Schwinger had equations similar to Eq. 


}. (37) for the 4S and 2S phase shifts 


(45), but their derivation is not based on a variational 
principle and did not contain the orthogonality integral. 

lor the rest, the procedure is the same as that of 
Motz and Schwinger. For this calculation we use the 
potential (17) and the wave function (19). The dummy 
variable and angle variables are integrated out leading 
to an equation of the form 


gf(qg)=qt+ fx (q, g')q'f(q')dq’, (46) 


where 


K(q, q’) : —BO(q, q')+ aJ \(q, q') 


+BJ2(q, q )+yJ3(q, q'). (47) 


Here the dependence on the two body potentials has 
been put back in. Contour plots of the kernels O(q, q’), 
Ji(q, 7’), both forms of J2(q, g’) and J3(q, q’) are shown 
in Fig. 7. Equation (46) was solved by replacing it by 
set of linear algebraic equations. Twenty points were 
used for this. Contributions to the integral from four 
times the deuteron radius were required and retained. 
The sets of linear equations were solved on the 
MANIAC. 

The results of the calculation are summarized in 
Table IV. Graphs of u(q)=q/f(q) are shown in Fig. 8. 

Effective ranges can be derived from u(q). Verde™® 
and Breit”® have given formulas for the effective ranges. 

25M. Verde, Atti accad. nazl. Lincei 8, 228 (1950). (See also 


reference 6.) 
26 G. Breit, Revs. Modern Phys. 23, 228 (1951). 
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Fic. 7. Contour plots of the zero energy kernels g and q’ are plotted in Gauss range units (1.332 10°" cm). 
The value of the kernel in Eq. (46) is found from Eqs. (9), (10), and (47) with *V,,*=1. 
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TABLE IV. Results of scattering length calculations. 


0.69 
0.69 
0.69 


0.69 


0.69 0.69 


These reduce in the no polarization approximation to 


2ro’ 
| fi ( qt 4)" u*(q) \dq 
ay 


+ foc grucama’ dat, (48) 


for S= 3, and 


2rc? 
. {fi (—qy+-d2)?—u?(q) \dg 
a?’ 


fow, —— (49) 


for S=4. The effective ranges are calculated with the 
wave functions resulting with the form (1) (see Table 
IV) for J, and the potentials of cases 1 and 3 of Table 
IV. The results are 


= 2.9K 10-8 cm, -45.1K10-"% cm. (50) 


However, we wish to stress that since these are not 
variationally determined quantities the error in using 


(3) Sol eae] )o( le 9) 
)Le(| 


exp (tk|q—q'| be 


Pa 


_ _ sin(kg) 
I(q)= 
ky 


lq’’|)U(\q'+3q"|)/ 


=] 


ASS 


exp (ik|q—q’’|) 
4r|q—q"’| 


j4 2 | 4. 2 
|a'+ Ma val q’+-q' 
. se 


4 , u | y : , : us | , 4 : 
of q+-q )o( Sg ‘Jo() q+ a’| ) saa‘ 
; «3 io #3 i: £ 


Form of J2 x 107 cm) 
6.398 
5.871 
5.334 


(1) Asin Eq. (44) 
(2) Fifty-fifty mixture 
) Asin Eq. (44’) 


(1) 6.398 
(2) 5.871 
(3) 5.334 


6.398 
5.871 
5.334 


(1) 
(2) 
(3) 
(1) 398 
(2) 5.87 1 
(3) 334 
6.396 
5.903 


(1) 
(2) 


the no polarization approximation may be considerably 
larger than in the case of the scattering lengths. 


B. S Phase Shifts 0-10 Mev 


A very approximate calculation of the S-phases in 
the 0-10 Mev energy range was considered necessary 
from a theoretical standpoint because of the uncertainty 
in the experimental determination of the *S phase 
shifts. Most situations investigated so far in potential 
scattering have a bound state lying close to zero energy 
and the “k coté” plot extrapolates reasonably well into 
the negative energy region using the scattering length 
and zero energy effective range to give the binding 
energy approximately (as it does for the 4S state in the 
two body problem). A square well which gives the 
binding energy of the extra neutron in the triton and 
the short n-d *S scattering length has a negative 
effective range. To eliminate this possibility, it was 
thought that a very elaborate calculation was not 
necessary since there is little likelihood that an equiva- 
lent potential could be found for the three body problem. 
We consider the finite energy extension of the no polari- 
zation approximation Eq. (45) 


4 3 
ae) ff 
3 4x |q—q”’ 
- 
)} (| q'+ Fal |) ada” 


exp(ik|q—a’"|) 


)f(q')dq'dq” 


(51) 
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Employing the “zero range”? approximation allows us to write 


sin (kg) 4,3 \4 2 | 4 2 
IQ= +( ) fo( at q )o( q+ 4 
kg 3 13 3 3 3 


) faa 


1 4dr exp(ik| q+ 2q', ) 
be | ero Juicer Ay f (2q’) i(q’ dq’ 
2 3 4r q+ 2q' 
4 exp(ik| q+ 3q/ ) 
+ or Uae) «f oy’) | 
3 tr! q+4q'| 


dir exp(ik q—q' |) oa dor exp(ik q—q’|) 
—}(2ro)*{ — )uof ¢*(2q') f(q')dq’- b(2ro( Jeof ¢’(2y') f(q’)dq’. (52) 
3 dri q—q’ 3 tr!q—q'| 


Thus in “zero range” approximation the net effect is 
simply to change the “Green’s function factor” from 
1 exp(ik q—q’ ) 
—> ” (53) 
4r|q—q'| 4 qq’ 
for J,(q, q’) and J3(q, q’) type terms, and 
1 exp (ik | q+ 2q'| ) 


4a! q+ 2q'| 


=> 


4 q+ 2q' 
for the first form of J2(q, q’), and by 
1 exp (ik q+ 4q’) ) 
irjatta’| — 4\a+da' 


for the third form of J2(q, 9’). O(g, q’) remains un- 
changed. (It should be noted that only the spherically 
symmetric term in the expansion of the source function 
is necessary ; however, to simplify the writing we have 
not indicated this. It is also interesting to note that 
these “zero range” forms of the ‘“Green’s function 
factor” for J2(g,q’) are physically intelligible and 
represent a pick up process even when Born’s approxi- 
mation is not valid. The reason that }q’ and 2q’ occur 
instead of q’ when integrating the wave function in the 
neighborhood of the source function is that the neutron 
that we were originally following was picked up by the 
proton in the deuteron and afterward the wave function 
describes the motion of the “freed” neutron which will 
not originate at the point of collision. In the same 
manner we see it is justified to say that J;(q, q’) 
represents a direct knock out’ process.) We thus 
divided our zero energy kernels A (q, g’) of the previous 
section by the zero energy “Green’s function factor.” 
We believe this procedure eliminates most of the error 
arising from the fact that the range of the forces is not 
very small compared to the deuteron radius. The 
method should be satisfactory as long as kry<1. As 
9.7 Mev, kro=0.6. 

With these kernels we proceed as before, replacing 
the integral equations by sets of 20X 20 linear systems. 
The wave functions are shown in Fig. 9, and the 


(55) 


“k coté” plots are compared with those deduced from 
experiment in Fig. 6. The theoretical “effective ranges” 
determined in this way are in good agreement with those 
calculated in the preceding section. The results con- 
clusively rule out the possibility mentioned at the 
beginning of this section. They also rule out the solution 
for the S phase shifts at 5.2 Mev which has *5)= 57° 
(see Sec. V-A, Fig. 5). 


VII. n-d SCATTERING 
A. n-d Angular Distributions 


A phase shift analysis of the 14-Mev n-d data”’ is 
made. The results are summarized in Table V. Phase 
shifts for />2 agrees with those calculated in Born 
approximation. The phase shift analysis makes it 
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Fic. 8. Graphs of the zero energy radial wave functions u(q) 
calculated with the “no polarization” approximation. Curves are 
labeled by J2(1), J2(3), and J2(2) depending upon whether the 
form of J2(q,q') has the form it has in Eq. (44), the Motz 
Schwinger form, or a fifty-fifty mixture of the two, respectively. 
(Note: the *S on the right in the figure should read 4S.) 


27 Allred, Armstrong, and Rosen (preceding paper), Phys. Rev. 
91, 90 (1953) 
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Fic. 9. Graphs of the radial S wave function u(g) calculated with the “no polarization” approximation at 
several energies. The fifty-fifty mixture form of J2(q, q’) is used in this calculation. The normalization is such 


that for large g, u(q) =[sin (kg) +tané cos(kq) ]/k. 


possible to pin down the 14-Mev points on the n-d 
“k coté” plots as shown in Fig. 6. The n-d “k coté” 
plots are completed by drawing them to intersect the 
zero energy axis at the points determined by the known 
n-d scattering lengths.! 

This makes it possible to find the S phase shifts for 
any intermediate energy. Phase shifts for ]>1 are 
taken from the Born approximation. Angular distri- 
butions computed at 14, 5.5, and 3.27 Mev are shown 
in Fig. 10 and compared with the experimental data.”*.” 
The agreement is good except for the low angle measure- 
ments at E=3.27 Mev. This suggests that this data is 


TABLE V. Phase shift analysis of 14-Mev n-d data. 


Phase shift analysis Born approximation 
37.53 
66.23 
$3.23 

O0.041.7 

3.217 

3.37 
26 points, 9.3 percent 
23 points, 6.2 percent 


29.91 


28 Hamouda, Halter, and Scherrer, Phys. Rev. 79, 539 (1950); 
1. Hamouda and G. de Montmollin, Phys. Rev. 83, 1277 (1951) 
2 F£. Wantuch, Phys. Rev. 86, 679 (1952) 


not reliable because of a hydrogen contamination in the 
target. 


B. Sensitivity of n-d Scattering to n-n Forces 
1. Angular Distribution 


In Fig. 11, the effects of various potentials on angular 
distributions are shown. Effects of these potentials on 
partial waves with />1 could be estimated using Eqs. 
(9) and (10) because it has been found that the Born 
approximation is satisfactory for them. (When an 
increase in the ‘P phase shift was necessary to achieve 
a fit with experiment, it is assumed that all of the 
increase occurs in J»(@) in making these estimates; this 
is justified in Sec. VIII-A.1.) While there is less basis 
for estimating the effect of the n-n potentials on the 
S phase shifts it is shown in Fig. 11 that large changes 
in the 2S phase shift do not affect the angular distribu- 
tions. At 15 Mev, appreciable changes do occur near 
the minimum, but it is just at this point that the experi- 
ments are most inaccurate. The 4S phase shift does not 
depend on 'V,,,* and is weakly dependent on *Vq,7 
because *V,,,~ occurs with different signs in the coef- 
ficients of J,(@) and J;(@) (see the following Sec. 
VII-B.2). 
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Fic. 10. Calculated and experimental n-d angular distribution at several energies. 


Scattering Lengths 


Table IV shows that the scattering lengths do not 
depend on the n-n potentials. The exception is the 
sensitive dependence on 'V,,* of the *S scattering 


length. From the data of Table IV. a graph of the *S 


scattering length as a function of 'V,,*+ is prepared and 
shown in Fig. 12. 

Why is the n-d scattering insensitive to the n-n 
forces? The answer is contained in Eqs. (9) and (10). 
For states with />1, J,(0) is large compared to J,(0) 
and J;(@), but the coefficient of J.(@) depends only on 


co 
o) 


*V.pt. For S states, J:(q, q’) and Js(q, g’) are about 
equal, so that terms with odd parity potentials cancel, 
since these occur with opposite signs in the coefficients 
of Ji(q, 4’) and J;(q, 4’). The 4S phase shifts do not 
depend on the even parity a-n potential, and the °S 
state contributes so little to the scattering that it 
hardly matters what the “S-phase shifts are. 

Were our theory stronger, we could deduce a value 
from Fig. 12. At first glance, Fig. 12 might 
'V..,+ is small and the second of the scat- 
but it 
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tering lengths (4) is permissible, 
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Fic. 11. Effect of the n-n potential on the n-d distributions. Vix 
Also the effect of varying the 2S phase shift is shown. 
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Fic. 12. The 2S scattering length versus the ratio 'Vin'/'Vap* for 
the first and second (mixed) form of J2(q, q’). 


membered that the first of the scattering lengths (4) 
does not follow from any combination of potentials 
allowed by the low energy two body data. Figure 12 
strongly suggests that 'V,,*='V, ,*. It could not be 
much larger than 'V,,*, otherwise there would exist 
a bound singlet state of the “di-neutron.” 

It is clearly indicated that a comparison of the binding 
energies of H® and He’ should make it possible to set an 
accurate limit on 'Vant/'Vap*. 

VIII. THEORETICAL CONSIDERATIONS 
A. Validity of Approximations 

To discuss the various approximations made let us 
consider the quartet states using ordinary forces (no 
charge, spin, or parity dependence of the potentials). 
We assume the wave function for the -d system may 
be expanded in the complete set of deuteron function 
labeled ¢,(r) for the continuum states, so that 


¥v(r, q)=%(r)/(q)+ fetonoar 
o(r) f(q)+x(r,q). (56) 
Substituting the antisymmetrical combination 


v(q+ rr, {r—3q) 
¥(r, q)—y(t, q), 


TS 2 
filg) = 71(kg)+ | »'( ) fol q- 
3 3 


3 


4 4i2. 4 
{ ( ) f Gute kq’ o( q + q’ 
3 13 3 


Val(r,q)=yY(r, q) 


(57) 
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into the variational principle (42) we find the following 
coupled integral equations for f(q) and xa(r, q) 


f(a) =exp (ikea) + [ 6(r)[6(0) f(a) +xa(t, a) 


exp(ik|q—q’ |) 
geet 
4x |q—q' 


Xo(r’)LU(\q'+ 30’ |)+U( 
+[o(r’) f(q’)—o(0’) f(Q)+xa(1', q’) Jdr'da’, 


‘—$r'|)] 


(58) 
xa(ta= f Ker’ LUC q’+30'|)+U(|q’—3r'|)] 


X[o(r’) f(q’)— (0) f(Q)+x4(8', q’) ldr’dg’, 
where 


K(rr’; gq’) 


exp (i(k?— a? —x*)!|q—q’) 
- f dvd, (1) ¢, (r’) 
4|q—q'| 


atch? —q? 


exp(— (°— + a*)4|q—q’!) 
+ f dvd, (r) ; : ¢.(r’), 
4 |q—q’ 
n >k? — aa? (59) 


and 
(60) 


xa(¥, Q)=x(¥, q)—x(t, q). 
xa(f,q) gives the effect of including excited states of 
the deuteron in the expansion and therefore contains 
the effects of polarization (not caused by the exclusion 
principle) and inelastic scattering. 

Let us consider then the effect of neglecting x4 (r, q), 
(the so-called no polarization approximation). We may 
then make a partial wave analysis of f(q) in the usual 
way 

f(q) => (7)! (2/+-1) exp (7,) f(g) Pi(k, q), (61) 


where 
filq)—sin (kg — dlr+-6))/ka, (62) 


so that the resulting integral equation for f:(q) becomes 


)P (cosa) fa 


4 2 1 
xo( q+ -q”’ ) (cosa a ful)” [6 utea: ba'y9°(G")U (a+ $q’’) fi(q')dq'dq” 
\3 3° 4 2 


X | 


4\3 2 
1)! ( ) feveastar0f q+ a’ Je 
2\3 ; so 


a: a 2 4 
q- a’| Jol q'+ a’|) 
3 3 3 3 


xX Pi(cosq’, q’’) fi(g’)dq’dq’’, (63) 





ELASTIC SCATTERING 
where 

Gi(kg ; kg’) = kji(kq. )] (kgs), (64) 
where j,(kg) and j_:(kq) are the regular and irregular 
spherical Bessel functions of order /, respectively, and 
q< means the lesser of g and q’. In the above a fifty-fifty 
mixture of the possible forms of J»(q, q’) is used. We 
have adopted the half exchange force and changed the 
normalization of fi(q) from that of Eq. (62). In the 
case of the S state these equations have been solved 
numerically. For the higher partial waves only the first 
Born approximation has been computed; that is, 
wherever /:(qg) occurs inside the integrals it has been 
replaced by 7:(kq). 


1. Validity of First Born Approximation for 1>1 


We shall compute the first-order distortion of the 
wave function and the corresponding second Born 
approximation to the phase shift. Fortunately, the 
distortion arising from J,(q, q’) and J3(q, 9’) is small 
and may be neglected compared to that arising from 
J2(q, q’) and O(q, q’). This is most easily seen from the 
“zero range” approximation in which the integrands in 
J:(q, 9’) (exclusive of the Green’s functions) are of the 
nature of weak long-range potentials (exactly for J,(q, 
q’)) for which it is known that the Born approximation 
is quite good. The first-order distortion of the incident 
plane wave caused by terms which give rise to 6! and the 
“orthogonality” integral have been calculated numeri- 
cally. In the case of the orthogonality term this has been 
done using the Gauss potential (17) and the deuteron 
wave function (19). The “zero range” approximation has 
been used in the calculation of the distortion caused by 
the J2(q, q’) type term. This is not believed to lead to 
any appreciable error since the results of the first Born 
approximation for the zero range, Yukawa, and Gauss 
potentials were nearly the same (see Fig. 1). The first- 
order distorted 4P wave function at 5 Mev is shown in 
Fig. 13. The corrected *P phase shift is 0.38 radian as 
compared to the first Born approximation value of 0.41 
radian. The correction to the ?P phase shift is +0.016 
radian. This shows that the use of Born’s approximation 
in the no polarization approximation leads to very little 
additional error. The distortion of the incident wave 
is even smaller for D and higher partial waves. Further 
justification comes from the calculation of Buckingham 
and Massey'® who numerically integrated the no 
polarization equation (cast in a somewhat different 
form) and found results for the phase shifts agreeing 
closely with those of the Born approximation. 


2. Neglect of Tensor Forces 


Let us consider next the effect of tensor forces which 
are known to be necessary in the two body problem. 
When tensor forces are included, integrals of the type 
J, (8), J2(0), and J;(6) still occur.'® Those of the type 
J, (0) and J;(9) are small compared to those of the type 
J,(0), so that the most important effects of tensor 
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forces arise from integrals of the type /J2(@). For- 

tunately, however, it is possible to eliminate the two 

body potentials in the Born approximation for J2(@). 

The result has been given previously in Eq. (17). In 

the presence of tensor forces the deuteron function. is 
1 


o(r)+—P2(e, r)w(r), 
v2 


(65) 


so that 


4 
J (0) =—(P?4 )| foo irnra 
3 
1 


+—P2(a, P) fecrja(rnriar} 
v2 


a | f e0riinOrdredr 


1 
-+ Palo, Q) f(r i(onrart, (66) 
VZ 


where 
Patk+k’, Q=k+ Jk’ 

From the above expression it is clear why /2(@) is not 
dependent upon the tensor character of the two body 
potential. First the S state part of the deuteron wave 
function is very little changed even in the presence of a 
strong tensor force. Secondly, the additional term in 
Eq. (66) which depends upon the D state part of the 
deuteron ground-state wave function are small because 
the D state part of the deuteron wave function is at 
most 20 percent of the amplitude of the S state part 
even for extremely strong tensor interactions. Its effect 
is further diminished because the Fourier-Bessel coef- 
ficients of order two rather than zero occur together 
with w(r) in Eq. (66). 

This argument is weakened for the § state calcula- 
tions because J;(q, q’) and J3(q, q’) are not small and 
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Fic. 13. The first-order distortion of the P-wave radial wave 
function u(qg) at 5 Mev. 
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the potential cannot be eliminated. However, J2(q, q’) 
is still the most important kernel in determining the 
wave function for the quartet state. Since the potentia! 
may again be eliminated from this kernel, the effect of 
the tensor force in causing transitions to the 2S state 
and altering the scattering length must be small. The 
effect on the 2S state is probably more pronounced, but 
large errors in the *S phase shifts can be tolerated in 
calculating the angular distributions. However, neglect 
of tensor forces adds to the doubt about the accuracy 
of the 2S scattering length calculation and makes it 
impossible to draw quantitative conclusions from Fig. 
12. 


3. fect of Polarization 


The effect of polarization has been estimated for zero 
energy using Eq. (58). The first approximation to 
xa(r, q) is calculated from the second equation using 
the no polarization result. Then this is substituted into 
the first equation to find a correction to the scattering 
length. Again use is made of the “zero range” approxi- 
mation in that all terms in which the combination 
d(iqt3r))U( qt3r}) or dx(qt+hr)U(\qt+4r!) does 
not occur in the integrands are neglected. All other terms 
are expected to be smaller by the first or second power 
of the ratio of the range of forces to the deuteron radius. 
The correction due to terms of the type retained is 


Af(q) 1 


1 
[ b(n) V (lq + dr! bu (q+ $n) 
q—q" 


q 167° « 


exp (k?+ a’) sq” ir q’ ) 

x fi 
[4q”—3r+q’| 

XK du (r)V (\q'+4r'| )b((q’+4r'|) 

#r’|) 


f(\4q’ | 
cs dq‘dq‘drdr'dk. 


(67) 


For large q, 
(68) 


Using the “zero range”? approximation, the correction 
to the scattering length is 


1 4dr 
Aa= fevria'ivor veo] (rn) 
167r° 3 


f(2q’) 


exp(— (k?+ a*)!| 2q’’+q'|) é 
X ¢(29’") Pea x (2q’) 
2q +q | 2q 


(69) 


Let 


2q"+q'=Q, q'=q’. (70) 
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The Jacobian of this transformation is }. Then 


i 4 dor 
—- fae oreoo|- (2r) fea 
167? 8 3 


exp(— (k?+ a’)4/Q}) 


x f106(\0-a' ) oe 
Q| 

f(2q') 

X ox (2q’)— 

| 2q 


(71) 


Now, with (16) for the deuteron wave function and 
B= (a®+k?’)!, the integral over Q is 


a\} exp(—a| Q—q’|) exp(—8Q) 
(=) fo 
2r |\Q—q’'| Q 
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so that 


1 1 ¢e dor x 
f dk¢, (0) Vo #0 Or) 
167’? 8 Jp 3 
Ilr fa} f(2q’) 
' ( ) fea’ex02a 
2a\2r 2q’ 
f 4b a dor 2 
+ f dk¢, (0) veo cn] 
167? 8 J, 3 


4dr far} f(2q’) 
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exp (215)! exp (tkr) 
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so that 


sindy 
' exp ( 15)- 


lim redy (79) = 


ro 0 (2r) 


1 
lim rox (ro) =———- lim ro@(ro), 


47 Q* r9-0 


k<a, 


ro-0 


since in zero range approximation 
sindy= — k(a?+ k?)-4. 


For k<a, we take 


1 a exp( = 2aq’) 
dy (2q’) = ’ 
2a} 2r Jag’ 


that is, we assume that the shape of the wave function 
for a low excited state of the deuteron is the same as 
the shape of the ground-state wave function out to the 
deuteron radius for k<a. 

The second integral with k>a cuts off for several 
reasons. It can be seen from Eq. (75) that (0) 
decreases as 1/k. The zero range approximation is not 
very reasonable for large k because the continuum 
wave function oscillates inside the potential once 
kro>1 which of course cuts off the integral. In the 
following we drop out the second integral. 

Let 

dir 4M 
(2ry)* U (0). 
3 3h 


B= (79) 


Substituting Eq. (78) and Eq. (76) into Eq. (73), the 
integral over k gives just (42/3)a’*. Then if aqg’=x, 


B " 2x 
Aa= f any( ) exp(— 3x). 
3842? Jy a 


In “zero range” approximation, the part of the scat- 
———_——_— oa Ns 
tering length arising from terms of the type J2(q, q’) is 


a\iB 2x 
a ( ) - f axi( ) exp(—2x). (81) 
lr 4 0 a 


(81) 


(SO) 


The integral which occurs in is less than the 
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integral in (82) because of the exponential factors. 
However, taking as an estimate of the effect of polari- 


zation just the ratio of coefficients 


Aa 4B 2r L 
( ) =o. 
a  384r’N\a 


Thus it seems that polarization could change the 4S 
scattering length calculations by about 20 percent. The 
third form of J2(q, g’) gives a 4S scattering length which 
is about 15 percent too low. One does not believe the 
estimate for the 2S state because the scattering length 
is so short (were the scattering length calculated in 
“zero range’ approximation zero, the percentage cor- 
rection would be infinite). Probably the absolute cor- 
rection is about the same for both states, about 1X 10~" 
cm, so that our “S calculations are untrustworthy. 


(82) 


4. Inelastic Scattering 


Our calculated total elastic cross section at 14.1 Mev 
is 0.62 barn as compared to an experimental total 
cross section of 0.79 barn. This makes the inelastic 
cross section about 0.17 barn. This is larger than the 
value 0.05 barn quoted by Coon and Taschek." 


5. Use of the Exact Scattering Formula 


We wish to emphasize that it is necessary to use the 
rigorous scattering formula in the calculation of the 
angular distributions even though the higher phase 
shifts are calculated in Born approximation. The 
imaginary part of the scattering amplitude [ Eq. (12) ] 
is not small compared to the real part because the § 
phase shifts are large. Thus, for example, even if the D 
phase shifts are small, S-D interference may lead to 
considerable angular variation in the cross section 
arising from the imaginary part of the scattering am- 
plitude. 

Use of the rigorous Eq. (12) guarantees that the 
scattering matrix is unitary so that at least one does 
not get theoretical nonsense. 

It is worth noticing that a variational expression for 
the higher phase shifts can be derived similar to that 
derived for the S phase shifts, where now the form of 
fi(q) is not varied but the trial function is the appro- 
priate plane wave component times a deuteron wave 
function. Then instead of Eq. (36) we find 


tand, = ab !+ Bb,' + 753", 


where 6,‘ is given as before by Eq. (21). Because the 
6;"s are small, Eq. (36) and the equation above give 
numerically equivalent results. The point is that if we 
use the rigorous scattering formula, we have a varia- 
tional calculation of the angular distribution. 
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Fic. 14. Comparison of the zero energy radial wave functions 
determined by Verde (reference 25) and the present authors 
(Note the difference in the zero of the ordinate for the quartet 
and doublet states.) 


B. Comparison with and Criticism of Previous Work 


It has been thought that since states of higher angular 
momentum appear at lower energies in p-d and n-d 
scattering than in n-p or p-p scattering the exchange 
nature of nuclear forces would be determined at lower 
p-d and n-d energies. This argument received some 
support from the calculations of Buckingham and 
Massey. At that time, (1941), nuclear ranges were 
generally taken somewhat longer than recent deter- 
minations have shown are necessary. Furthermore, 
nothing was known about the exchange nature of the 
forces and they assumed large forces in the odd parity 
states. It is known from n-p and p-p scattering that 
actually the odd parity forces are quite weak. Thus 
their two assumptions combined to give great theoretical 
promise for the determination of exchange forces in the 
5- to 10-Mev region. The calculations presented here 
with more realistic internucleonic forces suggest that 
the scattering is determined primarily by the even 
parity n-p potentials. Possibly the only advantage to 
be gained in n-d or p-d scattering stems from the 
increase by a factor 1.33 of the energy in the center of 
mass system. This advantage is more than offset by the 
greater theoretical complexity of the problem. 

Critchfield® has made a phase shift analysis of the 
data of reference 2. He assumes that the 4S and 2S 
phase shifts are equal and finds some justification for 
this in the work of Buckingham and Massey. However, 
it is known that the 4S and 2S n-d scattering lengths are 
unequal, so that it is unlikely that the 4S and 2S phase 
shifts are equal. With a different approach to the phase 
shift analysis, we were able to avoid this assumption. 


(CL. Critchfield, Phys. Rev. 73, 1 (1948). 


AND 
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The data at these energies admit of many solutions for 
the phase shifts and it is necessary to start with some 
idea of what they should be in fitting the data. We have 
used the scattering lengths as a guide in finding the S 
state phase shifts and the Born approximation as a 
guide in finding the phase shifts for partial waves with 
I>1. 

Other workers*! studying the 5-Mev data on n-d 
scattering have used Critchfield’s method and tried to 
draw conclusions from the work of Buckingham and 
Massey about the exchange character of nuclear forces. 
Latter and Latter” avoided the assumption that the 
‘S and 2S phase shifts are equal. Although the neglect 
of partial waves with /> 3 is not justified at 5 Mev (see 
figures) perhaps the most severe criticism of both these 
works is that data at only one energy is examined, and 
it is impossible to correlate the results with the known 
n-d scattering lengths. 

Previous calculations of the scattering lengths exist. 
Gordon’ replaced the n-d interaction by an effective 
central potential. This could be done if O(q, q’), 
J.(q,q'), and J;(q, q’) had the form of J,(q, q’); that 
is, if for a given gq’, they were linear in g to g=q’ and 
constant thereafter. However, they do not have this 
form. 

Prohammer and Welton® assumes that the ‘k coté”’ 
plot for the doublet state in n-d scattering should extra- 
polate to the binding energy of the triton, just as the 
n-p “k coté” for the triplet state extrapolates to the 
binding energy of the deuteron in n-p scattering. 
However, since we know that the potential Eq. (17) 
gives the scattering lengths Eq. (3) and the binding 
energy of the triton at least approximately, we can 
conclude only that this is not the case for the *S state 
in the three body problem. 

The wave functions found by Troesch and Verde® 
are compared with ours in Fig. 14. Our calculation is 
equivalent to theirs except we have a continuum of 
variational parameters where they had only a few. 


IX. CONCLUSIONS 


The excellent fits obtained of both n-d and p-d 
angular distributions attest to the reasonableness of 
our calculations. The close agreement between phase 
shifts calculated using Born’s approximation in states 
with />1 and a “no polarization” approximation in the 
S states with those found from the phase shift analysis 
provide strong a pos/erior justification for the ap- 
proximations. The neglect of deuteron polarization has 
been shown on theoretical ground to give little error in 
the case of the 4S state, and because of its unimportance 
in scattering, to give no serious discrepancy for the 2S 
state. In higher angular momentum states polarization 
is of even less importance and it has been shown that 


 M. M. Gordon and W. D. Barfield, Phys. Rev. 86, 679 (1952). 
#2 A. L. Latter and R. Latter, Phys. Rev. 86, 727 (1952). 
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for the P states the distortion of the incident waves 
may be neglected, allowing one to use the Born ap- 
proximation. Since the major physical process that 
determines the phase shifts in the higher angular mo- 
mentum states at low energies has been shown to be 
the pick up by one of the particles in the deuteron of the 
incident particle to form a “‘new”’ deuteron, the two body 
force of primary importance is the triplet even parity 
n-p force. It has been further shown that only very 
slight differences occur in the phase shifts depending 
upon the range, shape, or tensor nature of this force, 
it being sufficient to bind the deuteron. Thus tensor 
forces may be replaced by central forces in the higher 
states. In the S states, the neglect of tensor forces is 
not so justified ; however, even here the pickup process 
accounts for a major portion of the scattering. 

The calculated phase shifts are hardly dependent 
upon the nature of the odd parity two body interaction 
for any reasonable choice of the parameters. 

The 2S phase shifts are sensitive to the even parity 
singlet interactions. However, since this is the state in 
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PROTONS AND NEUTRONS 

which the calculations are most susceptible to error due 
to the ‘‘no polarization” approximation in the calcu- 
lations and the difficulty in determining the phase shifts 
from experimental data, the limits on the singlet n-n 
potential in terms of the singlet n-p potential can not 
be accurately determined. It is extremely improbable 
though that the singlet m-n potential depth is less than 
0.7 that of the singlet -p potential depth if they both 
have the same radial dependence. It is quite likely that 
very accurate limits on the n-# singlet depth could be 
determined by a comparison of the binding energies of 
H? and He’. 

It isa pleasure to acknowledge the continued encour- 
agement of John Allred, Alice Armstrong, and Louis 
Rosen of group P-10 of this laboratory. Many members 
of group T-1 assisted with the hand calculations, espe- 
cially Max Goldstein and William Anderson. Richard 
von Holdt developed the method for solving systems of 
linear equations used in the S state calculations, and 
Lois Cook coded this method and prepared the S state 
calculations for the MANIAC. 
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Matrix elements of various allowed B-transitions are calculated in the jj coupling scheme. It is found that 
for Gamow-Teller matrix elements there is no distinction between favored and unfavored transitions, which 


appears to be in contrast with the experimental facts. 


Hk. success of the shell model in explaining the 

experimental facts about the low-lying levels of 
nuclei is often attributed to the 77 coupling scheme. 
Yet one could think of a model in which the order of the 
single nucleon levels is that of, say, the harmonic oscil- 
lator potential well but in which the order of the dif- 
ferent states is determined by short-range attractive 
forces in the LS coupling scheme; this model would 
successfully explain the spins and parities of the low- 
lying nuclear levels. Whereas in the jj coupling model 
the strong spin-orbit interaction accounts for the magic 
numbers, in an LS coupling model some assumption is 
required which will lead to a break in the energy of the 
/ shell after the fillmg of the first 2/+2 (identical) 
nucleons. Also, spin-orbit interaction does not lead to 
jj coupling unless it is large as compared to the mutual 
interaction. In the light of these facts it seems interest- 
ing to test the jj coupling wave functions by using 
them to calculate matrix elements of allowed 8-transi- 
tions in light nuclei. Although it might be argued that 
in these cases 77 coupling is not fully manifested, it is 
not unreasonable to assume that it can already serve as 
a good approximation. The results show that 77 coupling 
is not an adequate scheme in the mass range in which 
image transitions occur. 

In the supermultiplet theory, which yields an LS 
coupling scheme, 6-transitions are allowed only between 
states which belong to the same supermultiplet.’ If 
small deviations from Wigner’s first approximation® 
take place, supermultiplets will mix and _ transitions 
which were forbidden will occur; yet their matrix ele- 
ments will be smaller than those of the transitions which 
were allowed. This can explain the occurrence of distinct 
favored and unfavored transitions among those which 
are allowed according to the spin, parity, and isotopic 
spin selection-rules. (These allowed transitions are 
separated into distinct favored and unfavored groups, 
characterized by widely separated values of the ff 
values.) In jj coupling there are no supermultiplets 
but only charge multiplets, and one cannot see any 
selection-rule that will make a distinction between the 
Gamow-Teller matrix elements of favored and un- 
favored transitions. The Fermi matrix elements between 
two states will vanish also in jj coupling, unless the two 
states have the same value of the isotopic spin 7 and 


'E. P. Wigner, Phys. Rev. 56, 519 (1939). 
21°. P. Wigner, Phys. Rev. 51, 106 (1937) 


belong to the same charge-multiplet, and will, therefore, 
contribute to transitions between ground states only in 
the case of mirror nuclei. It can be said that in jj 
coupling there is a strong mixing of supermultiplets and 
this destroys the distinction between favored and un- 
favored transitions, yet it could be hoped that the com- 
plexity (in this sense) of the jj coupling wave functions 
would yield big matrix elements for the actually ob- 
served favored transitions and small matrix elements for 
the unfavored.’ The cases in which matrix elements were 
calculated before* did not justify such a hope, and the 
calculations presented here show more clearly that 
matrix elements of transitions which are found experi- 
mentally to be favored are not essentially bigger (and 
even smaller in some cases) than those of transitions 
with much higher ff values. Also, Feenberg® has carried 
out similar calculations and arrived at the same results. 
This shows that the 77 coupling scheme does not give a 
good approximation to the wave functions at least in 
the region where the distinction between favored and 
unfavored transitions is observed. The highest A for 
which this is found in A=43, which is already in the 
region of what is described as the f; 2 shell. For higher 
A, 
conclusions can be drawn. 

In the following, we shall use the isotopic spin 
formalism and the method of tensor operators® in the 
calculation of the 8-decay matrix elements. The operator 
which causes the transitions is a double tensor and has 
the form 


image transitions are not observed and no definite 


M,(P=> > 7,:Be™, (1) 
where 7,=V2(f,1+¢-) and B,‘” is a tensor operator of 


3 One has in mind the case of the spin of the ground state which 
is the same in the case of short-range forces in LS coupling and in 
jj coupling and the example of the magnetic moment of the 
ground state in the case of m (odd) identical nucleons. This has 
the Schmidt value either in the ground state j", J=j or in the 
ground state of /", *%/;. In this case the magnetic moment is an 
odd tensor operator (being simply a vector) and its value depends 
on the seniority of the state but is independent of m, and as the 
case of y= 1 in both coupling schemes is the case of a single nucleon, 
the values of the magnetic moments are equal for »=1 in LS 
coupling and in jj coupling. The Gamow-Teller operator is, 
however, an even double tensor (as a part of the magnetic moment 
is in the general case) and therefore not independent of m, so that 
the property described here should not necessarily hold. 

‘E. P. Wigner, “The 77 Coupling Shell Model for Nuclei,” 
Wisconsin Lecture Notes, 1952 (unpublished). 

§E. Feenberg, Nuclear Shell Structure (Princeton University 
Press, Princeton, to be published). 

6G. Racah, Phys. Rev. 62, 438 (1942). The notation defined 
there will be used in this paper 
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degree k (k=, Bo” =1 for Fermi interaction, whereas 
k=1, B,‘” =o, for Gamow-Teller interaction). In order 
to illustrate the method of calculation we derive here 
the matrix elements for the case of a single nucleon 
8-decay in this formalism. 

The matrix element of (1) between the state charac- 
terized by /, 7, m, t=4,1.= 4 and the state /, j’, m’, =}, 
t,’= —3 is given by 
34 | r,B,* 1 j’'m'} is 
= (— 1)itmtd+9(173|| V2¢B||17’4) 

XV (j/k; —mm’g)V (331; - 


= — (—1)*+v2 (3110) 3)V (431; 


1 
) 


) 
)mm’ 2 


= (lim 


1 
2 
1 
2 


(2) 


as in this case only ¢,; contributes to the transition. 
Introducing the values 


(4/|¢\|4) = (3)! -4—31)=(3) } 


2 V331; 


we obtain 


(My) mms = — (— 1) (17! BO 117") 


XV (ji'k; —mm’q). (3) 


In order to compute the transition probability, we have 
to sum | (31%) mm|? over g and m’ for a fixed value 
of m (it should then be independent of m). Instead it is 
more convenient tosum | (IT) mm: |? over g, m, and m’ 
and divide by 2j+1. Using the properties of the V’s 
we obtain 


1 
XX [ (My) mm: |? 
Qj a mm’ 


1 
= (17 BY 
2j+1 


mm'q)? 


: (17 BY 
2j+1 


17’ 
a 2k+1 


1 
(Ij! Be (4) 


2j+1 


17’)*. 


This is the quantity usually written as | f'1|* or | fo’. 
The connection with the usual formulation is given by 
(17)/1)\7’)? = (2j+1)6;;-, 

(1, 1+4 0 1,14+4)?=(2j4+1)G+1)/7 
= 2(1+-1)(2/+-3)/(2/+1), 
= (2j7+1)j/(j+1) 
= 21(2I 


81(1+1)/(2/+-1). 


(l,l—$ilo\1, 1 
1)/(2l+1), 
(1, l44)'o! 1, 1FF4)?= 

In the treatment of wave functions of many nucleons 
we shall assume that the total isotopic spin T is a good 
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quantum number. This assumption is certainly justified 
in the region 4 <50 as in this region the protons and 
neutrons occupy the same shells and highly favored 
image transitions occur (charge symmetry is not enough 
to account for the big matrix elements between mirror 
nuclei). The easiest way to calculate the matrix ele- 
ments is to express the totally antisymmetrized wave 
function of » nucleons by means of the coeflicients of 
fractional parentage (c.f.p.). These are defined by’ 


¥(j"aTT JM) = 


DS vir '(e’T'J') jTT,JM) 

J ys 

<i" aT'S') {TI |} j"alT J). (0) 
2 the c.f.p. are given by means of trivial 
3, which will be 


In the case 
considerations, but in the case n= 
treated in the following, the evaluation of the c.f.p. 
requires some work. Most of the c.f.p. that will be used 
below are given by Edmonds and Flowers.§ The matrix 
elements can be calculated in terms of the c.f.p. by 
using the analogs of the formulas (in Sec. 5 of reference 
7). The J, L, and S appearing in those formulas should 
be properly replaced by j, J, and 7. 

We shall compare the matrix element of the transition 
I from the state 7°, J, T= 3 to the state /*, J’, T=}, to 
those of the image transition II from 7°, J, T=}, 
T,=} to 7, J, T’=}, T,’ +. The matrix elements 
for the case of transitions within the 7 shell are given by 
(j"alT,JM |S jra’T’T,'J'M’) 


? “ 
Qui TH Bas 


(Ty) see 


n > (jtaTJ{) 7 


a}T)J) 


May \J,)jTS) 


X(T inTT IM | tynBon® | Th jn’ I'M’) 


xX (j" (aT J) jT'S' |} jna’T'S'), (7) 


where @ stands for the additional quantum numbers 
necessary to define the state. Using (44) of reference 6, 


we obtain 


(OM, we "2. (jtalT I) i" (aT J) JTS) 


Ti Ji 


KC" Hal J) JTS) pj" T'S’) 


xXV(7TT'1; —7,T,', (T,—T,))V (J S'k; —MM’q) 


(KA) ete IF Tee Td (BIN) (07! B11 7) 


« [ (27+ 1) (27’ +1) (2I+1) (2) +1) }} 


xWATET’: TW GIjS': ik). (8) 


> 


This expression becomes, upon putting n=3, 7” 


7G. Racah, Phys. Rev. 63, 367 (1943) 
* A. R. Edmonds and B. H. Flowers, Pro« 
214, 515 (1952) 


Roy. Soe London) 
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1,’ =}, and inserting the value (4)!t! 4) = ($)4, 
(I?) eae 
= (—1)*-*-4'3(6)4(27+1)'V (741; —7,, 4, T7,—4) 
« [(2S +1) (20’+1) 17! B® 17) V 
K (JS'k; ~MM"q) & (aT {| 72 (T\J) jTJ) 


Ti J) 
 (j2(TJ 1) j4"|} fa’ h’) 
XWOTH: TW GIIS': Iik). (9) 


In order to compare the image transition to the other, 
let us put J=J’ 


SS 


j, then we obtain for the two cases 


(I, wae (— 1)*3(6)4(27+1) (lj) B® ||17) 


KV (jjk; ~MM’q)>d (jah j{| PAS) 737) 


j 


X (FL) iB Pe S AW FIT; ik) W BSH M1) 
(10) 
i. i 2» T,= 


(Io wane = ( 1)*6(27+1) (17), B||17) 


XV (jjk; —MM'q) & (Pad jt] PTW) 74; 


TiJ1 


K (PUT) 37} Pal SPW GI77; Aik)W ARS; Til). 


The @ characterizing the state should now be specitied. 
In some of the cases to be considered the total spin J 
and the total isotopic spin 7 are sufficient to charac- 
terize the state uniquely. In other cases, however, in 
which more than one state with the same J and T are 
found in the configuration considered (as can be the 
case for 7’, 7 25/2) we shall take for the ground state 
the one which is the lowest in the case of short-range 
attractive (spin independent) forces. This is the state 
with J=j7 (for T=} or T=}) which belongs to the 
irreducible representation of the symplectic group in 
27+-1 dimensions characterized by the partition (10). 
This state may be said to have the lowest seniority. 
Inserting in (10) the proper c.f.p. of the ground states 
thus specified and summing the square of (1,"*) sav 
over g, M, and M’ and dividing by 2j7+1, we obtain the 
appropriate transition probabilities. These can be 
naturally written down as the product of (4) of the 
single nucleon transition j—>j and a certain factor 
which is found to be, for the two cases considered, as 
follows: (27—1)/3(j+1) in case Land [(j+4)/3(j+1) 
in case II. These expressions have the following values 


(for k=1): 


2 a2 


8/21 4/9 
169/441 25/81 


, 
5 
1/15 

I 121/225 


We see that for j>} these two expressions are of the 
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same order of magnitude; for 7=5/2 they are almost 
equal, and for 7 27/2 the transition I should be more 
favored than the image transition II. The result shows 
clearly that 77 coupling cannot account for the observed 
favored transitions, it leads to the conclusion that image 
transitions should not be more favored than the others. 
The situation is not essentially changed if we also take 
into account the Fermi matrix elements, as it is usually 
assumed that these have an almost equal weight to 
that of the Gamow-Teller matrix elements; their addi- 
tion will multiply the |(91,)aa-|* of the image 
transitions by a factor ~2 which is far less than the ob- 
served ratios. 

The cases to which this formula apply are A® 
(log ft 23.53) as compared to S* (log ft=4.98) in the 
dz2 shell, and Ti* (log ft~3.40) as compared to Sc* 
(log ft24.77) in the fz/2 shell. 

Short-range attractive forces (and also attractive 
tensor forces) predict that the ground state of the con- 
figuration j", m odd, shall have the spin J = 7. Therefore, 
if in an actual case the ground states (of the nuclei 
involved in the transition) have other spins, we must 
conclude that other interactions take here place and 
that the wave functions which transform according to 
the irreducible representations of Sp(27+1) (and which 
diagonalize the energy in the case of short-range forces) 
are not adequate to the description of the states. Only 
if we assume that the spin of the ground state of Na” 
is 5/2 (unlike Na®) does it make sense to apply our 
previous results for 7=5/2 to a comparison of its 
8-decay (log ft=5.25) with the image transition of Al? 
(log ft~3.53). In the case of A= 23 the ground state 
of Na® has a spin 3 and therefore we do not know what 
are the adequate quantum numbers which characterize 
this state (there are three independent states of (d,)? 
with J=§, T=}). 

In the case of A= 19 one finds that the ground state 
of F'® has J=} and that of O” probably has J=}3. 
These spins of ground states in the (d;)* configuration 
cannot be explained by assuming short-range forces (or 
tensor forces) alone, and one might think that either 
other forces are present or that configuration inter- 
action (probably with s; orbits) is important in this 
case. However, if the configuration considered is to a 
large extent pure (ds)* we can still calculate the transi- 
tion probability of O' to the ground state of F'* without 
saying anything about the interaction, as in this con- 
figuration there is only one state with J=%, T= % and 
only one state with J=}, T=}. Using (9), we obtain 
for the transition probability of O' the factor, used 
above, equal to 4/7 (experimentally, log ft=5.57) as 
compared with the case of the image transition of Ne” 
[(d)*, J=4] for which the factor is equal to 121/105 
(for this transition log ft= 3.23). 

If there are only two j nucleons outside closed shells, 
the matrix element of the 8-transition between the 
odd-odd and the even-even nucieus can be easily written 
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down. We also give here the factor by which the 
transition probability of the single 7 nucleon should be 
multiplied in order to obtain the probability of the 
transition considered. The even-even nucleus has 7'= 1 
and 7,=1, say, whereas for the odd-odd nucleus 7 =0 
and T is either 1 or 0; the transition probability is the 
same for the two cases. The factor defined above is 


2(2j+1)(2IJ+ DW (GJ 7J'; 7k), (11) 


where J’ is of the initial state and J is of the final state. 
In case one of the J, J’ vanishes the other must be 
equal to 1 (if k=1) and the result is, for initial J’=1, 
final J =0: 2(2j+1)/3(2j+1) =3, and for initial J’=0, 
final J=1: 2(2j+1)3/3(2j+1)=2. Both of these 
factors are of order of magnitude of unity and all such 
transitions should be favored. A similar conclusion is 
also the result of the supermultiplet theory, and both 
these theories account for the cases in which the ft 
value is low (He®, C’, and F'8)* and both have difficulty 


¥ And also AP® for which neither J nor J’ are known; in this 
case the correcting factors for the reasonable possibilities are as 
follows 


) 


128/105 
162/245 
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in explaining the high ff values of such transitions as 
of P®., CM and K*.* 

The other cases of odd-odd to even-even transitions, 
where .V ~Z in the odd-odd nucleus, are not favored 
and should be forbidden according to the supermultipiet 
theory. It is interesting to calculate the matrix elements 
in jj coupling in the case that in the odd-odd nucleus 
there are a 7’ nucleon and a j hole. The ratio between 
the transition probability in this case to the probability 
of the single nucleon transition j’—j is given by 

n}(27’+1)(2J+)W (GJ j'J'; jk)’, (12) 
where » is the number of nucleons in the closed 7 shell 
—2(2j+1). J must vanish and J’ must be equal to 1 
(for k= 1) in which case the factor (12) becomes simply 
(2j’+1)/3. The only cases to which this result is 
applicable are B® and N® for which j= 3 and j’=} 
and the correction factor is 3. This is not enough to 
explain the high /t values of these transitions (log ft 

=4.17 and >4.3, respectively). 

The author would like to express his sincere thanks 
to Professor E. P. Wigner and Professor E. Feenberg 
for many helpful discussions. 

* Note added in proof.—A super-allowed transition between 


the ground states of Cl and S* is reported to have been found 


in the E.T.H., Zurich. 
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Thermal Neutron-Proton Capture 


S. P. Harris, C. O 


Mventuause,* D. Rose, H. P. Scuroeper, G. E. Tuomas, Jr., AND S. WEXLER 


Argonne National Laboratory, Lemont, Illinois 
(Received March 19, 1953) 


Measurement of the thermal neutron capture cross section of hydrogen has been effected by a comparison 
with boron using the technique of pile oscillation, The 2200-m/sec value obtained, 0.332 b, has a 2 percent 
uncertainty resulting primarily from the effect of neutron moderation by hydrogen. However, the result 
indicates an exchange moment contribution to the cross section of ~6+3 percent 


INTRODUCTION 


HE thermal n— p capture cross section is of theo- 

retical interest!~®> in studying the nucleon- 
nucleon interaction; n— p scattering data from thermal 
energies to ~5 Mev in conjunction with the deuteron 
binding energy allow one to fix the so-called “effective 
singlet and triplet ranges.’’® It is the near equality of 
n—p and p—p singlet ranges (2.4+0.310-" em and 
2.7+0.2X10-" cm, respectively) that suggests charge 


* Now at Brookhaven National Laboratory, Upton, New York 

1H. A. Bethe, Phys. Rev. 76, 38 (1949). 

2]. M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949). 

*H. A. Bethe and C. Longmire, Phys. Rev. 77, 647 (1950) 

‘J. D. Jackson and J. M. Blatt, Revs. Modern Phys. 22, 77 
(1950). 

5 FE. E. Salpeter, Phys. Rev. 82, 60 (1951). 

6 Hafner, Hornyak, Falk, Snow, and Coor, Phys 
(1953) 


Rev. 89, 204 


independence of nuclear forces. n—p capture, in addi- 
tion to involving the singlet and triplet range, also 
involves an exchange moment.’ This has the effect of 
increasing the n—p capture cross section by ~5 per- 
cent. Owing primarily to the large ratio of scattering 
to absorption (~150) the uncertainty in the measured 
value of the n— p capture cross section® is also ~5 per- 
cent. It is the object of the present work to improve on 
the accuracy of this measurement in order to better 
estimate the exchange moment contribution to the n— p 
capture cross section. An improved technique has be- 
come available for this purpose since the recent refuel- 
ing of the heavy-water reactor at the Argonne National 
Laboratory. 
™N. Austern and R. G. Sachs, Phys. Rev. 81, 710 (1951) 


8 W. J. Whitehouse and G. A. R. Grahm, Can. J. Research A25, 
261 (1947) 
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METHOD 
(a) Enriched Heavy-Water Reactor 


The Argonne National Laboratory’s heavy-water 
reactor has recently had its fuel rods of normal uranium 
replaced with rods of enriched U*® Al alloy. In addition 
to genertting a larger ratio of thermal to epithermal 
neutron flux, a former difficulty in interpreting a pile 
absorption cross section for a moderating substance 
has been eliminated. A strong moderator, such as 
hydrogen, when inserted into a normal uranium fueled 
reactor, exhibits an absorption cross section which is 
less than its actual value. This is because a fraction of 
the epithermal neutrons which would have been ab- 
sorbed in the 7-ev absorption resonance of U** during 
moderation is able to escape this energy band and enter 
the thermal region where fission can take place. This 
phenomenon is termed resonance escape (p), the prob- 
ability for which is increased by the presence of a good 
moderator. As an example of the magnitude of this 
effect, the apparent capture cross section of hydrogen 
is ~75 percent of its actual value when measured in a 
pile in which p is ~0.9. In the present enriched reactor, 
however, (1— p) is ~ 10°. This insures that the above 
effect is negligible. A smaller moderation effect still 
exists, however, and this will be discussed in (d) of this 


section. 


(b) Pile Oscillator 


The pile oscillator’ is a mechanical device which 
periodically inserts and removes from the pile a sample 
to be measured. The resulting oscillating component of 
pile flux is observed via the current it produces in a 
BI; ionization chamber. This is taken as a measure of 
sample absorption. Calibration is effected by similarly 
oscillating a known quantity of some standard material 
such as boron. 

The pile flux is composed of a thermal-Maxwellian 
and an epithermal 1/£ distribution. A pile absorption 
cross section o,i1. measured by comparison with a 
1/v absorber such as boron is given, therefore, by 


cog!) +kCS,'". (1) 


pile 


Here & is the ratio of epithermal to thermal flux; C, is 
the relative statistical weight of resonance to thermal 
neutrons; L,‘" is the resonance absorption integral 
other than that resulting from 1/9 absorption. Only in 
the case of two 1/v absorbers is a pile-oscillator compari- 
son exact. In any other case it is necessary to make sup- 
plementary measurements of the resonance absorption 
integral. 

Since the present work is one of comparing two 1/2 
absorbers, hydrogen and boron, no difference in ab- 
sorption cross-section behavior exists. However, a 
marked difference in scattering cross section o, and 
slowing down power £ does exist, and this will be shown 


® Harris, Muehlhause, Rasmussen, Schroeder, and Thomas, 


Phys. Rev. 80, 342 (1950 
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to be equivalent to an effective negative absorption 


integral for hydrogen. 


(c) Simple Scattering 


By “simple scattering” the authors wish to indicate 
the effects of elastic scattering other than moderation. 
A sample which is not oscillated from the exact flux 
center of the pile generates an in-out scattering effect. 
That is, a sample which is off center will make a first- 
order change in the spatial neutron distribution, which 
in turn will cause a first-order change in the spatial 
neutron statistical weight. This effect is proportional 
to the neutron flux gradient at the sample in-position. 
It can be made equal to zero, therefore, by oscillating 
the sample from that point in the pile for which the 
gradient of the flux is zero or the flux itself is a maxi- 
mum. The flux center is determined by oscillating boron 
as a function of in-position. The in-position yielding 
the maximum absorption effect is taken to be the flux 
center. This is actually the maximum of the product 
of the flux and its adjoint, both of which peak at the 
same position. 


(d) Moderation 


Having determined the proper point in the pile from 
which to oscillate in order to eliminate errors resulting 
from simple scattering, it is impossible to avoid the 
effects of moderation. Moderation makes itself felt by 
causing epithermal neutrons to age (i.e., slow down) 
faster than they would otherwise age in the absence 
of the moderator. An aged neutron counts for more, 
i.e., has a higher statistical weight in the pile than it 
had in its previous less aged condition. Viewing the 
effect of moderation spatially rather than energetically, 
it may be regarded as one which pulls thermal neutrons 
closer to the center of the pile where they cause greater 
reactivity. At any rate moderation increases pile re- 
activity via the slowing down power &, the epithermal 
scattering integral S,, and the change in statistical 
weight 6C, effected by the moderation collisions. 

Let us assume that at most a single scattering takes 
place. Then the moderation cross section o is given by 


om=kbC1X,, (2) 
where ‘“k’’ is the quantity defined in (1) and 6C, is the 
change in statistical weight C caused by one collision. 
The pile cross section of a moderator which is also a 
1/v absorber is given, therefore, by 

Tpite=Fq"™ +om. (3) 
The statistical weight C is given in terms of the 
geometry of the reactor and the reactor moderator, 

C=1—K?r, (4) 
where K? is the so-called buckling constant, and 7 is the 


age to thermal energies in the reactor moderator in 
question. The Argonne heavy-water reactor is in the 
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shape of a right cylinder, so that A? is given by 


K?=2"/ H+ (2.405)"/R’, (5) 


where // is the effective height (including reflector 
savings) and R is the effective radius (includes retlector 
savings)."” For the reactor in question, A* has the value 
6.96 10-4 cm~*, and 


t= 7 log(€/e€a), 


where 7» has the value 7.15 cm?*. 
Therefore 
6C1 = — K? rE, (7) 
and 


om= —RK*1k2,. (8) 


Equation (8) is an approximation and should only be 
used to indicate that ¢,, varies as é>, for different sam- 
ples. Experimentally one should observe ¢,, for H® and 
He! and scale the results to the H' case. It is impractical 
to oscillate liquid He‘, and the results on H?® presented 
beiow are sufficiently inaccurate to make them useless 
in determining o,, for H'. Another approach would be 
to change K?, but the small changes permissible are not 
worth while. Therefore (8) is used to estimate o,,(H'). 
The authors consider this estimate to be their primary 
source of error. 


APPARATUS 
(a) Mechanical 


‘lve mechanical apparatus consists of a motor-driven 
cam and rocker-coupled arm which is_ periodically 
riised and lowered to two fixed positions. The ampli- 

le of the end of the arm to which is attached a hanger 
rod and sample can is five feet. The total period is 
twenty seconds, during which time the sample rests in 
the in-position for 9.3 sec, transits out for 0.7 sec, rests 
in the out-position for 9.3 sec, and transits in for 0.7 sec. 

The moving parts which enter the active portion of 
the pile are made of low neutron absorbing materials: 
hanger rod and sample can of Dow metal /’S—1, 
bearings of graphite, hanger rod to sample can clamp 
of zirconium, and sample container bottles of either 
quartz or Teflon. 


(b) Electrical 


The detection system consists of a large enriched BF, 
ionization chamber placed in the thermal column of the 
reactor. The current resulting from neutron absorption 
is conducted into the bridge circuit shown in Fig. 1. 
The high sensitivity galvanometer shown is used as a 
null indicator for adjusting R;. A system of relays 
adds R, to Ry during the sample in-time and shorts R, 
during the sample out-time. Except for a second har- 
monic, balance may be achieved by adjusting R;. Not 
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lic. 1. Bridge circuit for measuring Ai/i. 


shown are other switches controlled by relays which 
rectify the current through the galvanometer. XR), there- 
fore, is a measuring of Ai/i, i.e., the ratio of oscillating 
to mean current value. 


SAMPLES 
(a) Containers 


Good sample containers for general use are con- 
structed of a material which is low in neutron absorp- 
tion and also noncorrosive. Quartz (SiO») and ‘Teflon 
(CI*y) satisfy these conditions. Most of the measure- 
ments presented herein employ sealed quartz bottles in 
the shape of a right cylinder of inside diameter 1.5 cm 
and of active length 15 cm. 


(b) Boron Standards 


Calibration material is taken from the Argonne stock 
of primary standard boric acid." This boron is known 
to have a 2200 m/sec absorption cross section of 
755+3 b. Since the relative abundance of B” and B" 
may vary depending upon the source from which it is 
obtained, it is important to employ a boron standard 
whose cross section is known from an absolute trans- 
mission measurement. 

A known amount of boric oxide is prepared by ig- 
niting some boric acid. This is added to a known amount 
of high purity heavy water to make a known-concentra- 
tion stock solution. The stock solution is then diluted 
by various amounts with additional heavy water to 
make the various boron standards to be used in the 
oscillator. A typical standard has a total macroscopic 
absorption area of ~0.5 cm’. 


(c) Hydrogen Samples 


Hydrogen is obtained in the form of multiply dis- 
tilled light water from the Biology Division of the Ar- 
gonne National Laboratory. This material is diluted by 
various amounts with heavy water to make the different 
hydrogen samples. 


" Kimball, Ringo, Robillard, and Wexler (unpublished Argonne 
National Laboratory data). 
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(d) Background Samples 


Impty quartz bottles and quartz bottles with pure 
heavy water are also made available for “background” 


determinations. 
TECHNIQUE OF MEASUREMENT 
(a) Oscillation Point 


‘The central thimble or axial hole is chosen for oscilla- 
tion measurements. Three samples are oscillated as a 
function of depth or in-position in this hole. These are: 
(1) a boron standard, (2) a heavy-water sample, and (3) 
an empty quartz bottle. From these the net effect of 
boron is calculated, and that position is chosen for 
which the effect of boron is a maximum. The exact 
location of this position is not critical but may be de- 
termined to within half an inch. 


(b) Determination of k 


k in (1) is determined essentially by measuring the 
cadmium ratio Reg (total activation over epithermal 
activation) of very thin gold (<0.1 mg cm’). Two one- 
mil iron foils on which the gold is evaporated are placed 
in the pile at the oscillation point. One foil is covered 
with cadmium; the other foil is uncovered. The activity 
(Au!) ratio is observed. 

In addition, it is necessary to know the cadmium 
ratio of a 1/v absorber. ‘This is measured by observing 
the cadmium ratio of a BI’; counter in a beam outside 
the reactor, and in the same beam also observing the 
cadmium ratio for gold. Since the ratio [Rea(Au)—1 | 
| Reg(B)—1 | is invariant, the cadmium ratio for boron 
in the thimble may be calculated. & is then given by 


Oa''* (Au) | 1 1 
(9) 


¥9(7(Au) (Rea(Au)—1 Rea(B)—1 


Ihe measured results are Req(Au)=5.63, Rea(B) 
133 ¢,°"' (Au) is taken to be 94 b, and ZY,” (Au) to 
be 1180 b. This results in a & value of 0.01060. 


(c) Check on K” 


A rough check on the calculated value of A? is made 
by making both axial and transverse static measure- 


The apparent cross section ol hydroge n 
uncorrected for moderation. 


PABLE I 


barns 


0.3127 
0.3125 
0.3069 
0.3145 
0.3106 
0.3139 
0.3149 
0.3061 


Average 0.3115+0.003 
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ments of both the flux and the product of the flux and 
its adjoint. These data are fitted to the proper Bessel 
functions, and result in a value of K? of 6.8 1074 cm 
Within the limits of error this value agrees with the one 
calculated from (5). The latter value is the one employed 
to calculate ¢@,,. 


(d) Sample Measurements 


‘our different hydrogen samples are available: three 
as HXO—D.O solutions, and one as a BxO;—H»O— DO 
solution. This latter sample is used to observe a possible 
local two-collision process; that is, to observe whether 
the presence of a moderating agent (H!) increases the 
absorption by boron. Such an effect is expected to be 
small, and none is observed. 

In all, eight complete runs of all hydrogen, boron, and 
blank samples are available, the measurements having 
taken place during two oscillator sessions which were 
over a month apart. This represents about thirty hours’ 
observation time since each sample takes from twenty 
to thirty minutes to achieve balance. This much time 
is needed to eliminate pile drift during the measurement 
(i.e., while balancing the bridge). In effect it is neces- 
sary to first make a static balance and then a dynami 
balance. The latter is about ten times more sensitive to 
the sample than the former, which is a major advantage 
of the oscillation method, 


TREATMENT OF RAW DATA 
(a) Electrical 


Since R, of Fig. 1 is in the circuit for one half of the 
cycle, it is necessary to convert R; to Ry’ in order to 
obtain a value proportional to Ai/7. Ry’ is given by 


Rj’ =10°R,/ (Ro+3R)), (10) 


where Ry=95 0002 and Ry~2000 to 70002. 


(b) Pile Power 


Though R; is nearly independent of pile power (/) 
it is not entirely so. Observations are made always 
within 5 percent of the same mean current value, but 
when the mean current is purposely altered by 10 per- 
cent, a change of 1 percent in R, is observed. This is 
used to correct observations made at slightly different 
settings from the mean (~200 watts). 


(c) Pile History 


Observations are usually begun at the beginning of a 
week following a two-day shutdown from a high power 
(~250 kilowatts). The decaying ‘source strength” of 
the reactor causes a drift in the observed sample read- 
ings. Over any one day, measurements repeat to about 
a half-percent, but over the course of a week a drift in 
all readings of about 2 percent occurs. A “time correc- 
tion” is made, therefore, by scaling daily sets to a 
“standard day.” In this manner a high relative accuracy 
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is preserved, and at the same time proper averaging of 
sets is made possible. 


(d) Nonlinearity 


Since the samples are not infinitely dilute, a small but 
observable amount of self-protection exists. Readings 
(i.e., ohm values) are corrected on the basis of the 
following formula: 


Ry’ 
i (11) 
1—Ry'/Re 


Equation (11) is similar to the one used to correct for 
the dead time in counters. R,, is a parameter which 
should have the significance of being that number of 
ohms which corresponds to blackbody absorption by 
the sample. That is, R,>>R,’, and should be given by 


(12) 


where A, is the projected area of the sample and 
(dR,'/da) ry’ =0 is the initial slope in ohms cm~ of the 
boron calibration curve (ohms vs cm? absorption). 

R,, and (dR’/da) r,'=0 are determined by fitting the 
boron calibration data to (11). The value of R,, is then 
checked by calculating A, from the bottle shape 
(18.55 cm?) and multiplying this by (dR,'/da) xy =c. 
The two figures agree to within 5 percent, R, being 
~105 0002. Such agreement is good for a correction 
term which is always <7 percent and usually ~4 
percent. 


R,.=A ,(dRy'/da) ry =0, 


EXPERIMENTAL RESULTS 
(a) Deuterium 


The application of (8) to deuterium in which the 
scattering cross section of deuterium is taken as constant 
and equal to 3.33 b from cadmium cutoff (~0.5 ev) to 
mean fission energy (1.5 Mev) yields a value for 
om(H?) of —3.0 mb. 

The observed pile cross section must be corrected 
for (1) the absorption cross section of deuterium, (2) 
the absorption of a trace amount of hydrogen (~0.15 
percent), and (3) the effect of displacing nitrogen in the 
atmosphere for the sample-in position. These correc- 
tions make for a considerable error in o»,(H7®), the result 
being —2+1 mb. 


(b) Hydrogen 


The apparent cross section of hydrogen uncorrected 
for moderation is given by the average of the eight men- 
tioned complete runs shown in Table I. The average 
value is 0.3115 b. The internal error in this number as 
obtained from the mean deviations is only ~1.0 per- 
cent. However, application of Eq. (8) for the evalua- 
tion of a,,(H') yields the value —0.0205 b. This gives 
for the 2200-m/sec absorption cross section oi hydrogen 


TABLE II. Shape independent ¢-values for variots 
assumed values of ros. 





Foe << 10% cm D <10% cm 


2.6 1.080 
1.055 
1.030 
1.005, 





the value 0.332 b, which is ~6 percent higher than the 
uncorrected value. — 

The final boron-to-hydrogen ratio is 2274, which 
compares favorably with the values of 2270 and 2292 
reported elsewhere.*'? Considering the uncertainty in 
estimating om, however, the uncertainty in our figure 
is at least 2 percent. That is, 


oa” (H') =0.332+0.007 b. 


The important theoretical quantity is not the cross 
section but the product of the cross section, and the 
corresponding velocity 


oa”) (H')v= 7.30 10-™ cm/sec. 


EXCHANGE MOMENT 


If « is the fractional contribution of the exchange 
moment to the capture cross section,® 


Coa‘ (Hv ](1—) 


[1—ya,+7’a,D F 
=[oa' (H')v Jo , —_ 


- » (3) 
(1—ya,)?(1—yror) 


[oa (H')v Jo is the zero-range approximation of 
oq”) (H')v and has the value 6.52 10~-” cm/sec, and 
= 2.31810" cm™ is the so-called “reciprocal radius 
of the deuteron.” a,= —23.68X10-" cm is the singlet 
n—p scattering length; ror=1.720X10~" cm is the 
effective triplet n—p range; and 2.6X10~">19,>2.3 
X10-" cm is the effective singlet n-- p range. Also 


D~1\(ro.+for). (14) 


Substituting the observed value of o,‘")(H')v into 
(13) yields 


D~0.915+-2.1e, (15) 


where D is now in units of 10-"% cm. Combining (14) 
and (15) for different values of ro, yields Table II, 
where ¢ is expressed in percent. 

Inspection of Table II with consideration for the 
error in oq‘'")(H')v indicates that e~6+3 percent. If, 
in fact, « is only ~1 or 2 percent, the intrinsic singlet 
ranges’ of the n— p and p— p interaction are outside the 
experimental limit of being equal. The inclusion of a 
variety of possible nuclear potentials in the above cal- 
culations only slightly increases the spread in ¢-values. 
The authors are indebted to Dr. G. Snow for a discus- 
sion of this last point. 


~ 1 Hamermesh, Ringo, and Wexler, Phys. Rev. 90, 603 (1953). 
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\ total of 11 841 2 decays has been studied in Ilford C-2 
and G-5 photographic plates, where both the x- and w-meson tracks 
stopped in the emulsion. In 12 cases the range of the u-meson track 
from the w-meson decay is less than 480 microns and in 2 cases the 
range is greater than 720 microns. The ranges of the p-meson 
tracks of the 14 unusual w-~ decays are: 120, 185, 258, 260, 290, 
416, 430, 441, 444, 470, 470, 476, 828, and 1035 microns. The 
normal range of the u-meson from #-meson decays is about 600 
microns. A study of the grain density in C-2 plates, gap density 
in G-5 plates, and the number and energy of the 6-rays along the 
short w-meson tracks indicates that the w-mesens were ejected 
from the w-decays with a lower velocity than from normal 7- 
decays. It is possible to explain the short range of the u-meson in 


I, INTRODUCTION 


NE of the striking characteristics of the m-meson 

decays in photographic emulsions that were first 
observed by Lattes, Occhialini, and Powell! was the 
length of the w-meson tracks. The lengths of the 
u-meson tracks from m-meson decays were found to be 
nearly constant. This fact suggested the possibility 
that the m-meson decays into a w-meson plus one ad- 
ditional particle, presumably a neutrino,’ 


(1) 


The range distribution of 1000 u-mesons from z- 
meson decays in two Ilford C-2 plates has been ob- 
tained.’ The range distribution is Gaussian within the 
statistical limits; it has a mean of 597-1 microns and 
a standard deviation of 29.14-0.7 microns. The results 
of this study are in general agreement with the earlier 


T—yu-+ pv. 


results of Barkas.* 

A mw-p decay was found by Powell’ where the range 
of the w-meson was estimated to be less than 350 
microns. The #-meson was ejected from a cosmic-ray 
star. The short range of the u-meson was ascribed to 
the decay of a negative m-meson from a mesonic 
“Bohr” orbit of an atom. A short w-track from a positive 
m-meson decay was found by Smith.® It was possible 
to explain the short range of the u-meson by assuming 
that the m-meson decayed in flight. 


* Supported in part by a joint program of the U. S. Office of 
Naval Research, the U. S. Atomic Energy Commission, and the 
Research Corporation 

t Present address, Department of Physics, University of 
Wisconsin, Madison, Wisconsin. A portion of the work was 
undertaken while the author was a U. S. Atomic Energy Commis- 
sion Postdoctoral Fellow (1951-1952) at the University of Chicago. 

' Lattes, Occhialini, and Powell, Nature 160, 453 (1947). 

2, O’Ceallaigh, Phil. Mag. 41, 838 (1950). 

’W. F. Fry and George R. White, Phys. Rev. 90, 207 (1953). 

‘W. H. Barkas, Am. J. Phys. 20, 5 (1952). 

5C. F. Powell in “Cosmic Radiation,” Calston Papers (Butter- 
worth Scientific Publications, London, 1949), 

®F, M. Smith, reported in reference 4. 


4 of the events and the long range of the u-meson in the 2 events 
by assuming that the w-meson decayed in flight. The grain 
density or gap density along the w- and w-meson tracks in the 
remaining 8 events is inconsistent with the assumption that the 
short range of the u-meson is due to the decay in flight of the 
a-meson. If a correction is made for the thickness of the emulsion, 
the probability that a ~-meson from a stopped m-meson decay 
will have a range less than 480 microns is found to be 3.3+1.3 
X10~4. This probability is in general agreement with theoretical 
predictions based upon the assumption that a soft photon is 
occasionally emitted from the x-u decay resulting from the charge 
acceleration of the u-meson. 


Recently, several positive m-u decays have been 
observed by the author’ where the short range of the 
u-meson cannot be explained by the decay in flight of 
the w-meson. The analysis of the m-u decays, where 
the range of the u-meson is abnormal, is reported in 
this paper. 


II. PROCEDURE 


A study of 2-4 decays has been made in both Ilford 
C-2 and G-5 photographic emulsions. C-2 plates of 200 
microns in thickness which had been exposed in the 
spiral orbit spectrometer to the Berkeley cyclotron, 
were made available to the author by Dr. R. Sagane. 
Ilford G-5 plates of 400 microns in thickness were 
exposed to the University of Chicago cyclotron. The 
G-5 plates were so arranged that the tracks of the 
m-mesons are about 1000 microns long. It is desirable 
to have the r-meson tracks long and nearly in the plane 
of the emulsion in order that the m-u junction can be 
easily identified. Both the C-2 and G-5 plates were 
searched for w-u decays with a total magnification of 
about 250. Only those decays were studied where the 
m- and yu-meson tracks stopped in the emulsion. The 
horizontal projected length of each u-meson track was 
estimated by a calibrated scale in the eyepiece of the 
microscope, with a total magnification of 250X. If the 
length of the u-meson track in the plane of the emulsion 
was found to be less than 520 microns, the true length 
was determined by successive measurements of small 
sections of the track with a total magnification of 
1000. The largest uncertainty in the measurement of 
the length of a track was found to be due to the measure- 
ment of the vertical component of the track. Neverthe- 
less the uncertainty in the length of the u-meson track 
from a normal m-u decay is estimated to be no greater 
than 20 microns for an extreme case in 400-micron thick 
plates. For a u-meson track which does not make a 

7W. F. Fry, Nuovo cimento 8, 590 (1951); Phys. Rev. 83, 1268 
(1951); Phys. Rev. 86, 418 (1952). 
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large angle with the plane of the emulsion, the true 
range can be estimated to within about 5 microns. 
Since the distortion of the emulsion usually increases 
with increasing emulsion thickness, and since the largest 
error in the measurement of the range is introduced by 
the vertical sections of the track, it is advantageous 
to use relatively thin emulsions for this study. 

Two types of plates, the relatively insensitive C-2 
and electron sensitive G-5 plates, were used for this 
study because of the many desirable characteristics of 
each type. In C-2 plates the individual grains along 
the track can be counted, except for the region near the 
very end of the track. The relatively large variation in 
grain density with velocity, for slow mesons in C-2 
plates, can frequently be used to an advantage. For 
example, the change in grain density between the z- 
and u-meson tracks usually makes it possible to distin- 
guish visually a m-~ decay fron a scattered u-meson 
without counting the number of grains along the two 
tracks. The velocity of a r- or u-meson can be estimated 
from the grain density for meson energies as low as 1.5 
to 2 Mev. The estimation of the m-meson velocity was 
found to be important in connection with the possibility 
of decay in flight of the x-meson. On the other hand, the 
ability of G-5 plates to record minimum _ ionizing 
particles is of considerable importance in the study of 
the 6-rays along the yw-meson tracks and the decay 
electrons from the u-mesons. 


III. RESULTS 


A total of 3922 m-u decays, where both the m- and 
u-mesons stopped in the emulsion has been studied in 
C-2 plates. Similarly, 7919 decays have been studied in 
G-5 plates. Among these 11 841 2-u decays, 13 unusual 
m-u decays are observed where both meson tracks stop 
in the emulsion and where the range of the u-meson 
track is less then 480 microns or greater than 720 
microns. In one additional case a m-u decay is observed 


TABLE I. Characteristics of unusual r-u decays. 


Measyred Energy 
1 in Mev of 
mF meson 
assuming 
decay in 
flight 


Range of 
pw-meson 
track in 
microns 


120 
185 
290 
416 
430 
441 
470 
470 
258 
260 
444 
476 
828 
1035 


Energy ot 
w- meson 
in Mev meson tracks 


Type of 


Event emulsion 


1° C-2 
2s 

38 GC. 
4s G 
58 G 
6* G- 
7s G 
88 G- 
9 Cc 
10 Cc 
1 e 
12 G- 
13> C 
14 G-5 


73 5.0 
20 16.6 
59 6.6 
51 
26 
56 
28 
36 
93 
113 
160 0.03 
117 0.09 
10 0.05 
55 0.5 
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* Events which do not appear to be decay in flight of the mesons 
» Interpreted as a flight of a negative r-meson. See reference 12 
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Fic. 1. The integral number of grains, starting at the end of the 
u-meson track, as a function of the residual range is shown for the 


unusual 2-4 decay which is listed as event 9, and for a normal 
w- decay. The w-~ junction is indicated by the arrow. 


where the u-meson track leaves the emulsion after 975 
microns. The residual range has been estimated to be 
60 microns by a comparison of the gap density with the 
gap density along a u-meson track of a normal decay 
which occured within 100 microns of the unusual event. 
A decay electron track is observed from each of the 
7 u-meson tracks of the unusual w-u decays which are in 
G-5 plates. The characteristics of the 14 unusual 2-p 
decays are given in Table I. 

The probability that a u-meson from a w-decay at 
rest will have a range less than 480 microns can be 
estimated from the standard deviation of the previously 
measured range distribution, assuming that the events 
are distributed according to the Gaussian distribution. 
This probability is about 6X 10~®. Since the probability 
is very low that the range will be less than 480 microns 
resulting only from straggling, all r-u decays where the 
length of the u-meson track is less than 480 microns 
have been carefully studied. 

Tracks of u-mesons as well as m-mesons are observed 
to enter the surfaces of the emulsions in both the C-2 
and G-5 plates. The u- mesons were probably due to the 
decay in flight of m-mesons before they entered the 
emulsion. Occasionally a slow y-meson was scattered 
through a large angle in the emulsion and subsequently 
stopped in the emulsion after traveling several hundred 
microns from the scattering point. It is necessary to 
be able to distinguish this type of event from a m-u 
decay. If the range of the u-meson, from the w-decay or 
the scattering point, is greater than about 400 microns, 
the two types of events can be readily disinguished by 
a visual comparison of the grain densities in C-2 plates 
or gap densities in G-5 plates along the two tracks at 
the junction. For events where the length of the p- 
meson track is less than about 400 microns, the two 
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Fic. 2. A portion of the w- and u-meson 
tracks of event 9 is shown in the draw- 
ing. The event was found in a C-2 
plate. The range of the w-meson is 258 
microns. The difference in the grain 
density along the w- and y-meson tracks 
can be seen, indicating that the event is 
a w-p decay and not a scattered u-meson. 
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types of events can be distinguished by grain counting 
or gap counting. The total number of grains has been 
counted along the w- and u-meson tracks starting from 
the end of the u-meson track, for the w-~ decay which is 
listed as event 9 in Table I. The results are shown in 
Fig. 1 as well as the results of a similar count in the 
same plate of a normal r-u decay. A comparison of the 
integral number of grains as a function of the residual 
range of the u-meson for the unusual decay and for the 
normal w-y decay indicates that the u-meson was ejected 
with a lower velocity in the unusual decay than in the 
normal decay. There is no evidence for an abrupt change 
in the velocity of the u-meson along the track as has 
been recently reported by Riezler and Rudloff.’ A 
projection drawing of a portion of the m-u decay which 
is listed as event 9 is shown in Fig. 2. The difference in 
the gap densities in a G-5 plate along the end of a 
m-meson track and the beginning of a u-meson track is 
illustrated in Fig. 3(a) and Fig. 3(b) by the projection 
drawing of the unusual m-~ decay which is listed as 
event 3 in Table I. The total number of gaps along the 
m- and u-meson tracks starting at the end of the u-meson 
track has been counted in event 4. The results are shown 
in Fig. 4. The w-u junction is clearly evident by the 
abrupt change in the slope of the curve at the m-u 
junction. 

In general, it is easier to distinguish visually m-u 
decays from scattered u-meson tracks in C-2 than in 
G-5 plates. However, the 6-rays which are observed 
along the tracks of particles in G-5 plates can be used 
in some cases to distinguish the two types of events. 
The maximum velocity that a meson can give to an 
electron in a collision is twice the velocity of the meson. 
The maximum energy of a 6-ray is then E,=4E,,m,./M 
where E,, is the kinetic energy of the meson and m, 
and M are the mass of the electron and the meson, 
respectively. If 5-rays are observed along a meson track, 
a lower limit of the kinetic energy of the meson can be 
determined from the energy of the 6-rays. A few events 


8W. Riezler and A. Rudloff, Z. Naturforsch. 7a, 570 (1952) 
and private communications. 
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have been observed in G-5 plates which would appear 
upon casual inspection to be x-~ decays but which are 
shown to be scattered u-mesons by the presence of one 
or more 6-rays near the scattering point, along the 
portion of the track which was assumed to be the 
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Fic. 3. (a) A projection drawing of a 7-4 decay in a G-5 plate, 
which is listed as event 3, is shown above. The range of the 
u-meson is 290 microns. (b) A projection drawing of a w-u decay in 
a G-5 plate listed as event 3. Only a portion of the r- and 4-meson 
tracks is shown.-The range of the u4-meson is 290 microns. The 
difference in the number of gaps along the 7- and w-meson tracks 
can be seen. 





UNUSUAL r-p» DECAYS IN PHOTOGRAPHIC 


i 


/ aia JUNCTION 


/ 
j 


/ 


YA 


TOTAL MUMBER OF GaPs 


a 
200 400 600 
RESIDUAL RANGE in MICRONS 








Fic. 4. The total number of gaps up to a range R beginning at 
the end of the u-meson track for event 4 is shown in the above 
curve. The unusual w-y decay was found in a G-5 plate. The w- 
junction can be clearly disinguished by the abrupt change in the 
slope of the curve. The range of the u-meson is 416 microns. 


m-meson track. The assumption that these events were 
not m-u decays was subsequently verified by gap count- 
ing along both tracks near the scattering point. 

The total energy of the 6-rays along the u-meson 
tracks of the unusual w-y decays has been obtained. The 
measurements were undertaken to see if the short range 
is due to a statistical fluctuation in the total energy 
given to the high energy 6-rays for the events where the 
u-meson range is around 450 microns. The energy of the 
electrons was estimated by measuring their range and 
utilizing the range-energy relationship of Zajac and 
Ross. The total energy of the 6-rays (E>12 kev) 
along the last 450 microns of the u-meson tracks from 
normal w-4 decays has been obtained for 25 events. 
The results are summarized by the histogram in Fig. 5. 
The total energy of the 6-rays (E>12 kev) along the 
u-meson tracks of 7 unusual w-» decays is listed in 
Table II. The estimation of the total energy of the 
6-rays is crude, mainly for two reasons. Some of the 
“knock-on” electron tracks or 6-rays are masked by 
the heavy u-meson track and are not observed. Also 
the estimation of the energy of an electron from the 
length of the track is poor for electrons of energy 
below 20 kev. Nevertheless, if the short range of the 
u-mesons is due to an increased number of high energy 
5-rays, the excess energy should be observable. About 
500 kev will change the mean range of a u-meson from 
450 microns to 600 microns. A comparison of the energy 
of the 6-rays along the u-meson tracks from the unusual 
decays (Table II) with the total energy of the 6-rays 
along the u-meson tracks from normal m-u decays (Fig. 
5) strongly indicates that the short range in these 
events is not due to an abnormally high energy loss to 
energetic 6-rays. 

It may be possible in certain cases to explain the 


* B. Zajac and M. Ross, Nature 164, 311 (1949). 
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Fic. 5. The distribution of the total energy of the 6-rays (E>12 
kev) along the last 450 microns of the u-meson track from normal 
x-p decays is shown in the histogram. 


abnormal range of the u-meson from a r-meson decay by 
assuming that the x-meson decayed while still in motion. 
This mechanism would be expected to produce ab- 
normally long u-meson tracks as well as short u-meson 
tracks. If the abnormal range of a u-meson from a 
m-meson decay is due to the decay in flight of the 
mw-meson there should be a correlation of the angle 
between the directions of the #- and u-meson tracks, 
the energy of the r-meson at the time it decayed and 
the energy of the u-meson. Assuming that the abnormal 
ranges of the u-mesons that are listed in Table I are 
due to the decay in flight of the x-mesons, the energy of 
the w-meson at the time of decay can be calculated for 
each event. It is assumed that the direction of the 
m-meson at the time of decay is the same as the direction 
of the last few microns of the m-meson track. The 
calculated energy of the -meson at the time of decay is 
shown in the last column of Table I. In events 1 through 
8 the grain density in C-2 plates and the gap density in 
G-5 plates along the x-meson track near the #-u junction 
is definitely inconsistent with the estimated energy of 
the w-meson assuming that the m-meson decayed in 
flight. It is possible that the r-meson was scattered in 
the backward direction while still in motion. In order 
to estimate this probability the number of large angle 
scatterings along r-meson tracks of normal m-u decays, 
in the interval from 4 to 8 microns from the junction, 
has been measured. The range-energy relationship for 
very low energy mesons is not accurately known, but 
the energy of a -meson which as a range of 6 microns 
is estimated to be 0.3 Mev. The range of a u-meson 


TABLE II. 5-rays along u-meson tracks. 


Total energy in 


kev of 6-rays 
with E >12 kev 


Range of 
pw-track 
Event in microns 





416 75 
430 80 
441 167 
470 88 
470 166 
444 134 
476 145 
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would be 250 microns from the decay in the backward 
direction of a m-meson of 0.3 Mev. The scattering in 
the 4-micron interval along the m-meson track in each 
of the 100 normal m-y decays has been measured. Only 
in 5 cases was the m-meson scattered through an angle 
larger than 60 degrees. Thus, the probability that a 
m-meson of 0.3 Mev will be scattered through an angle 
greater than 60 degrees, per micron length of track, is 
about one percent. The probability that a m-meson in a 
given energy interval will decay in flight can be cal- 
culated from an estimate of the time spent in the energy 
interval and the probability of decay per unit time.!! 
The upper limit of the m-meson energy that must be 
considered is determined by the requirement that the 
m-meson track must appear heavier than the u-meson 
track in order that the event will be recognized as a 
n- decay. The lower limit to the energy interval is 
determined by the condition that the range of the 
u-meson must be less than 480 microns. These conditions 
fix the energy interval from about 2 Mev to 20 kev. 
The time spent in this energy interval is approximately 
4X 10-" sec. The meson spends nearly all of this time 
near the high energy portion of the interval where the 
probability of large angle scattering is small. The 
probability that a m-meson will decay in flight in a 
photographic emulsion in the energy interval from 
2 Mev to 20 kev is 1.7K10~*. The probability that a 
m-meson will be scattered through a large angle in the 
last micron of track (in the energy interval from 20 kev 
to 2 Mev) and subsequently decay in flight is less than 
1.7 10-*. This probability is considerably lower than 
the occurrence of short u-meson tracks from m-meson 
decays. Therefore the short range of the u-meson 
tracks in events 1 through 8 do not appear to be due 
to the decay in flight of the m-mesons. 

In the events 9 through 12 the angle between the 
m- and yw-meson tracks is such that the possibility 
cannot be excluded that the short range of the u-meson 
is due to the decay in flight of the w-meson. In fact, 
the long range of the u-meson tracks in events 13 and 14 
is thought to be due to the decay in flight of the 
m-mesons.”'!? If the events (9 through 12) which can be 
explained by decay in flight of the x-meson are excluded 
and if a correction is made for the thickness of the 
emulsions, the probability that a w-meson from a 


0 f. A. Martinelli and W. K. H 
465 (1950) 

1! Durbin, Loar, and Havens, Phys. Rev. 88, 179 (1952). 

2W. FF. Fry, Phys. Rev. 84, 385 (1951) 


Panofsky, Phys. Rev. 77, 
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m-meson decay will have a range less than 480 microns is 
found to be 3.3+1.3X 10~-4.f 

An explanation for the unusual m-u decays has been 
given independently by several investigators, namely, 
Nakano et al.,! Primakoff,!* Eguchi,!® Fialho and 
Tiomno,!® and Fialho.’? It has been proposed that a 
soft photon may accompany the m-u decay due to the 
charge acceleration of the u-meson at the time of decay: 


T >t v+y. (2) 


The theoretical predictions are in general agreement 
with the experimental results for the ratio of ‘‘radiative” 
to normal decays. The theoretical value for this ratio 
is 1.3X10~* which is to be compared with the experi- 
mental value of 3.3+1.3X10~*. Fialho" has considered 
the effect of the magnetic moment of the u-meson on 
the probability of emission of the y-ray. Unfortunately, 
no definite conclusions can be drawn concerning the 
magnetic moment of the u-meson from the comparison 
of the experimental results with the theoretical predic- 
tions because of the relatively small number of radiative 
decays that have been observed. 

Short u-meson tracks from m-meson decays have been 
observed by Powell,’ Smith,® Bramson et al.,!* George,'® 
and Riezler and Rudloff.* 

The author is greatly indebted to Professor J. K. 
Knipp and Professor M. Schein for their continued 
interest and encouragement in the many phases of the 
problem. The author is greatly indebted to Dr. R. 
Sagane for making his plates available to the author for 
a portion of this study. The author is grateful to Profes- 
sor T. Eguchi for many interesting and stimulating 
discussions. The author is indebted to Professor H. L. 
Anderson for permission to use the facilities of the 
University of Chicago cyclotron. A portion of the 
plates was scanned by Miss M. McLean. 


t Note added in proof.—This value is slightly higher than pre- 
viously reported (see reference 7) due to the inclusion of an addi- 
tional event (event 8 in Table I). 
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A Diffusion Cloud-Chamber Study of Pion Interactions in Hydrogen and Helium* 
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A description is given of the operation of a high pressure diffusion cloud chamber filled with hydrogen 
or helium and exposed to pion beams of both signs and energies near 60 and 100 Mey. Interactions occurring 
in the gas filling are investigated. The cross sections found in hydrogen agree with the results of others, 
including the large difference between the cross sections for positive and negative mesons. In helium the 
total cross sections are 89+18 and 207+27 mb with beams at 60 and 105 Mev, respectively. These cross 
sections include elastic and inelastic scattering, charge exchange, and absorption. The charge exchange 
cross sections, estimated at 20 and 60 mb for the two respective energies, are much larger than observed by 
others for different nuclei. Assuming that the mesons interact with the individual nucleons in the nucleus, an 
approximate calculation shows that a fairly consistent picture can be obtained making use of phase shifts 
determined by Anderson et al. for meson scattering on hydrogen. 


I. INTRODUCTION 


NTERACTIONS of pions in hydrogen and helium 

gas have been observed in a diffusion cloud chamber 
operated in various pion beams at the Nevis cyclotron! 
of Columbia University. Both results and experimental 
techniques are discussed in the present article. Since 
pions are considered to be nuclear-force mesons, an 
investigation of their interactions with light nuclei is of 
particular interest. Detailed theoretical predictions 
concerning the scattering of pions by nucleons on the 
basis of weak coupling theory have been presented by 
Ashkin, Simon, and Marshak,’ and by Peshkin.’ The 
strong coupling theory has been applied by Brueckner, 
leading to quite different results.‘ 

At the time this work was started no data were 
available on the scattering of pions by hydrogen or 
helium, although a number of cosmic-ray experiments 
had indicated that pions have an approximately geo- 
metrical cross section for interactions with nuclei.*~* 
While this work was in progress a number of pion- 
proton cross sections were measured by Sachs, Stein- 
berger, and co-workers’ and energy and angular 
dependences determined by Anderson ef al.,"'~ both 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission 
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employing scintillation counter telescopes. Further- 
more, data were obtained by Goldhaber and Leder- 
man'® using nuclear emulsions. Our data are in 
general agreement with those results and provide an 
independent confirmation of their correctness. The 
comparison is made in Sec. V. We are not aware of any 
other data on helium. Preliminary reports on some of 
our results have already been given.'*'* 


II. APPARATUS 
A. The Diffusion Cloud Chamber 


The development of high-pressure diffusion cloud 
chambers at Brookhaven arose from the need for a 
cloud chamber for use with the Brookhaven Cosmotron, 
which could accept pulses once every five seconds (the 
repetition rate of the machine). Normal pressure 
expansion cloud chambers of the required size can 
accept a beam pulse only about once a minute. If it is 
desired to study events directly in the gas, operation at 
high pressure necessary, lengthening the 
cycling time even more. Continuously sensitive cloud 
chambers were built first by Langsdorf'® and later by 
Cowan” and by Needels and Nielsen.’ With the 
heavier gases diffusion cloud chambers cannot be 
operated far above normal pressure. However, with the 
light gases, of particular interest to us, diffusion cloud 
chambers operate best at pressures from 10 to 50 
atmospheres.” 

We used a diffusion chamber filled with hydrogen or 
helium at pressures near 20 atmospheres.'® Its construc- 
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tion is indicated by Fig. 1. The chamber consists of 
welded steel top and bottom cans separated by a 
bakelite insulating ring. 

The bottom can has a }-in. stainless steel cylinder 
wall (1), and a 1.25-in. bottom plate (2), and top 
flange (3), both made from cold rolled steel. There are 
two rectangular-shaped ducts at opposite sides of the 
cylinder to provide for windows. Each duct ends in a 
window face plate (4) provided with an O-ring groove. 
The bottom plate carries a drain for liquid at the center. 
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Fic. 1. Diagram of diffusion cloud chamber designed for 
operation at 20 atmospheres. 


The bakelite ring (5), placed between top and bottom 
cans, is sealed by O-rings. The bolts fastening the top 
to the bottom are thermally insulated from the top by 
Bakelite washers and fiber sleeves. 

The top was made in a hat shape so that the top 
window (6) could be close to the camera and hence be 
small in size. In addition, the extra space provides an 
improved vapor supply. 

In principle the construction of each of the three 
windows is the same. Supported by a 1-in. thick plexi- 
glass slab (7), a 4-in. thick piece of Allite® (8) in 
contact with an O-ring seals against the pressure. Special 
low temperature O-rings” are used at the side windows. 
Allite is used because it is not attacked by alcohol. 
Plastic windows were thought to be superior to glass 
windows because of the large temperature gradients 
present in the side windows while under high mechanical 
stress. Lucite also has a lower thermal conductivity 
than glass, making it easier to maintain the proper 
temperature gradients. 

The top carries a liquid reservoir in the form of a 
copper trough (9) in good thermal contact with the 
top’s base plate (10). In order to enhance evaporation 


%Procured from the Homalite Corporation, Wilmington, 
Delaware, and Cast Optics Corporation, Riverside, Connecticut. 

*Procured from Linear Incorporated, Philadelphia, Penn- 
sylvania. 
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from the trough a piece of felt lines the vertical portion 
of the top (11), and hangs in the trough so that the 
felt is kept wet by capillary action. A set of five wires 
(12), 0.025 in. in diameter, spaced 1} in. apart, is 
mounted on insulated posts to provide a grid to which 
an electric sweeping voltage may be applied. The top 
is pierced by a Kovar-glass lead-through for the 
sweeping voltage and also by a filling line which 
terminates just above the copper reservoir trough. 

In order to provide temperature control the chamber 
has cooling coils (13) at the bottom and nichrome 
heating wires at the top (14) and at the side (15). 
Furthermore, the chamber is insulated (16) from the 
surrounding air. These facilities, aided by the bakelite 
ring, make it reasonably easy to vary the temperature 
gradient in the side wall while holding the top and 
bottom temperatures approximately constant. 

A circular piece of black glass (17) forms the photo- 
graphic background. The side walls of the chamber are 
lined with black velvet, and the inner metallic surfaces 
of the top are painted with black glyptal where 
necessary. 


B. Auxiliary Equipment 


The chamber is cooled by trichloroethylene circulated 
directly over pieces of dry ice contained in a can. A 
turbine pump” driven by a 4-hp motor pumps 6 gal/min 
through a screened intake and through the cooling 


coils of the chamber at a gauge pressure of about 20 
lb/in.*. This brings the temperature of the chamber’s 
bottom plate to about — 70°C. 

The chamber is illuminated by two flash tubes of 
4-mm id. Vykor tubing, 8 in. long, with tungsten 
anode and sintered tungsten-bariumoxide cathode,”® 
filled with Kr and Xe at pressures of about 20 and 
160 mm Hg, respectively. For photographing tracks a 
70-uf capacitor at 2000 v is discharged through each 
tube. The light is focused to a beam about 24 in. high 
by parabolic reflectors 8 in. long with focal length { in. 
The reflectors consist of chrome-on-brass ferrotype 
plates forced into a set of ribs machined to the required 
parabolic shape. Each parabola is mounted in a_ sheet 
metal box through which air is blown to cool the flash 
tube and reduce condensation on the Lucite windows.?? 
Under these conditions flash tubes have a useful life 
of many thousand flashes. For visual observation of the 
chamber a 1.0-yf condenser charged to 2000 v is dis- 
charged through the flash tube at a rate of about 40 
times per second. 

Stereoscopic photographs are taken through two 
f/2.3, 30-mm Baltar wide-angle lenses, mounted just 
above the top window of the chamber. Apertures of 


**Procured from Aurora Pump Company, New York, New 
York. 
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Kodak Company, Rochester, New York. 
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f/5.6 or {/8 are normally used. Each lens views the 
center of the chamber at an angle of about 8°. Inter- 
changeable film magazines fit into the lens mount, 
holding 100 ft of 35-mm film, normally unperforated 
Linagraph Ortho. Film is advanced by a motor drive 
so that the two stereo views are interspaced on the 
same film. 

Timing circuits are necessary to determine the overall 
repetition rate and the timing of sweeping field, 
cyclotron beam, light flash, and camera film advance. 
The sequence of operations is indicated in Fig. 2, and 
typical time intervals are given. All the necessary timing 
is achieved by means of delay units consisting of RC 
circuits on the grids of 2D21 tubes driving Struthers- 
Dunn relays. Each unit controls an operation and starts 
the next unit. The last one removes the plate voltage, 
which resets all units. The delays are variable over 
wide ranges and have proved to be reliable and suffi- 
ciently accurate for the purpose. 
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Fic. 2. Schematic cycle of operations with typical time 
delays indicated. All times are in seconds, 


III. OPERATION OF DIFFUSION CHAMBER 
A. General Procedure 


Light gases can be employed conveniently in diffusion 
cloud chambers if the pressure is increased appro- 
priately.”8 In these experiments either hydrogen at 
about 300 Ib/in.2 pressure (above atmospheric) or 
helium at about 200 Ib/in.? were employed. The vapor 
used has been methyl alcohol in all cases. It has desir- 
able properties of high vapor pressure, low freezing 
point, and low critical supersaturation for the formation 
of droplets. 

The temperature of the bottom of the chamber is 
kept at about —70°C. The top of the chamber is kept 
at about 15°C. Since it is insulated from the bottom by 
the bakelite ring, its temperature is fairly uniform. Prac- 
tically all the gradient occurs across the bakelite ring 
and along the side wall of the bottom part of the 
chamber. Just below the bakelite ring the temperature 
is kept at about 0°C. This leaves a gradient of about 
7°C per cm in the side wall of the chamber. Under these 
conditions a sensitive layer 6-7 cm deep may be obtained 
at the bottom of the chamber. Conditions in the 
chamber vary considerably, and the largest droplets 
are found near the top of the sensitive layer. Neverthe- 


28R. P. Shutt, Rev. Sci. Instr. 22, 730 (1951). 
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less photographs of tracks passing through the sensitive 
layer rarely show a marked change in density except 
near the top or bottom. 

The depth of the sensitive layer can be increased by 
making the bottom colder. By reducing the temperature 
to —90°C an increase of about 2 cm in layer depth was 
obtained, but the tracks near the bottom were rather 
thin and slow-forming because of the very low vapor 
pressure at the bottom. This procedure was not em- 
ployed during runs with the cyclotron. If the top 
temperature is raised to increase the vapor supply, a 
background fog with a cellular structure appears with 
H; or He fillings. This is believed to be caused by local 
turbulent currents induced by the heat released by the 
condensation process. If the temperature gradient is 
reduced, tracks become less dense and the sensitive 
layer may lift off the bottom of the chamber. The 
temperature distribution described gave the deepest 
layer of satisfactory quality. These observations are 
in agreement with theoretical estimates.”* 

Since the supply of vapor existing in the gas is limited, 
it may be exhausted by excessive ionization in the 
chamber, in which case the chamber becomes completely 
insensitive. A continuous intensity need only be 3 to 10 
times (depending on the gas and pressure used) cosmic- 
ray intensity to do this. If the source of radiation is 
removed, the chamber recovers in about one minute. 
In experiments with the cyclotron-produced meson 
beam a short pulse of fairly high intensity passes 
through the chamber, which then has a recovery period 
before the next pulse. Under such conditions intensities 
many times cosmic-ray intensity are possible as long 
as the avetage intensity does not become too great. 
Under some conditions the chamber may be locally 
insensitive. A dense background track may take enough 
vapor from a certain region to make it temporarily 
insensitive. A beam track passing through this region 
shortly afterward will then have a “gap” in it due to 
this insensitivity. Such gaps have, in fact, been frequent, 
and have made the analysis of the pictures obtained 
more difficult. These effects are caused both by back- 
ground particles passing through the sensitive layer of 
the chamber and by those passing above it. The ions 
formed above the sensitive layer diffuse down into it 
and then act as nuclei for the formation of droplets, 
either in the form of a uniform “rain” or as broad diffuse 
tracks. 

The chamber can be made more radiation-resistant 
by the application of an electric sweeping field, espe- 
cially in the case where the radiation occurs mainly in 
pulses. The sweeping field is turned on for a period 
after the pulse and serves mainly to sweep out ions 
formed in the upper part of the chamber before they 
can diffuse into the sensitive region. The sweeping 
field does, however, sweep some ions into the sensitive 
region and causes some distortion of tracks formed in 
the sensitive region, so that it should be turned off 
some time before the desired particles pass through the 





138 FOWLER, FOWLER, SHUTT, 


chamber, as shown in Fig. 2. In most cases the sweeping 
field potential has been about 1000 v. 


B. Operation with the Nevis Cyclotron 


The experiments reported here were all carried out 
using pion beams produced at the Columbia University 
Nevis cyclotron. The pions were produced in an internal 
target, partially focussed in the fringing field of the 
cyclotron, and allowed to emerge through holes in the 
six-foot thick concrete shield of the cyclotron. The 
arrangement is shown in Fig. 3. The cyclotron beam 
was controlled by pulsing the ion source, usually with a 
cycle time of about six or eight seconds. The number of 
particles traversing the chamber could be adjusted by 
changing the pulse length. The cyclotron usually ran 
with a repetition rate of 40 to 80 per sec and the beam 
pulse was long enough to include one to four cycles, 
or occasionally more. 

In most cases the diffusion chamber was run concur- 
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Fic. 3. Position of cloud chamber, steering magnet, and shielding, 
relative to cyclotron. 


rently with the Columbia 16-in. expansion chamber.” 
During the recovery period of the expansion chamber 
the diffusion chamber was automatically cut in, 
operated for six to eight beam pulses, then cut out when 
the expansion chamber was ready for a pulse. This 
procedure was quite successful on the whole, although 
there was some difliculty in obtaining meson-beam 
intensities satisfactory for both chambers. 

The steering magnet deflected the pions out of the 
direct line of sight through the hole in the shielding. 
Concrete shielding blocks were necessary to reduce 
background. In lining up the equipment and during 
operation a beam monitor consisting of two scintillation 
counters in coincidence proved very useful. Despite all 
these precautions high background remained one of the 
chief problems, consisting of both particles occurring 
between desired beam pulses and particles occurring at 
the time of the beam pulse but with random directions. 


* Byfield, Kessler, and Lederman, Phys. Rev. 86, 17 (1952). 
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Under these conditions it has been possible to obtain 
about 10-20 beam tracks per pulse with fairly good 
picture quality. Pictures were taken at a rate of about 
400 per hour, so that a typical two-shift day resulted in 
about 5000 pictures, allowing some time lost for setting 
up, adjustment, and repair of minor casualties. 


IV. RESULTS 
A. Pictures Obtained 


Major portions of eight days of cyclotron operation 
were required to obtain the pictures upon which we are 


TABLE J. Summary of pictures obtained. 


No. of 
pictures 


5600 
3400 
8400 
5700 
5400 
5200 


Day as Beam 


60-Mev 
53-Mev 
53-Mev 
68-Mev 
105-Mev 
105-Mev 


6 April 1951 

1 June 1951 

28-29 June 1951 
28-29 January 1951 
3 June 1952 

11 June 1952 


now reporting. In an attempt to survey the various 
interactions which might be studied with a diffusion 
chamber, H» and He fillings were employed, each with 
positive and negative pions of about 60 Mev and 
negative pions of about 100 Mev. The conditions of the 
various runs are summarized in Table I, where the 
pion energies inside the chamber are listed. A total of 
33 700 pictures were taken and analyzed. On the average 
each picture has about 10 pion tracks. 


B. Analysis of Pictures 


The analysis of the pictures was carried out in two 
steps ; the films were first scanned and interesting events 
noted, then each event was analyzed in detail. For 
scanning modified Stereo-Vivid projectors” were used, 
which enabled either stereo view to be thrown upon the 
screen. By looking at the image obliquely, so that the 
beam tracks are foreshortened, any deflection is 
readily recognized. Under these conditions confusion 
due to background tracks is much reduced. Once the 
procedure was established, the majority of the scanning 
was done by nonscientific personnel, as has often been 
done in nuclear emulsion work. 

For analysis of the scattering events a projector 
was built in which the camera lenses could be used in 
the same geometry as employed for taking pictures. 
The two stereo images were made to coincide on a 
ground glass screen by properly adjusting its position 
in space.*! In this way the true lengths of tracks and 
angles between them were measured. 

During the scanning each beam track was inspected, 
as in “along-the-track”’ scanning in emulsions,” and 


*® Procured from Three Dimension Company, Chicago, Illinois. 

31 W. Powell, Rev. Sci. Instr. 20, 402 (1949). 

# Bernardini, Booth, Lederman, and Tinlot, Phys. Rev. 82, 
105 (1951). 
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any event was noted which might possibly be a pion 
interaction. In addition all decays in flight of pions 
(3) into mesons (u) with projected angles of 4° or more 
(in either view) were recorded. (Such w-u decays appear 
as sudden deflections of straight tracks without the 
recoil track characteristic of a scattering event.) 
About 20 percent of the pictures were scanned twice 
independently as a check on the consistency of the 
scanning procedure and on scanning efficiency. The 
number of w-u decays checked was great enough that 
the discrepancies could be used to estimate the probabil- 
ity that a single observer would find a m-u. This scan- 
ning efficiency was determined to be 86 percent, 91 
percent, 83 percent, 93 percent, 88 percent, and 87 
percent on the various runs (in the order appearing in 
Table I). For pion-interaction events the probability of 
detection should be somewhat higher, since they are 
easier to recognize. It seems certain that not many 
events were missed. 

A considerable number of events were noted during 
scanning which were not pion interactions. When the 
events were reprojected and analyzed the following 
criteria were used to determine whether the event was 
acceptable: (1) Incoming track must be straight and 
in the direction of the meson beam. (2) Angles between 
tracks must be consistent with those expected for a 
pion interaction, in particular, an elastic scattering 
must be coplanar, with the right angular relationships. 
(3) Lengths of recoil tracks must be consistent with 
those expected. (4) Densities of tracks must be reason- 
ably consistent with those expected. These considera- 
tions usually determine whether the event is a pion 
interaction or not, although there are a few doubtful 
cases. In particular, scatterings with small scattering 
angle and very short recoil are always doubtful, and 
elastic scatterings through less than 20° were not 
counted. 


C. Determination of Pion Path Length 


The number of m-u decays observed is used as an 
indication of the total path length of the pions that 
have traversed the cloud chamber. The mean path 
length for decay of a pion of momentum f, rest mass 
wo, and rest lifetime 70, is 


D4 = pro Mo. (1) 


Taking to=2.55X 10-8 sec,*-** and po=277m,,** this 


gives (Y in cm, pe in Mev) 
X=5.44 pc. (2) 


From this length and the average gas density in the 
sensitive depth the path length in g/cm? per m-» decay 
is calculated. 

83 Lederman, Byfield, and Kessler, Phys. Rev. 85, 719 (1952). 

*W.L. Kraushaar, Phys. Rev. $6, 513 (1952). 

4 Durbin, Loar, and Havens, Phys. Rev. 88, 179 (1952). 

‘6 Barkas, Smith, and Gardner, Phys. Rev. 82, 102 (1951). 
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Fic. 4. Typical distribution of projected m-« angles. The points 
shown were obtained for the 105-Mev > beam which gave the 
sharpest cutoff. 


To obtain the total number of m-4 decays a correction 
must be made to the number of 2-y’s counted to take 
account ef those with projected angles less than 4°. 
This correction is determined by plotting the distribu- 
tion of m-u decay angles, as in Fig. 4. The dotted curve 
gives the number of a-u’s of small angle that were not 
counted. (While the distribution of true m-u angles in 
space is peaked at the maximum angle, calculation 
shows that the projected angle distribution should be 
quite flat for the present pion energies.) The correction 
factor is therefore the ratio of the total area under the 
curve to that under the solid part. The cut-off angle of 
the distribution is also useful since it provides a measure 
of the pion momentum. A broad distribution of pion 
momenta would lead to a gradual decline rather than 
the sharp cut-off seen in Fig. 4. 

The r-» counts and -path lengths derived from them 
are given in Table IT. 


D. Interactions Observed 


The numbers of interactions observed are given in 
Table III. From the numbers of interactions and the 


m-u decays the path lengths and cross sections for 


interactions can be calculated. These results are also 


given in Table III. Statistical standard errors are 


Pane II. Pion path lengths observed 


Path Total 
np count length path 
624° in Correction per wu length 

Beam ‘ actor g/cm? g/cm? 


6 1400 
4‘ 1780 
2 1720 
1 
1 


60-Mevy 
53-Mev 
105-Mev 
68-Mev 865 
Vv 915 
v 2340 


53-Me 
105-Me 
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TABLE III. Summary of interactions. 


Interaction 
path 
length 
g/cm? 


Cross section 
in millibarns 


10°? em? 


Number of 


Beam 


Filling 


H, 60-Mev : 470 
H, 53-Me ’ 85 
H, 105-Me 160 
He 68-Me 79 
He 53-Me . 70 
He 105-Me 


Qo me te & 


oi ee 


rN DW UN 
a 


oe 
Hi ir ie i 


nN 
~~ 
~~ 


quoted. The cross sections calculated directly from the 
number of observed interactions have been increased 
by 5 percent-13 percent to correct for the elastic 
scatterings through than 20° which were not 
counted. The amount of correction depends on the 
amount of elastic scattering and on the shape of the 
angular distribution above 20°. 

It is not likely that any of the observed interactions 
listed in Table III involved carbon or oxygen in the 
alcohol rather than H, or He. At our operating pressures 
there is at most (at the top of the sensitive layer) one 
molecule of methyl! alcohol per 800 molecules of H» or 
600 atoms of He. In addition interactions of pions with 
C or O would certainly not be confused with elastic 
scatterings from H» or He and would not be expected 
to resemble inelastic scatterings or absorptions in the 
light elements very often. A few pion interactions 
apparently involving C or O were observed in addition 


less 


to those given in Table III. 
V. DISCUSSION OF HYDROGEN DATA 

In the case of hydrogen, negative pions (~) can 
undergo elastic scattering, charge exchange scattering, 
or radiative capture, while positive pions (4+) undergo 
elastic scattering only. The reactions are given in 
Eq. (3). Only the elastic scatterings were observed in 
the cloud chamber: 


a +p—10- +p 
1+ pr +n 
w+ poytn 
rt pomp 
The other interactions should appear as beam meson 
tracks disappearing without recoil or scattered particle. 
Because of the frequent gaps in tracks and insensitive 
areas in the chamber such disappearances were not 
generally recognizable, although one definite example 
was noticed. Consequently, the hydrogen cross section 
given in Table III for r* is the total cross section while 
those given for r~ are not. Results obtained at Chicago 
indicate that elastic scattering is only about § the total 
cross section for w~ at 118 Mev.*” Radiative capture is 
thought to be small (see Sec. VI). 
The cross sections here reported for m~ suggest that 
also at 60 Mev elastic scattering of r~ is much smaller 


(elastic) 
(charge exchange) 
(radiative capture) 
(elastic). 


37 Fermi, Anders mn, Lundby, Nagle, and Yodh, Phys. Rev. 85, 
935 (1952). 
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than the total cross section. The cross section for x* is 
consistent with the Chicago data. A summary of cross 
sections reported in the literature*** is given in Fig. 5. 
From the t-p scattering events at 53 Mev it was 
possible to obtain some information concerning the 
angular distribution. As previously reported'* the 
scatterings are concentrated in the forward and back- 
ward directions. They are consistent with cos’ or 
(1+3 cos’) distributions (4 is the angle in the center- 
of-mass system), but not with an isotropic one, indicat- 
ing that p-wave scattering is important at these energies. 
However, because of the large statistical errors, there 
may also be some s-wave scattering. This would lead to 
asymmetries in the distributions as observed by the 
Chicago group at higher energies.'*:"4 
VI. DISCUSSION OF HELIUM DATA 
A. Experimental Cross Sections 
When a pion strikes a helium nucleus, the interactions 
shown in Eq. (4) can take place. The combination 
(2p+2n), for instance, signifies 
a*++He—nt+He, 2-+He-a-+ He 
(elastic) (4a) 
—m~+ (2p+2n) 
(inelastic) 
1+ (p+3n) 


(charge exchange) (4c) 


—>(p+3n) 


(absorption), 


—nt+ (2p+2n), 
(4b) 


n+ (3p+n), 


— (3p+n) 
(4d) 
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Fic. 5. Summary of cross sections obtained by various exper- 
imenters for r-p scattering. The solid curve gives the x*-p cross 
section, the dashed curve the total r~-p, and the dotted curve 
the elastic r~-p cross section only. The highest energy points 
obtained at Chicago are off scale on this graph. 


4% Barnes, Clark, Perry, and Angell, Phys. Rev. 87, 669 (1952). 
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Fic. 6. Photograph of a 105-Mev negative pion scattered inelastically in helium. Tracks 1 and 2 
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2 show incident and scattered pions, 


respectively. Tracks 3 and 4 are two charged recoils, both stopping in the gas 


two protons and two neutrons, some of which may be 
bound together as He’, H*, or H?. 

The pion may be scattered elastically with cross 
section o, [ Eq. (4a) ], or the interaction may lead to a 
reaction with cross section a, [Eq. (4b, c, d)]. The 
total cross section is therefore 7,=0,+0,. Examples of 
photographs are given in Figs. 6 and 7. 

a, can be split into several other cross sections. The 
pion can transfer enough energy to the constituent 
nucleons of the nucleus to excite the latter. Since 
helium has no excited states except for a broad level 
near its binding energy of 28 Mey, this will practically 
always result in a disintegration of the nucleus [ Eq. 
(4b) |. In addition to the incoming meson track, one 
therefore should see a track of a considerably slowed- 
down meson and either one heavily ionized track due to 
a He* nucleus, or two such tracks attributable to 
H?+-H', 2H?*, or 2H' (Fig. 6). o,; shall stand for the 
cross section for these events. The other class of events 
results in a transfer of the electric charge of the meson 
to a nucleon [ Eqs. (4c) and (4d) ], with a cross section 
a. so that o,=0,+0,. Here no meson track can be seen 
after the collision (Fig. 7). If the meson had positive 
charge, 2 or 3 heavily ionized tracks will emerge, 


consisting of He®+H', H?+2H!', or 3H’. If the meson 
was negative there will be only one heavy track after 
the collision consisting of H*, H?, or H'. 

o. can be subdivided further. The transfer of charge 
may either have occurred by a scattering of the meson 
with charge exchange, [Eq. (4c) ], with cross section 
ay, or by absorption of the meson [Eq. (4d) ], with 
cross section oq. Therefore o-=oa+o,. The pion can be 
absorbed by a single nucleon, resulting in a gamma-ray 
and a recoil particle, or by several nucleons simulta- 
neously, resulting in several recoil particles of fairly 
high energy exhibiting a certain amount of correlation 
between their directions of flight. Without application 
of a magnetic field for momentum measurements some 
difficulty is encountered in deciding whether a particular 
event classified under oa, belongs to oq or oy. For mt, 
where three outgoing prongs are visible, a conclusion 
might be drawn from the spatial correlation of the 
prongs, their range, and their apparent density of 
ionization. However, for m events, with only one 
outgoing prong, no such arguments are available. 

As stated above, observations were made with wt at 


53 Mev, and with mw at 68 and 105 Mev. The observed 
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Photograph of charge exchange or absorption of a 105-Mev negative pion. Track 1 is the incident 


pion and Track 2 is the only charged recoil. 


frequencies of the different types of interactions are 
compiled in Table LV. 

The absorption event noted for m+ at 53 Mev has 
been exhibited previously.'’ It shows what are believed 
to be two fairly fast protons emerging in almost opposite 
directions, and a third short, heavy track. The four 
other events noted under “charge transfer’’ are believed 
to be caused by charge exchange for the following 
reasons. Since the maximum energy transfer from a 
53-Mev pion to a nucleon is about equal to the total 
binding energy of 28 Mev of the helium nucleus, one 
might expect that the most probable event to happen 
after a charge exchange would be a disintegration of 
He* into He*+H! requiring only 21 Mev. In such a 
break-up the proton, formed by collision with charge 
exchange of the incoming a* with a neutron, would 
receive most of the available energy. The He’ particle, 
receiving only a small portion of the energy, loses its 
energy quite fast because of its twofold electric charge 
and thus exhibits a very short range. Therefore at the 
present fairly low energy a m* charge-exchange event 
may be expected to consist of a fairly heavy proton 
prong of medium range and a very short He’ prong. 
The four events under discussion show this feature. 
When a r* is absorbed by helium, on the other hand, 


one should usually see at least 2 energetic charged 
particles. The statistical argument given below in 
connection with the prong distribution from #~ interac- 
tions also indicates these m* interactions to be charge 
exchange. The possibility of radiative absorption by < 
single neutron is not yet excluded by these arguments 
but will be excluded shortly. With this identification of 
events the charge-exchange cross section for 53-Mev 
positive pions on helium is o,=29+15 millibarns. 
This cross section has been singled out because it is 
based on fairly direct evidence. Since the numbers of 
mt and mw events at 53 and 68 Mev, respectively, are 
quite similar, taking into account the respective total 
observed paths through helium (see Tables II and ITD), 
we shall lump these data together for further discussion, 


TaBLe IV. Frequency of different types of interactions 
observed in helium. 


Charge transfer 
Charge Absorp 
exchange tion 
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Inelastic 
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referring to the average energy of 60 Mev. All cross 
sections thus calculated are listed in Table V, columns 
1-4. 

Although for x~ collisions with helium there is no 
way to distinguish between charge exchange and 
absorption for a single event without a magnetic field, 
a statistical argument favors an interpretation of o. 
mainly in terms of charge exchange. A meson can be 
absorbed by two or more nucleons®” where some of 
the absorbing nucleons may remain bound together. 
In the center-of-mass system (cms) the statistical prong 
distribution is expected to be symmetric with respect 
to the backward and forward directions. The motion of 
the cms in the laboratory system distorts this distribu- 
tion towards the forward direction. The degree of 
distortion has been calculated, for different angular 
distributions in the cms, with the result that at both 
energies considered here the ratio of the number of 
forward prongs to the number of backward prongs 
should be at most 1.5:1. Therefore one should observe 
not many more prongs in the forward direction than in 
the backward direction. Actually, at 60 Mev 9 prongs 


TABLE V. Cross sections found experimentally for helium, 


1 2 3 4 5 6 
Pion energy 


(Mev) Ga(mb) oy (mb) 


oe(mb) 


37412 15 22 
82412 20 62 


o:(mb) ae(mb) ai(mb) 


1548 ; 
51412 


89418 37412 
74414 


60 (av.) 
105 207+24 


go forward and none backward, while at 105 Mev 
23 prongs go forward and 6 backward, which is quite 
different from any distribution expected for non- 
radiative absorption. Similar calculations for the 
effect of radiative absorption by a single nucleon show 
that here a predominantly forward distribution might 
be expected. However, from results on photoproduction 
of mesons one can estimate for the inverse reaction a 
cross section of only about 0.5 mb. We therefore 
conclude that the observed charge-transfer events 
cannot be explained by radiative absorption by a single 
nucleon, few of them are due to absorption by two or 
more nucleons, and most are due to charge exchange. 
If, on the other hand, most of the charge-transfer 
events were to be ascribed to absorption by two or 
more nucleons some explanation of the observed 
forward prong distribution would have to be found. 
Since helium in the ground state contains two protons 
with opposite spins and two neutrons with opposite 
spins, all charge-exchange events must be inelastic 
according to the Pauli principle. One would therefore 
expect that their prong distribution would look similar 
to the distribution of prongs for inelastic events. This 
is indeed shown by the diagram in Fig. 8, plotted for 
the 105-Mev data. Of the 18 inelastic events 8 show a 


*9 F. L. Adelman, Phys. Rev. 85, 249 (1952). 
 S. Ruddlesden and A. Clark, Nature 164, 487 (1949). 


INTERACTIONS IN H 


143 


AND He 


single heavy prong going forward, while 10 show 2 
heavy prongs. All 28 prongs are plotted. Of these 19 
pass forward and 9 backward, compared with 23 forward 
and 6 backward for the charge-transfer events. Since 
the binding energy of the He® observed in the 8 single- 
prong inelastic events is the same as that of H® produced 
by charge exchange, one might expect that 298/18 
= 13 of the latter correspond to the 8 single-forward- 
prong inelastic events, leaving 16 events corresponding 
to the 10 double-prong inelastic events. The latter 10 
events contain 9 heavy prongs going backward and 11 
going forward. Thus for the remaining 16 charge- 
exchange events about 14 corresponding particles 
should pass backward and 18 forward. Due to exchange 
of charge only one-half of each of these groups can be 
visible as prongs in the cloud chamber. Therefore, 
from the prong distribution for inelastic events we 
infer that 134+9=22 of the charge-transfer events 
should have forward prongs and 7 backward ones, in 
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Fic. 8. Scatter diagrams of “recoil” ranges of heavy prongs for 
charge transfer and inelastic scattering, plotted from 105-Mev 
x helium results. Prong angle y is measured with respect to 
direction of incident pion track. 
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agreement with the observed distribution. Of course, 
because of the relatively small number of events 
studied here this agreement is partially fortuitous, 
and we cannot rule out that a fair portion of the 
events in question is caused by absorption. Another 
argument involving the magnitude of a, also favors the 
interpretation of the observed charge-transfer events 
given above and will be presented in Sec. VI C. Weight- 
ing all of the evidence presented we have arrived at 
the estimates for a, and o, given in Table V, columns 
5 and 6. 

The apparently large charge-exchange cross section 
found here is not in agreement with results obtained by 
other authors for deuterium" and for heavier nuclei, 
frem beryllium on up.” None of these authors 
report charge-exchange cross sections greater than a 
few millibarns. 

The angular distribution of the elastically scattered 
mesons is given in Table VI. This table shows the data 
listed in two ways as functions of the cms-angles 6. 
For the ranges 0<0)<60°, 60°<09< 120°, and 120°<@% 
<180° average differential cross sections Ago,/Aw 
(Aw = w2— w= 29 (Cos#o,— CosM2)) are given, while for 
the ranges 0<0)<90° and 90°<@)<180° ‘“‘total”’ 
forward and backward cross sections are noted. Despite 
the large statistical errors, there appear to be two 
possibly significant features. At 60 Mev the scattering 
is almost completely backward, and at 105 Mev the 
scattering appears to be almost isotropic. 

In the following sections an attempt will be made to 
interpret the present results in some more detail and 
to correlate them to the observed pion-nucleon cross 
sections. 


B. General Considerations Concerning the 
Pion-Helium System 


For the pion energies of 60 and 105 Mev the wave- 
lengths in the cms of helium nucleus and pion are 
Ao=1.45X10-% and 1.04K10~" cm, respectively. A 
radius for the nucleus can be defined by R; = A4(h/joc), 
where A is the number of nucleons in the nucleus. For 
helium R,= 2.21 10~" cm. Thus Ap and R, are almost 
equal, which implies that for the present case not much 
meaning can be attributed to a geometrical interpreta- 
tion of R. 

It follows quite generally from collision theory that 


(5) 
and 
0,=A,(1—/C}?), (6) 


where the “nuclear area” A, is equal to rR? only if 
Xo Ri, and where C is a complex number with absolute 
value $1. C is related to the nuclear potential and is 

“| Roberts, Spry, and Tinlot, Bull. Am. Phys. Soc. 28, No. 1, 
14 (1953). 

#R, Wilson and J. P. Perry, Phys. Rev. 84, 163 (1951). 

* Kessler, Byfield, Lederman, and Rogers, Bull. Am. Phys. Soc. 
28, No. 1, 14 (1953). 
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therefore of interest. One can write 


C= |Cle*, (7) 
where a@ can be called the average phase shift of the 
scattered wave due to the nuclear potential. Therefore 
we have 


o.=A,(1—2]C|cos2a+]|C|?). (8) 


Although o, and og, have been measured, |C! and a 
cannot be determined if A, is not known. But since we 
have the condition that |cos2a| <1 a lower limit for 
A, can be found. From the data in Table V we obtain 
An=544+17 mb at 60 Mev and A,2=147+29 mb at 
105 Mev. (#R,’ is equal to 154 mb.) Except for these 
lower limits for the nuclear area nothing can be said 
about C without further assumptions for A,. Assuming 
different values for the nuclear radius R so that 7R? is 
greater than the lower limits just determined for A, 
we can make use of the “optical model’ in order 
to obtain estimated values for A, the mean free path in 
nuclear matter, and V, the average potential between 
the helium nucleus and the pion. (Since R~AXpo the 
“optical model” is not strictly valid here.) \ depends on 
|C| only and V on ealone. Table VII shows the results. 
In this table \ was found from the graph o,/7R? vs KR 
in reference 44, with A=A~', and V from the graph 
o,/R? vs o,/mR? in reference 45, remembering that the 
quantity &, in reference 45 is determined by V=1.97 
X10-"Bki (1+ 3kiA0) (where 8 is the pion velocity in 
the cms divided by c). 

It is apparent that, while \ is quite sensitive to the 
assumed value of R, V is not. However, both quantities 
are much affected by the experimental uncertainties. 
Our values for V appear to agree with the values of 18 
Mev reported for 62-Mev mesons” and 15 Mev reported 
for 48-Mev mesons** both found for carbon. 

A considerable number of data would have to be 
available to allow more definite conclusions. By assum- 
ing that only s-wave and p-wave scattering is involved 
(Ago<.RyS 2X0), a conclusion can be drawn on the 
relative signs of the phase shifts of these waves at 
60 Mev. (At 105 Mev the elastic scattering distribution 
appears to be compatible with a pure s-wave interac- 
tion.) ‘Taking into account only s-waves and p-waves 


TABLE VI. Elastic scattering angular distribution in helium. 


Ao. | Aa; | 1% Ao, ( w | leoe 
Ge Oe 
Pion Aw ) Aw | 6 é 2 | 0 | 90 
energy mb mb mb mb (mb 
(Mev) sterad) sterad sterad) sterad) sterad) 


745 
40+10 


30+11 
34+ 10 


0.6+0.6 
6+2 


10+4 
4+2 


“4 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 
45H. A. Bethe and R. R. Wilson, Phys. Rev. 83, 690 (1951). 
46 A. M. Shapiro, Phys. Rev. 84, 1063 (1951). 
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Taste VII. Mean free paths in nuclear matter and pion-helium 
potentials from “optical model.” 


Pion 
energy R » V 
(Mev) (1074 em) (1074 em) Mev) 

= R,=2.2 

=2')=2.9 


742 22411 
I 


14+4 
1.6+0.8 
—0.3 
6+0.8 


60 


=| 
9 


= R,=2.2 
=3%Xo=3.1 


17+17 
19+10 


the differential scattering distribution is 


do, /dw= Xo? | by | ?+3 (bobs *+ bo*b;) cosy 
+9) b,!* cos’ ]. (9) 


Here b,=1—e?*4-*4, where a, represents the phase 
shift corresponding to angular momentum number 
L (=0 or 1) and 6, represents attenuation factors due 
to reactions that may take place. 6;* is complex 
conjugate to 6;. The sign of the numerical value of the 
term multiplied by cos@) determines whether forward or 
backward scattering predominates. In the present case 
this term is negative because of the observed strong 
backward scattering. One can show easily that therefore 
ao and a, must have opposite signs, indicating that 
repulsive as well as attractive potentials are involved 
in the scattering process. 

Applying the isotopic spin formalism, one can give 
the pion isotopic spin t=1 with charge component 
fi3;=+1 (for a negative meson taken as an example), 
and give the helium nucleus isotopic spin 7,“ =0 with 
T\3%=0. Therefore the total charge is 73=7\3%+ tis 
=-+1 and the total isotopic spin of the system is 
T= t+7,%=1. T and 7; must remain constant through- 
out the collision process. After an elastic collision 
T.N=T,X=0 and 7T23,%=7);%=0. After an inelastic 
collision resulting in up to 4 separate nucleons in 
addition to the pion, 72% could be 0, 1, or 2. For 7:4 =1 
one can have 73% =1, te;=0(73= T23%+te3= +1) or 
T2;%=0, to;=1, the former reaction representing in- 
elastic events with charge exchange (f,;;=1, t;=0), 
the latter concerning inelastic events without charge 
exchange. For each of these two possibilities one 
obtains" a probability of 3. If one assumes that after a 
disruption of the helium nucleus the state 7,‘=1 
prevails, the prediction is that ¢,=0;. This is indeed 
indicated in Table V. For 7)* = 2 one can have 723% = 2, 
tos= —1, or T23%=1, te3=0, or 7T23%=0, to3=1. The 
first possibility would represent a double charge 
exchange turning a negative pion into a positive pion, 
the second possibility represents single charge exchange 
and the third simply inelastic events. The relative 
probabilities are 6:3:1, respectively. Since probably 
most of the interaction process is a result of individual 
collisions with the nucleons in the nucleus it appears 


47 EF, U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, Cambridge, 1951), p. 76. 
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that double charge exchange is quite unlikely even if 
one disregards any selection rules for | 7:%’—7,%|, and 
spin and parity considerations. Therefore probably 
T,‘ =0 or 1, in agreement with the experiment. 


C. Helium Reactions in Terms of Pion-Nucleon 
Interactions 


The ratio of the total cross section o, at 105 Mev to 
that at 60 Mev is 2.3 as inspection of Table V shows. 
Within the errors the same is true for the corresponding 
ratios of the partial cross sections o,, o;, and o,. Similar 
increases have been found for hydrogen as shown in 
Fig. 5 and for deuterium,** while for carbon and heavier 
nuclei the energy dependence is less marked.*” One can 
conclude that the observed energy dependence of the 
cross sections for the light nuclei reflects the energy 
dependence of the w-nucleon cross sections as long as 
the interaction mean free path does not become small 
compared to the size of the nuclei. An attempt can 
therefore be made to explain the results for helium in 
terms of the observations on hydrogen." Since the 
nucleons are bound, selection rules must apply limiting 
certain transitions, and the probability of a reaction 
of a given type must be determined in part by the 
number of final states accessible. In what follows such 
rules are not everywhere taken into account. However, 
mention will be made where a calculated result appears 
likely to be modified by a more complete treatment. 
mt proton nuclear forces are assumed to be identical 
in magnitude to r* neutron forces. 

When a pion strikes a nucleon in a nucleus, the colli- 
sion may be inelastic in the pion-nucleus system if the 
energy transfer from pion to nucleon is large. Thus for 
large scattering angles the differential elastic scattering 
cross section for the nucleus can become considerably 
smaller than the corresponding cross section for a 
single nucleon. This has been investigated theoretically 
by several authors.”:*! The large-angle events that have 
been lost from the elastic scattering cross section 
contribute to the inelastic cross section. This partial 
cross section will be called a,. The other contribution 
to inelastic scattering is the result of pion-nucleon 
scattering with spin-flip, called here o, so that o,=0, 
+o,. In the p-state (1 = 1) the total angular momentum 
J of the pion-nucleon system is J=L+S=1+}, 
(S=}=nucleon spin). Z, J, and the component of J, 
m;=m,+ms, must remain constant. The possibility 
(Am;=+1, Ams=-+¥1) results in a flip of the spin 
of the struck nucleon. Because of the Pauli principle 
an event of this kind taking place in helium must be 
inelastic just as for the case of charge exchange, as 
mentioned before. We finally can put ¢,=¢a+0,+9, 
+a,. All of the partial cross sections refer to the nucleus 


*® Anderson, Fermi, Nagle, and Yodh, Phys. Rev. 86, 413 (1952) 
RL. Martin, Phys. Rev. 87, 1052 (1952). 
® T). C. Peaslee, Phys. Rev. 87, 862 (1952) 
5! M. Kawaguchi and Y. Yamaguchi (private communication). 
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as a whole. If o, stands for oa, 77, 7), OF gy, we can call 
a, the corresponding average cross section for an 
individual nucleon bound in the nucleus, where co,’ 
represents o,', 0,’, or a,’. Thus the a,’ are defined 
as the cross sections for nucleons under the conditions 
prevailing in the particular nucleus under discussion. 
If there are equal numbers of neutrons and protons 
in the nucleus, and if we put a,’ and o,p’ for neutrons 
and protons, respectively, then o,’=4(ony’+onp’). 
The quantity o,’, particularly, is defined as one-half 
the average absorption cross section per nucleon pair 
in the nucleus. Since the range of the nuclear forces is 
limited and since the different types of interactions 
are in competition, we have o,< (oq'+0o,'+0,'+0,')A. 
However, one can write 


/ 
Tp ’ 


Ca Oy 09:09 Fe i Oy 20p 3S ye, (10) 
since the individual nucleon cross sections are propor- 
tional to the probabilities of occurrence for the different 
events and since these relative probabilities should not 
be changed by the fact that in the nucleus the different 
processes are in competition. It follows that 


(11) 


where / is a constant for a given nucleus at a given pion 
energy. If some model, such as the “optical model” 
is assumed for the nucleus, with a given radius R, f can 
be calculated. As has been discussed, no such specific 
assumption can be made here since Ag R, and we will 
instead calculate f later from the experimental results. 
If all of the o,’ are quite small, f~1/A, of course. In 
the following paragraphs values for oy’ and o,’ will be 
calculated from information concerning pion-nucleon 
scattering, and a‘reasonable assumption can be made 
for oq’, while more uncertainty exists about a calculation 
of o,’. From the equations [following from Eqs. (10) 


and (11) ] 


ae ss 
a =Onf, 


0 


(12) 
and 
(13) 


we can, however, infer ,’ in addition to f, making use 
of the calculated values of o,’, oy’, and oq’, and the 
experimental values of o, and o;. (If 0,’ could be cal- 
culated with some certainty, Eqs. (12) and (13) could 
be used for a check of consistency.) 

We shall proceed to calculate o,’. Since charge 
exchange can take place only on either the neutrons 
or the protons in the nucleus, depending on the sign of 
the pion, the average cross section o,’ is one-half the 
pion-nucleon cross section for charge exchange. The 
nucleons in the nucleus can be assumed to move with 
an average kinetic energy ,;=20 Mev and a Gaussian 
momentum distribution® proportional to exp(— P?/s) 
dp, where P is the momentum, s is determined by F,, 
and dp is a volume element in phase space. The charge- 


8 FE, M. Henley, Phys. Rev. 85, 204 (1952). 
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exchange cross section is given as a function of the 
relative energy between pion and nucleon by the 
graph, Fig. 5. Multiplication of the latter by the 
momentum distribution and numerical integration gives 
the upper limits for 7,’ given in Table VIII, column 1. 
It may be of interest that the values thus calculated 
for pion energies of 60 and 105 Mev are 20 percent and 
35 percent higher, respectively, than the values obtained 
if there were no nucleon motion. 

One can argue that a pion-nucleon collision will 
result in a disruption of the helium nucleus with high 
probability if the pion loses more than 21 Mev in the 
process. (He® or H’® have binding energies of 7 Mev 
leaving 21 Mev of the 28-Mev total binding energy of 
He‘ to be supplied.) Thus, only if the pion is scattered 
by a nucleon through a fairly large angle, is an inelastic 
collision possible relative to the pion-helium system. 
Considering the angular distribution for charge- 
exchange scattering’ an integration through angles 
resulting in energy transfers greater than 21 Mev yields 
what might be considered more appropriate values for 
a,'. These values are also given in Table VIII, column 
1, below the upper limits given before. 


TaBLe VIII. Calculated values of partial pion-nucleon cross 
sections. For every number an upper limit is given as well as a 
value believed to be more appropriate, as discussed in the text. 


Pion 
energy 
(Mev) @,'(mb) oy'(mb) oq@'(mb f Fa (mb 


17+6 
17+6 


<0.46+0.16 


60 <90 yy <8 
5 >0.30+0.10 


6.0 0.8 ml 
3248 
3248 


15.2 13.2 <10 <0.31+0.07 


11.0 >7 >0.22+0.05 


The spin-flip scattering cross section a,’ has been 
obtained by a similar calculation except that this type 
of scattering is not given explicitly but must first be 
inferred by means of a phase shift calculation. We shall 
use here the results of the phase shift analysis by Ander- 
son ef al.4 Accordingly we have for the upper limit of 
a, at a particular energy 


0, = a rhe7l Agi*+)A pg}? |, (14) 


¢ 


having integrated over the spin-flip angular distribution 
which is proportional to sin’. A» is here the wavelength 
in the pion-nucleon cms. A, is the spin-flip scattering 
amplitude for a #* scattered by a proton, given by 
Ag=4V2 (es; — 31) (in the notation used in reference 14), 
while Apg is the amplitude for a 7 
scattered by a proton), given by 


scattered by a 
neutron (or a 7 
A p3= 1 V2 (€33 €31+2¢) 2e:,). The first index (n) on 
the contributing amplitudes e,,» is twice the total isotopic 
spin, and the second index (m) is twice the total angular 
momentum of the pion-nucleon system. énam is given by 
1—e’2"™, The anm were obtained mostly by interpola- 
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tion between results given by Anderson ef al.," and 
partially from what few data are available at lower 
energies.’-'> Integration over all nucleon momenta 
gives the upper limits for o,’ shown in Table VIII, 
column 2. The other values given here for o,’, con- 
sidered to be more appropriate, were obtained by inte- 
gration over large 4 only, corresponding to large energy 
transfers, as before for a,’. 

The cross section for absorption of a pion by a 
deuteron is about 8 mb at 60 Mev and about 10 mb at 
105 Mev, as an interpolation of results on this reaction 
shows. Byfield et al.,% have shown that these cross 
sections must be multiplied by a factor $3.3 to obtain 
the cross section per proton in carbon. For helium we 
shall assume that this factor is between 1.5 and 2 
because of the small number of nucleons present. The 
values for 4’ (upper and lower limits per nucleon in 
helium) have been entered in Table VIII, column 3. 
From the values in Tables V and VIII and Eqs. (12) 
and (13) the values for o,’ and f given in Table VIII, 
columns 4 and 5 have been calculated. The indicated 
errors are determined from the experimental uncertainty 
of o, and o,. From f and o,’ one can calculate oq given 
in Table VIII, column 6. It is seen that these values for 
o4 agree more or less with those already estimated from 
other considerations and given in Table V. 

The value of f at 60 Mev should be smaller than that 
at 105 Mev since the individual nucleon cross sections 
are smaller at 60 Mev, and f--1/A4=0.25 for small 
nucleon cross sections. Taking into account the un- 
certainties in the assumptions made for the calculations 
and the large experimental uncertainties, the given 
values for f are not inconsistent with each other. 

At both energies the values for o,’ turn out to be 
rather small. o,’ should increase with energy because at 
larger pion energies the energy transfer from a scattered 
pion to a nucleon becomes comparable to the binding 
energy of the nucleus for smaller scattering angles, in 
addition to the general increase of almost all of the 
pertinent cross sections with energy. Whether a,’ indeed 


increases with energy cannot be recognized because of 


the large errors. 

A more elaborate calculation applying the Pauli 
principle to the number of possible final states of the 
nucleons after an inelastic collision® and applying 
selection rules attributable to spin, isotopic spin, and 
parity considerations may reduce the computed values 
of o,/ and o,’ further. Since f must be > 0.25, a,’ cannot 
be reduced very much at 105 Mev, while a greater 
modification might be possible at 60 Mev. If a,’ were 
almost zero at 105 Mev, o,’ would have to be >0.25 
*82=20 mb instead of the estimated value of 10 mb. 
This is an additional indication that a large portion 
of the observed charge-transfer” events are caused by 
charge exchange. 

8% Clark, Roberts, and Wilson, Phys. Rev. $3, 649 (1951). 

Durbin, Loar, and Steinberger, Phys. Rev. 83, 646 (1951). 

> M. H. Johnson, Phys. Rev. 83, 510 (1951). 
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D. Pion-Helium Elastic Scattering in Terms of 
Pion-Nucleon Scattering 


Both the protons and the neutrons in the nucleus 
contribute to the elastic scattering of picns. The 
amplitudes due to these two contributions interfere so 
that the total differential scattering distribution is 
given by 


1X° | B,|2-+3(B,A*e + Bi*Aes) 
X coshy $+ 9| Aat|? COSA Q2, 


do, dw = 


(15) 


where B,= B+ Bp for the s-waves and Ag:= AgtA pa 
for the p-waves. Furthermore, 


B= e3, e3= 1—e?":, 
Bp= 1 (e3+ 2e1), i= — ein, 
Aq= i (2e33+ €31), 
A pa= 3 (2ess+esit ter; + 2e1). 


Here it is important to note that the signs ofthe 
individual phase shifts as determined from pion-proton 
scattering may or may not have to be reversed for 
pion-neutron scattering. For instance, the nuclear .orce 
between a m and a proton may be attractive while the 
force between a m* and a neutron may be equal in 
magnitude but repulsive. Some meson theories lead to 
such results. Calculations have been carried out for 
both possibilities. 

The factor 2 in Eq. (15) takes into account the 
presence of several proton-neutron pairs, the term in 
brackets applying only to one such pair, as well as the 
possible reduction of the cross section for large energy 
transfers”: (large 0). No attempt is made to calculate 
exactly the magnitude and dependence on 4 of . 

The phase shifts a,» must be selected for the proper 
energies. A pion of given laboratory energy has 
considerably more energy with respect to a bound 
nucleon in the pion-helium cms than it has in a free- 
nucleon-pion cms. Assuming merely that an elastic 
collision consists of a pion striking a single nucleon 
bound rigidly in the helium nucleus, the present 
pion-helium results at 60 and 105 Mev may have to be 
compared with the pion-proton results at energies as 
high as 78 and 137 Mev, respectively. Values for the 
corresponding pion-proton phase shifts’ are given in 
Table LX. Pion-neutron phase shifts are assumed to 
be equal in magnitude, but possibly with opposite 
signs, as mentioned above. Putting Q=1 the scattering 
due to a neutron-proton pair (¢,’) in the helium 
nucleus can be calculated. Table X gives the results. 
The assumption of neutron phase shifts with signs 
opposite to those given in Table IX seems to represent 
well the apparently strong backward scattering observed 
at 60 Mev. 

To calculate the final elastic cross sections the values 
in Table X must be modified. For 2 we are assuming an 
empirical value of 1.6 which will result in agreement 
between calculated and experimentally observed values 
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TABLE IX. Phase shifts used for calculation of elastic 
pion-helium scattering. 


Corresponding 
Pion free-proton 
energy pion energy 
(Mey (M \ ay au 


Ft) 8 : 15’ +. 0 0 
105 : - ° +40° +6° +2° —5° 


for a, at 60 Mev. The effect of large energy transfers on 
the angular distribution is still neglected. 

An important modification must be made to take 
into account the diffraction scattering caused by the 
inelastic reactions discussed in the previous section. 
This effect will here be taken into account only approx- 
imately. We first express BQ) and Aq! in Eq. (15) by 
terms equal to (1—e**) and D(1—e’'), respectively. 
The quantities Bo, 6:, and D must be determined so 
that do,/dw is properly reproduced. Next, we substitute 
for BQ and A,! the expressions (1—e?-*) and 
D(1—e’*~’), respectively. The reaction cross section 
is given by 


a= mho'[ (1—e-*) + 3D9(1—e*"’)], (16) 


The term D*?(1—e **’) can be expressed more simply 
by a term (1—e *"). The average attenuation factors 
5) and 6, are related to each other by the relative 
“distances” traveled by the pion through the nucleus 
in the s- and p-states, respectively. (For diffraction 
scattering we again assume that only s- and p-wave 
scattering occurs. This seems justified since Ag< Ri S 2A. 
For the same reason, however, no definite geometry, 
as is used here, applies in a strict sense.) From the 
geometry of a sphere of radius R,= 2.2 10~ cm one 
infers that here for averages 6,~ }49. Equation (16) can 
now be solved for 69, putting o, equal to its observed 
values. For the different quantities defined we have 
Bo= —12.4° and —24.5°, 6:=25.6° and 30°, D=0.43 
and 1.27, 5)=0.16 and 1.2, and 6;/=0.19 and 0.43, for 
60 and 105 Mev, respectively. The latter calculations 
were carried out for n-phase shifts opposite to p-phase 
shifts only, since Table X shows that only for this case 
one can expect to obtain large backward/forward ratios. 
One finds the values in Table XI for the elastic scatter- 
ing cross section of helium with diffraction scattering 
taken into account in this way. 

Comparison with the data in Tables V and VI shows 
that at 60 Mey the calculated and experimental values 
for a,!%” and a, | 4s” are not inconsistent. The calculated 
value for o, at 105 Mev is 100 percent too large while 
the backward/forward ratio is about 50 percent too 
small. Comparison of Tables X and XI shows that the 
interference with the diffraction scattering makes the 
scattering intensities considerably more pronounced in 
the forward direction. This makes it difficult to under- 
stand large backward/forward scattering ratios if the 
latter should be verified by further experiments on he- 
lium. Particularly, assumptions for to take into account 
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the reduction of do,/dw at large @, due to large energy 
transfers, would further reduce the expected backward 
scattering. However, a,’, the inelastic cross section due 
to large energy transfers which must be related to Q, 
is fairly small as shown in Table VIII. This may mean 
that 2 would not have to decrease very much for large 4p. 
So far interference with Coulomb scattering has been 
neglected. The importance of this effect for the smaller 
angles (<50°) has been shown for pion-proton scatter- 
ing®* and for pion-carbon scattering.” By adding the 
approximate Coulomb-scattering amplitude +27/ 
[1378 sin?(40))] to the s- and p-wave scattering 
amplitudes considered in the previous paragraphs, one 
can estimate that for helium Coulomb scattering is 
important below @)’=35° at 60 Mev, and _ below 
00’ = 25° at 105 Mev. Below 6’ the differential scattering 
distributions may be increased or decreased consider- 
ably, depending on the sign of the scattered pions and 
on the direction of the nuclear forces. However, the 
solid angle between our lower limit of observation 
(0)= 20°) and 6’ is so small that few events are expected 
in this interval. Similar considerations apply to scatter- 
ing in hydrogen. Thus, for the present work, neglecting 
Coulomb effects seems justified. 


VII. CONCLUSIONS 


Assuming that all types of interactions between pions 
and the helium nucleus are due to interactions between 
pions and the individual nucleons in the nucleus, an 
approximate calculation based mostly on the phase 
shifts found from experimental results on pion-proton 
scattering shows that a fairly consistent picture can be 
constructed, resulting generally in rough agreement 
between calculated and observed cross sections. The 
estimated experimental absorption cross section agrees 
with that estimated from the pion-deuteron absorption 
cross section, leaving most of the observed charge- 
transfer events to be interpreted as due to charge 


TABLE X. Calculated elastic scattering cross sections 
for a neutron-proton pair. 


+190 *) leer 
oe | 


Pion energy a. Ge 
(mb) 


0 
Mev) Charge (mb) (mb) 


n-phase shifts 
same as p-phase 58 27 31 
shifts 


n-phase shifts 
opposite to 
p-phase shifts 


n-phase shifts 
same as p-phase 
shifts 

n-phase shifts 


opposite to 
p-phase shifts 


66 1.. Van Hove, Phys. Rev. 88, 1358 (1952). 
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exchange. Some of the inelastic scattering observed 
can be accounted for by pion-nucleon scattering with 
spin flip. The relatively large backward-to-forward 
elastic scattering ratio shows that not much inelastic 
scattering can be due to pion-nucleon collisions with 
energy transfers large enough to disrupt the nucleus. 
The relatively small elastic scattering cross sections, 
together with the high backward-to-forward scattering 
ratios, indicate that protons and neutrons in the 
nucleus scatter with opposite phase shifts. Throughout 
the computations only s-wave and p-wave scattering 
has been considered. Particularly at 105 Mev some 
scattering corresponding to higher angular momenta 
(= 2, 3) may take place. Also many effects due to the 
bound state of the nucleons have been neglected. A 
modification affecting all aspects of pion-helium 
scattering may be introduced by a consideration of 
multiple scattering inside the helium nucleus as recently 
worked out for a two-body system by Brueckner.*? 
The authors wish to acknowledge several inspiring 
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Taste XI. Calculated elastic scattering cross sections for helium. 


13 
106 
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’ 


sections 


(‘ross 


for photonuclear star production are computed phenomenologically for photomeson 


production in a nucleus followed by meson absorption in the same nucleus. Results are found for values 


of the mean free path of mesons in nuclear matter of 410 


'8cm and 8X 1073 cm as a function of atomic 


mass number and photon energy. The process accounts for a large part of observed photostars with three 


and more prongs for elements as heavy as Br, but for only a small part for elements as light as O. 


I. INTRODUCTION 


ILLER!? and Kikuchi**4 observe stars in emul- 

sions formed by bremsstrahlung of various 
energies up to 300 Mey. Star prong spectra for all 
emulsion elements as a function of bremsstrahlung 
energy were found. The yield of stars with three and 
more prongs as a function of bremsstrahlung energy is 
found to rise sharply at meson creation threshold. ‘This 
suggests that above meson threshold a large proportion 
of the stars with three and more prongs are produced 
by a mesoni process. 

Kikuchi that for bremsstrahlung energies 
greater than 150 Mev, most of the one-prong and two- 
prong stars are produced by photons of energy less 
than 150 Mev. Also, two-prong stars are easily confused 
experimentally with single tracks suffering large angle 


shows 


scattering. 

We will consider the following mechanism of star 
formation to explain the rapid rise in the yield of 
photostars with three and more prongs at photon 
energies above meson threshold: A photon interacts 
with a single nucleon in the nucleus to produce a meson, 
real or virtual. This meson in traveling through the 
nucleus in which it is produced is absorbed by two 
nucleons® of the same nucleus. The two nucleons which 
absorb the meson are ejected from the nucleus with a 
large amount of energy, leaving an excited nucleus. 
The nucleus is further excited if one or both of the 
nucleons which absorb the meson interact after absorp- 
tion with the the nucleus. The 
excited nucleus may emit one or more particles. We 


other nucleons in 


call the resulting disintegration products a star. The 


nucleus is also excited by inelastic scattering of the 


meson inside the nucleus in which it is produced. 


Emission of one or more partic les by this excited 


nucleus results in a star. 
The optical model describes the interaction of meson 
and nucleus by a complex potential. The optical 


* Supported by the joint program of the U. S, Office of Naval 
Research and the U. S. Atomic Energy Commission. 

'R. D. Miller, Phys. Rev. 82, 260 (1951). 

?R. D. Miller, thesis, University of California (unpublished) 

3S. Kikuchi, Phys. Rey. 81, 1060 (1951). 

‘S. Kikuchi, Phys. Rev. 86, 41 (1952). 

® Brueckner, Serber, and Watson, Phys. Rev. 84, 258 (1951). 


model®? predicts for ¢,, the photomeson production 
cross section from a nucleus of atomic mass number 4, 
the formula 

o7,=Ano;(A/V 4) Care- (1) 


Here co, is the photomeson production cross section 
from a free nucleon averaged over charge states of 
nucleon and meson, V4 the volume of the nucleus, 
74s is the absorption cross section for mesons of energy 
equal to the photon energy, and X is the mean free path 
in nuclear matter with respect to absorption for mesons 
of this energy. 7 is a factor less than 1 which takes into 
account the effects of nuclear binding on photomeson 
production, For A 2 10, 


Cabs’, 


where R is the nuclear radius. We take R= 


X 10-841 cm. Also, 


o=Anoy,, 


where o is the cross section for photomeson production 
in the absence of absorption. For large meson energies 
(200 Mev) we may consider the cross section for 
photostar production to be 


(4) 
Combining Eas. 


Ostar= Ano;(1—3A/4R). (5) 


Our calculation is not based on the optical model, and 
it is made for all energies and for A 2 12. 


II. DESCRIPTION OF MECHANISM 


As already mentioned, we calculate the cross section 
for photostar production for the following process: 
Photomesons are produced by interaction of the electro- 
magnetic field with an individual nucleon considered at 
rest in the nucleus. The nucleus in the neighborhood of 
meson production is excited, and the excitation travels 
through the nucleus. The meson travels through the 
nucleus faster than the excitation and is absorbed by 
two nucleons of the nucleus in which it is produced. 
The nuclear medium in the neighborhood of meson 
absorption has the structure of the ground state. The 


Watson, Phys. Rev. 89, 328 (1953). 


®N. C. Francis and K. M 
7K. M. Watson (to be published). 
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two nucleons which absorb the meson are ejected from 
the nucleus with a large amount of energy, leaving the 
nucleus excited. The nucleus is further excited if one 
or both of the nucleons which absorb the meson interact 
after absorption with the other nucleons in the nucleus. 
The nucleus thus excite? may emit one or more parti- 
cles. The disintegration products are said to form a star. 
Calculations for this process are expressed in terms of X, 
the mean free path of mesons in nuclear matter with 
respect to absorption. Photostars are also produced by 
emission of particles from the nucleus being excited 
by inelastic scattering of the photomesons in the nucleus 
in which the photomesons are produced. The cross 
section for inelastic scattering of mesons is smaller than 
the cross section for absorption.’ We therefore obtain 
the cross section for photostar production via absorption 
and inelastic scattering of charged mesons by reinter- 
preting the A in our calculations as the mean free path 
of mesons in nuclear matter with respect to absorption 
and inelastic scattering. 

The nucleus is excited by the process of photo- 
production. The low degree of excitation of the nucleus 
thus produced probably does not result in the formation 
of stars with three and more prongs. This means of 
photostar production is therefore not included in our 
calculation. 

The initial time-independent state of the system, a, 
consists of a photon of momentum K (using units 
h=1, c=1) and the nucleus at rest in the ground state. 
The system is described by the Hamiltonian H/, 


H=H +H’ +R. (6) 


Hy is the Hamiltonian for the nucleus and free mesonic 
and electromagnetic fields. //’ is the interaction energy 
of the electromagnetic field and the nucleus. R is the 
Hamiltonian of interaction for absorption®* of a meson 
by two nucleons in the nucleus. 

Following Watson,’ we take 


A exp(—7q-2)) 
H’=> N, ; (7) 
i V qo 


where q is the momentum of the meson and qp its 
energy. 2, is the coordinate of the /th nucleon. NV; is a 
function of spin and isotopic spin operators, photon 
momentum, energy and polarization. The sum is over 
the A nucleons in the nucleus. 


Using the procedure of Lippman and Schwinger," 


Va =bat (H'+ R)pa?. (8) 
| Oe le _ Hy 


E, is the energy of the state ga. Let 
Ya VP =2G,; (9) 
8 Byfield, Kessler, and Lederman, Phys. Rev. 86, 17 (1952) 


9K. M. Watson and K. A. Brueckner, Phys. Rev. 83, 1 (1951). 
10 B, A. Lippman and J. Schwinger, Phys. Rev. 79, 469 (1950). 
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then 
1 
1+ (H'+ RQ”, 
Eat+te—Ho 


(10) 


T na= (bn, (H’ +R), (11) 


where ¢» is the time-independent final state. Thus 


T= (H'+R)Q, 
Define 
Y=rR*t5(H)—E,)R. 


The solution to the integral equation for 2? is 


1 
i’ 


+ 
Eat ie—Hyt+ixX 
1 1 
E+ te— Hy E,+ te— Hot+ iX 


H’. (14) 


The solution is verified by substitution in Eq. (11), 
using the operator relation 


1 1 
(B—A)—. (15) 
A B 


The solution is to first order in H’ and assumes the 
approximation 
1 
R R~—1X. 
I at 1€ HT, 


This approximation follows from the relation 
1 1 


R R=kP R- 
E, + le 2 HH, E. I 


imR6(Hy—E.)R. (17) 


The two terms on the right-hand side of Eq. (17) 
represent many-body scattering effects, which are 
expected to be small compared to one body scattering 
effects.7? However, the second term of Eq. (17) repre- 
sents the “shadow” cast by true absorption. We 
therefore retain this term. Then 


T= (H’+ RQ? 


1 1 
= (1 +R R yur 
Eatte—Ho Eat te—Hot1X 


1 
+R H’. 
Fat te— Hot 1X 


(18) 


From Eq. (18) we find for 7,, the transition operator 
for photostar production, 


(19) 
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The operator (T—T,) is then the transition operator - a —|3 
for photomeson production with absorption present. Anp h=4x10 “cm at 200 MEV 


Following references 5 and 7, we take | $$ ——_——_! E3somev. 





a (20) |- 300 MEV 


and 
(r’, x'| R,| 2, r,x)=R(er’, z—x)6(x—x’)6(r). (21) 


The index w runs over nucleon pairs in the nucleus. 
r, x are the relative coordinate and coordinate of center 
of mass of the pair of nucleons absorbing the meson | 
before absorption, and r’ and x’ are the coordinates i it = —_—§ 250 mev 
after absorption. z is the meson coordinate. 

The operator XY appearing in 7,, Eq. (19), is a 
damping term which results from the absorption of 
mesons. It is important for real mesons which travel a 
relatively long distance in the nucleus, and for which 
the meson energy approximately equals the photon 
energy. Therefore this X is evaluated for a large 
nucleus, for which it is diagonal in both meson and 





nuclear coordinates, with the result, 
A =9,/2K, (22) 


Here v, is the speed of mesons of energy equal to 
photon energy, and A is the mean free path with respect 
to absorption for mesons of this speed. In deriving 
this result correlations between nucleon pairs in 
R*6(H )—E,)R have been neglected. That is, we have 
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taken Fic. 1. Photostar production cross sections o, divided by An@ 
' vs atomic mass number A for a mean free path of 4X10~" cm, 

‘ for 200-Mev mesons in nuclear matter. Curves are for fixed 
45, >\p_s pts 7 \R. 200-! esons ir é : 4 $ are 
R*6(11)— Ea)R= Qouw Ryt6(Mo— Fa) Ry photon energy K as indicated. 


y,, R,t6(Ho— E,)R,. 


Here 


Tr, (« R ue.) (24) x=}(Zi+22), r=(zi1—22). A=x—Z, 
Ea—Hot+iX 


a exp(iq- A)R(p, q) 
A=|A]}. f(A) fea : (27) 
(go—-K—1iX) qo 


Then 


The final state , is described by the relative momentum 
p and the momentum of the center of mass G after 
absorption of the two nucleons which absorb the meson, l ; ee 

and by the final state F of the nucleus formed from the R(p, q) foes d*z exp(—ip-r’) 

original nucleus minus the two nucleons which absorb ) 

the meson: XexpLiq: (z—x) JR(r’,z—x). (28) 


(29 


The cross section for photostar formation o,, by our 
mechanism, is then 


TV ra= (hv, Ror)— ——————= (hy; H'ba). (25) 


ae kK, le 


rhe intermediate state ¢1 consists of the nucleus in the 4 — 4 (23) (pM 2) fanz, fv i*(r’, x, 23° + +24) 

state 7 and a meson of momentum q and energy 

qo= (q?+u’)'. Let Pal(aie++24) be the initial nuclear 

wave function, z,;::-z4 the coordinates of the nucleons 

in this nucleus. Let Vr (23° "*ha) be the final nuclear x drd'x’@xd'2;---d¥x4. (29) 

wave function. Setting K=|K!, E,—E,;=K—qo, and 

summing over intermediate states /, In deriving Eq. (29), use has been made of Eq. (23). 
exp(—8G-) oa —_— rane seca pipe er of nucleons. p= |p 

Pad and dQ, is the increment of solid angle corresponding 

T re™ - fet (as-29 I £ I £ 

( 


«* V6 (0') f* (A) f(A).N 6 (ra (8, x, 23° + +24) 


f(A) N 6(r) 
Ir)3 5 to p. 
Phe experimental data on charged meson production 
. 3 $y fi 3 ° a> M4 od : 
XWa(r, xX, 23° ++ Z4)d*rd*xd*z3---d*z4. (26) in nucleon-nucleon collisions is in agreement with a 
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choice of R(p, q) of the form® 


R(p, q)=Ro(p)p- 4. (30) 


However, Eq. (30) predicts meson production cross 
sections in nucleon-nucleon collisions which increase 
without limit as the meson energy increases. To avoid 
this situation we insert a cut-off factor go in R(p, q) of 
Eq. (30). That is, we take for charged mesons 


R(p, q)=Ro(p)(p: 4)/qo. (31) 


Then 
exp(iq:A)p-q 


( qo a K 


(32) 


fi A)= Ra(p) f sedge, 
~iX )qo? 


Ang =8xl0 "cm at 200 MEV 
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Fic. 2. Photostar production cross sections a, divided by And 
vs atomic mass number A for a mean free path of 8X10~" cm, 
for 200-Mev mesons in nuclear matter. Curves are for fixed photon 
energy K as indicated. 


dQ, is the increment of solid angle corresponding to q. 
With this R(p, q), mesons are absorbed in the P state 
relative to the absorbing nucleons. 

With this R(p, q), 7, becomes ¢,°, the photostar cross 
section for charged mesons. o,° is evaluated numerically 
in the range 150 Mev<K<250 Mev, by calculating 
f(A) of Eq. (27) after replacing (ga—K—iX)qo! by 
[ (q?/2u)+u—K—iX }(q?+u*)/u'. In the range 250 Mev 
<K <400 Mev, the process is repeated after replacing 
(qo—K—iX)qo' by (q—K—1X)q*/u'. At K=250 Mev, 
the average of the two methods of calculation is taken 
in evaluating o,°. 
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Computations are made for two values of \, 4X 10-" 
cm and 8X10-" cm. Byfield, Kessler, and Lederman 
find \=8X10~" cm, using the optical model. Bernardini 
and Levy" find A=4.5X10~-" cm on a ray tracing 
model. No experimental data exists on the absorption 
of neutral mesons in nuclear matter. We include the 
contribution by neutral mesons to the photostar cross 
section by making the approximation 


o,°/0,°=0,"(H)/o,°(H). (33) 
o, is the cross section for star formation with neutral 
mesons. o,°(H) is the cross section for neutral photo- 
meson production from free protons; a,‘(H) is the same 
quantity for r+ mesons. The ratio of o,°(H) to o,°(H) 
was taken from Brueckner and Watson.” Let a, be the 
total cross section for photostar production. Then 


g,=0,°+0.. (34) 
Let o,° be the charged photomeson production cross 
section in the absence of absorption. Then 


o°= Angl 1 — (u’/K*) }}, 


where @ is a constant. Using Eqs. (34) and (35), the 
ratio o,/And is computed numerically as a function of 
K, A, and X. Results of this computation are shown in 


(35) 
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Fic. 3. The function S(£) vs bremsstrahlung energy E for C2 
emulsion. The curves of Kikuchi and Miller are experimental. 
The curves for \ (the mean free path of 200-Mev mesons in 
nuclear matter) equal to 4X10~ cm and 8X10-™" cm are calcu- 
lated. 

1G. Bernardini and F. Levy, Phys. Rev. 84, 610 (1951). 

2K. A. Brueckner and K. M. Watson, Phys. Rev. 86, 923 
(1952) 
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Fic. 4. The function S(/) vs bremsstrahlung energy E for the 
light elements in C2 emulsion. Miller’s curve is experimental. 
The curves for A equal to 4X10™" cm and 8X10" cm are 
calculated 


Fig. 1 for \=4X10-" cm at go= 200 Mev and in Fig. 2 
for \=8X10-" cm at go= 200 Mev. 

A threshold for the mechanism is taken as K=148 
Mev, and o, assumed to vary linearly from 148 Mev to 
150 Mev. In the above mechanism, mesons are produced 
in the S state relative to the nucleon from which the 
meson is produced and absorbed in the P state relative 
to the absorbing nucleons considered to be in contact 
during absorption. Hence mesons are absorbed mostly 
by pairs of nucleons which do not include the nucleon 
from which the meson is produced. Also, virtual mesons 
play only a minor role in the mechanism. This is in 
contradiction with the proposal of Wilson," in which 
the pair of nucleons which absorb the meson includes 
the nucleon from which the meson was produced. In 
Wilson’s mechanism, virtual mesons give rise to large 
photostar yields. 


III. COMPARISON WITH EXPERIMENT 


As pointed out in the introduction, one- and two- 
prong stars are produced mainly by photons of energy 
less than 150 Mev. Also two-prong stars are difficult to 
distinguish experimentally from large angle scatters of 
single tracks. Hence the data‘of Miller? and Kikuchit 
for stars with three and more prongs will be used for 
comparison with the mechanism of Sec. IT. 


4 R. R. Wilson, Phys. Rev. 86, 125 (1952). 


Miller? and Kikuchi‘ give experimental cross sections 
for photostars with three and more prongs, averaged 
over the emulsion elements of C2 emulsion. Multiplying 
these values by 1.6 we obtain o(K), a photostar cross 
section averaged over the emulsion elements at energy 
K Mev. The factor !.6 is the ratio of total stars to stars 
with three and more prongs in nuclear absorption of rt 
mesons, taken from Bernardini and Levy." Let E be 
the energy in Mev of a bremsstrahlung spectrum 
N(K)=1/K, where V(K)dK is the number of photons 
in the energy range dK Mev. We define 

E 
S(b)= f ao(K)N(A)dK. 


0 


(36) 


Figure 3 shows the function S(£) for the data of Miller 
and Kikuchi. 

We then compute the function S(£) for the mecha- 
nism of Sec. II, taking o(K) to be the cross section for 
photostar production averaged over the emulsion ele- 
ments. A value of @¢=2.28410~*8 is used, deduced 
from the data of Steinberger and Bishop™ on photo- 
meson production. 7= % is assumed. These values are 
shown in Fig. 3 for A\=4X 10-8 cm and A=8X 107 cm. 
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Fic. 5. The function S(£) vs bremsstrahlung energy E for the 
heavy elements in C2 emulsion. Miller’s curve is experimental. 
The curves for \ equal to 4X 10™ cm and 8X 107 cm are calcu- 
lated. 


4 J. Steinberger and A. S. Bishop, Phys. Rev. 86, 171 (1952). 
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In Fig. 3 we see that both Miller and Kihuchi find 
appreciable photostar yields at the assumed threshold 
of 148 Mev. Kikuchi’s data rise more rapidly than the 
predictions of the mechanism of Sec. II. \=410-" cm 
and A\=8X10-" cm predict approximately the same 
values of S(E). 

Miller has evaluated S(E) for two groups of emulsion 
elements by potential barrier argument: the light 
elements C, N, and O, and the heavy elements Br, Ag 
and I. He ignores S which is present in small amounts. 
We include S with the light elements using the pre- 
dictions of Sec. II. The results are shown in Fig. 4 for 
the light elements, in Fig. 5 for the heavy elements. 
For both groups of elements, the predictions for 
\=4X10-" cm and }\=8X10-" cm do not differ 
greatly. 

The values of S(E) predicted by the mechanism of 
Sec. II agrees well with the observed S(E) for the 
heavy element group, but is much smaller than the 
observed S(£) for the light element group. The observed 
S(E) may very well result from a superposition of two 
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mechanisms, one of which is that of Sec. II, the other 
giving photostar cross sections which vary as A. 
Perhaps the deuteron model of Levinger'® provides this 
second mechanism. 


IV. CONCLUSION 


The mesonic mechanism of Sec. II predicts a large 
part of the yield of photostars with three and more 
prongs for elements A280, but only a small fraction 
of the yield for elements A<15. 

The results found in Sec. II do not differ greatly 
from results based on the optical model, using Eq. (1), 
and using formula (5) from Fernbach, Serber, and 
Taylor'® for o,).. The fact that virtual mesons play 
only a small role in the mechanism accounts for this 
agreement. 

I am grateful to Professor K. M. Watson for sug- 
gesting this problem and for his interest and guidance 
during its consideration. 


16 J. S. Levinger, Phys. Rev. 84, 43 (1951). 
16 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949) 
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Angular Distribution of Pions Scattered by Hydrogen* 


H. L. Anperson, E. Fermi, R. MARTIN, AND D. E. NAGLE 
Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received March 6, 1953) 


The angular distribution of pions scattered by liquid hydrogen has been studied using the collimated pion 
beams from the Chicago synchrocyclotron. Differential cross sections have been measured for the laboratory 
angles 45°, 90°, and 135° for positive pions of energies 78 Mev, 110 Mev, and 135 Mev, and for negative pions 
of 120 Mev and 144 Mev. For negative pions, separate results were obtained for the elastic scattering and for 
the charge exchange scattering. The scattering of positive pions and charge exchange scattering of negative 
pions show a larger intensity in the backward direction. The elastic scattering of negative pions is mostly 
forward 

The results have been interpreted in terms of phase shift analysis on the assumption that the scattering is 
mainly due to states of isotopic spins } and } and angular momenta 5}, py and py 

The experimental results are represented quite accurately by the following phase shifts expressed in 
degrees for the angular momentum states in the order indicated above: at 120 Mev, phase shifts #15, +4, 
+- 30 for isotopic spin } and +9, #3, +2 for isotopic spin }; at 135 Mev, #14, +5, +38 for isotopic spin } 


and +10, 5, +2 for isotopic spin }. 


N earlier communications'® measurements of the 
total cross sections of hydrogen for both negative 
and positive pions at various energies were reported. In 
order to study in greater detail the features of the 
interaction between pions and protons, it appeared 
important to investigate also the nature and the angular 
distribution of the scattered particles.’ The experiments 
are being carried out with the well-collimated pion 
beams of the Chicago Synchrocyclotron using scintilla- 
* Research supported by a joint program of the U. S. Office of 
Naval Research and the U. S. Atomic Energy Commission. 
1 Anderson, Fermi, Long, Martin, and Nagle, Phys. Rev. 85, 934 
(1952). 
2 Anderson, Fermi, Long, and Nagle, Phys. Rev. 85, 936 (1952). 
§ Anderson, Fermi, Nagle, and Yodh, Phys. Rev. 86, 793 (1952). 


tion counter techniques. This is a report on the progress 
of this investigation. 


I. EXPERIMENTAL ARRANGEMENT 


The pions are produced by a 450-Mev proton beam 
striking a beryllium target inside the cyclotron. Nega- 
tive pions emitted in the forward direction are bent 
outward by the cyclotron magnetic field and emerge 
through a thin aluminum window from the vacuum 
chamber of the machine. A certain amount of focusing 
takes place, so that a sizeable fraction of the pions of 
given energy leave the cyclotron in a fairly parallel 
beam. The 12-foot thick steel and concrete shield which 
separates the cyclotron from the experiment room has 
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Fic. 1, General experimental arrangement. In the inset the details 
of the scattering geometry are given. 


channels cut through it to accept a number of these 
beams with different energies. 

On the experiment side of the shield a sector magnet 
deflects the pions through an angle of about 45°. The 
beam is purified thereby from most of the unwanted 
radiation (mostly neutrons) which comes through the 
channel. 

Positive pions are obtained by reversing the direction 
of both the cyclotron and the deflecting magnetic fields. 
The proton beam in the cyclotron then circulates 
counterclockwise, and the positive pions which are 
emitted backward from this direction follow the same 
trajectories and have the same energy as their negative 
counterparts. The backward emission is unfavorable 
and the intensity of the positive pions which is obtained 
in this way is much smaller than that of the negatives. 

The general arrangement is shown in Fig. 1. The pion 
beam is defined by passing through two 2-in. diameter 
liquid scintillation counters No. 1 and No. 2, and 
thereafter enters the hydrogen cell. The scattered 
particles are detected by a pair of scintillation counters, 
No. 3 and No. 4, arranged on a table to pivot around 
the central axis of the hydrogen cell. In some experi- 
ments these two counters were 4 in. in diameter; in 
others they were rectangles of 4 in.X6 in. A quadruple 
coincidence is recorded when a particle passes through 
the first two counters and is scattered so as to pass 
through the second pair. The double coincidences of the 
first pair are recorded at the same time. The fraction of 
the incident beam which is scattered is given by the 
ratio of the quadruple to double coincidences. The 
hydrogen cell was designed for rapid insertion and 
removal of the liquid hydrogen in order to distinguish 
the effect of the hydrogen from the scattering by sur- 
rounding materials. The resolving power of the coinci- 
dence equipment was fast enough (2X 10-8 second), and 
the general background of stray radiation in the room 
was small enough, that chance coincidences were very 


few. 
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II. SCINTILLATION COUNTERS 


Liquid scintillation counters were found convenient in 
this work because they can be made with large areas of 
sensitivity over which their response is quite uniform. 
Their speed is quite high (6X 10~* second). The use of 
low density and low Z materials makes the absorption 
and scattering of pions in them tolerably small. The 
design of the 2-in. scintillation cell is shown in Fig. 2. 
The cell is made of clear Lucite 3?-in. thick over all with 
jg-in. thick Lucite windows. The liquid is phenyl- 
cyclohexane with 3 grams per liter of terphenyl and 10 
mg per liter of diphenylhexatriene according to the 
prescription of Kallman.‘ The end of the Lucite cell is 
shaped to fit the photocathode of a 5819 tube and good 
optical contact is assured by a thin layer of clear silicone 
grease. The whole cell is wrapped in thin aluminum foil 
which enhances the light collecting efficiency. Phototube 
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Kic. 2. Two-inch diameter scintillation counters. 

and scintillation cell are light-proofed with black Scotch 
electric tape. An iron shield is necessary to protect the 
photomultiplier from the stray magnetic field of the 
cyclotron. 

Two different types of counters No. 3 and No. 4 have 
been used at different times. In the earlier experiments 
4-in. diameter scintillation counters were used; later the 
counters were changed to a newer type with a sensitive 
region of 4 in.X6 in. The 4-in. diameter counters were 
1 in. thick over all with ;g-in. thick Lucite windows. 
The ends of the Lucite cell were shaped to fit the large 
cylindrical photocathode of an RCA C-7157 photo- 
multiplier. The Lucite cell and the photomultiplier were 
enclosed in a steel box for magnetic shielding. The box 
was provided with 35-in. mu-metal windows in front and 
in back of the sensitive area of the cell. 


4 H. Kallman and M. Furst, Phys. Rev. 81, 853 (1951). 
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Fic. 3. Rectangular 4-in. X6-in. scintillation counters. 


The design of the 4 in.X6 in. scintillation cells is 
shown in Fig. 3. They are also made of clear Lucite with 
ig-in. thick Lucite windows. The over-all thickness is 
} in. The ends are shaped to fit the large cylindrical 
photocathode of the RCA C-7157 photomultiplier. The 
photomultiplier is protected from the stray magnetic 
tield of the cyclotron by a cylindrical iron enclosure not 
shown in the figure. The scintillation cell itself was 
wrapped in thin aluminum foil to improve the light 
collecting efficiency and to keep out stray light. 

The response of both types of scintillators is uniform 
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within 5 percent over their area. This was shown by 
making traverses with a narrow }-in. beam of Co” 
gamma-rays across the diameters parallel and _per- 
pendicular to the photocathode and reading the anode 
current of the photomultiplier directly on a micro- 
ammeter. 

For meson counting the photomultipliers were con- 
nected to a preamplifier which incorporated a 200-ohm 
line, 8 feet long, to clip the pulses into a fairly square 
shape of 2X 10~* second duration. The pulses were fed to 
the cyclotron control room through some 150 feet of 
95-ohm RG7-U cable. The pulses were amplified tenfold 
by means of 100-ohm distributed amplifiers and fed to 
the coincidence circuits. 

The coincidence circuits were designed using some of 
the ideas of Garwin.® The circuit used is given in Fig. 4. 
It can be arranged to record either the single pulses 
from any given scintillator, or the double, triple, quad- 
ruple coincidences of any chosen combination, by the 
manipulation of suitable switches. The outputs of the 
first two scintillation counters were fed into the first 
coincidence circuit set to record doubles, and also into 
the second coincidence circuit set to record quadruples 
of all four scintillators. The coincidence circuits operate 
with negative pulses of 2 volts or more provided their 
duration is greater than 1X10~* second. The photo- 
multipliers were operated to deliver about 0.4 volt from 
meson pulses. With the amplification by 10, this was 
ample for reliable operation of the coincidence circuits. 
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Fic. 4. Diagram of the coincidence circuits 


°R. L. Garwin, Rev. Sci. Instr. 21, 569 (1950). 
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The meson pulses, as seen with the fast Tektronix Type 
517 Oscilloscope, were quite uniform in amplitude. 

The counting efficiency of these scintillators should be 
very close to 100 percent. An over-all check was ob- 
tained by comparing the quadruples to doubles rate 
with counters No. 3 and No. 4 between No. 1 and No. 2 
in the line of the pion beam. The ratio obtained was 
usually quite close to unity. 
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hic. $5. Liquid hydrogen container. 


Ill. TARGET 


The beryllium target in which the mesons are pro- 
duced has a calibrated thermocouple arrangement 
which records on a Brown potentiometer the power in 
watts delivered to the target by the proton beam. Most 
of this energy is due to ionization loss, some is due to 
nuclear reactions, but in any case the energy delivered 
is closely proportional to the path length of protons in 
the target and hence to the number of mesons produced. 

The readings obtained from the thermocouple target 
do not enter in any essential way in the present experi- 
ments. However, by reducing the counting rate to unit 
energy in watt minutes developed in the target, an over- 
all check on the operation of the equipment is provided 
which is useful not only during a given run, but also in 
judging the reproducibility of the arrangement from one 
day’s run to the next. 

In the present experiments the beryllium target was of 
dimensions 2 in. in the direction of the beam, } in. in 
height and } in. in thickness. In most of the runs the 
intensity ranged from 10 to 25 watts. At the level of 
operation of 12 watts the double coincidences of counters 
No. 1 and No. 2 which register the pions entering the 
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equipment were as follows: For positive pions of 78 
Mev, 36 000 per minute; for positive pions of 110 Mev, 
6000 per minute; for positive pions of 135 Mev, 900 
per minute; for negative pions of 120 Mev, 230000 
per minute; and for negative pions of 144 Mev, 65 000 


per minute. 


IV. HYDROGEN CONTAINER 


During the course of this investigation two different 
liquid hydrogen containers were used. They differed 
primarily in the materials and the thickness of the two 
walls of the liquid hydrogen Dewar. One was used in all 
measurements on positive pions and the other in the 
measurements of negative pions. 

The apparatus for holding the liquid hydrogen is 
shown in Fig. 5. The mesons passed horizontally through 
the lower section, where the walls were thinned. In the 
cell used for the positive pion measurements the outer 
wall was 0.032-in. stainless steel and the inner wall 
0.020-in. brass, and the internal diameter 5.8 in. For the 
measurements on negative pions, the outer wall was 
0.060-in. aluminum and the inner wall 0.0075-in. stain- 
less steel, internal diameter 53 in. The space between the 
walls was evacuated to a pressure of about 10~® mm of 
mercury. The inner cylindrical cell which held the liquid 
hydrogen had a volume of about 4 liters. A reservoir of 
12 liters capacity was directly above the cell and con- 
nected to it by a 3-in. diameter tube extending nearly to 
the bottom of the cell. At the top of the cell there was an 
exhaust tube which carried off the vapors when liquid 
filled the cell. Whenever it was required to remove the 
liquid from the cell, the exhaust tube was closed ex- 
ternally by a valve: whereupon the vapor pressure 
forced the liquid up into the reservoir. Opening the 
exhaust valve allowed the liquid to fall back into the 
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Fic. 6. Range curve of r* in copper. 
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Fic. 7. Arrangement for Panofsky effect. 


cell under gravity. By this method successive measure- 
ments of the pion scattering could be taken with the cell 
full or empty of liquid. 

Two parallel plate condensers, one above and one 
below the cell, were used to indicate when the cell was 
full or empty of liquid, use being made of the sizeable 
increase in capacity which results when liquid hydrogen 
fills the space between the condenser plates. 

The reservoir was shielded from radiation by a liquid 
nitrogen jacket so that the evaporation rate was about 
0.6 liter per hour. With a 50-liter supply of liquid 
hydrogen it was possible to continue an experiment for 
about 24 hours. 


V. ENERGY OF THE PRIMARY PIONS 


The energy of the primary pions is known approxi- 
mately from the channel through which they pass. These 
channels were laid out according to a rather detailed 
study of the trajectories of the pions of different energy. 
The channel energy is only nominal, however, because it 
depends on the target position and on the value of the 
cyclotron magnetic field, and these are not always 
precisely reproduced. 

For this reason, it is more reliable to measure directly 
the energy of the pion beam used in each experiment. 
This has been done sometimes by taking a range curve 
of the pions and sometimes by observation of the 
Panofsky effect. A typical range curve is plotted 
logarithmically in Fig. 6. This was obtained with the 
positive pion beam from the channel of nominal energy 
122 Mev. The four counters were put in line with no 


hydrogen in the scattering cell, and copper absorbers 
were inserted between counters No. 2 and No. 3. The 


absorption curve shows two sharp drops corresponding 
to the end of the range of the pions and of the muons. 
The uncorrected mean ranges from the curve are 38.4 
and 59.8 g/cm® copper. 

In order to compute the energy of the pions in the 
center of the liquid hydrogen, one must correct these 
ranges, on account of the different amount of absorbers 
present in the absorption measurement and in the 
scattering experiment. The range is finally converted to 
energy using the range energy tables for protons given 
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by Aron® and adopting as a mass ratio 6.65 for the 
proton to pion. The range curve of Fig. 6 can also be 
used in order to estimate the contamination of the beam 
by muons and by electrons. For example, it was esti- 
mated that the muon contamination in this case was 7 
percent. 

In some of the experiments the beam energy was de- 
termined by means of the Panofsky effect. One of the 
geometries used for this type of measurement is shown 
in Fig. 7. A 4-in. lead sheet was placed in front of 
counter No. 3 to increase its sensitivity to gamma- 
radiation. Light atomic weight absorbers, beryllium and 
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Fic. 8. Abscissas, amount of Be absorber; lower curve, intensity 
of the Panofsky gamma-radiation; upper curves, absorption curve 
and its derivative. The additional absorber of 11.24 g/cm? poly 
ethylene between counters No. 1 and No. 2 is not indicated. 


polyethylene, were interposed in the beam in front of the 
liquid hydrogen cell. In Fig. 8 the ratio of quadruple to 
double coincidences is plotted versus the thickness of 
absorber. The curve shows a sharp maximum at 23.8 
g/cm* beryllium. To this one should add the absorber 
(11.24 g/cm? polyethylene) between counters No. 1 and 
No. 2. The beryllium equivalent of this is 14.6 g/cm?. In 
conclusion the amount of beryllium necessary to reduce 
the energy of the pions to the point that they stop in the 
hydrogen is 38.4 g/cm’, corresponding to an energy of 
110 Mev. 


® W. A. Aron, Berkeley Report UCRL 1325, 1951 (unpublished) 
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TaBLe I, Observed value of 10°Q/D for 110 Mev and 135 
Mev positive pions (4-in. diameter counters, corrected to standard 
geometry). 


Angle With hydrogen Without hydrogen 


110 Mev 
162.34 18.4 


21.04% 6.7 
50.54 8.1 


100.4+ 19.8 
103.0+12.5 
193.0+ 15.1 


45° 262.6+15.0 
90° 124.04 10.5 
135 243.5412.7 


135 Mev 


280+47 
63428 
74+ 30 


174+67 
136443 
329+ 54 


45° 4544-47 
90° 199+ 32 
135° 403 +45 


In the upper part of Fig. 8 there is plotted the ab- 
sorption curve obtained in the same geometry of the 
Panofsky effect, and its derivative. One can see the 
maximum in the derivative curve matching the Panofsky 
maximum. A discussion of the quantitative comparison 
between the two curves will be found in Sec. VITI. 


VI. SCATTERING OF POSITIVE PIONS 


For positive pions only the elastic scattering, repre- 
sented by 


r+ port+ p (1) 


was considered possible. After the scattering, a pion and 
a proton are produced which share the kinetic energy of 
the primary pion. In our experiment the conditions 
were always such that the protons could not be detected 
because they did not have sufficient range to penetrate 
the detecting counters No. 3 and No. 4. For this reason 
all observed scattering was attributed to the scattered 
positive pions. Scattering measurements of positive 
pions have been performed at three energies of primary 
pions, 78 Mev, 110 Mev, and 135 Mev (mean energy at 
center of hydrogen). Measurements were taken for three 
scattering angles, 45°, 90°, and 135°. At each of these 
positions, counts were taken both with and without 
hydrogen in the scattering cell, and the difference of the 
two results attributed to the hydrogen scattering. 

In the measurements at 110 Mev and 135 Mev the 
4-in. diameter detecting counters were used in positions 
3 and 4. In the 135-Mev measurement the distances of 
No. 3 and No. 4 from the center of the scattering cell 
were the “standard” distances 9 in. and 17 in. In some of 
the measurements at 110 Mev distances of 8.7 in. and 
16.7 in. were used, in others the distances were 10.8 in. 
and 18.8 in. The data for this case are corrected to the 
“standard” geometry. One measures in both cases the 
ratio (/D of quadruple to double coincidences. The 
results are given in Table I. 

In order to compute from these data the correspond- 
ing scattering cross section for each angle, the effective 
solid angle subtended by counters No. 3 and No. 4 is 
needed. For the scattering angles 45° and 135°, this was 
(0.0435 steradian. For the 90° geometry, the effective 
solid angle was 0.0410 steradian, slightly less because 
some of the particles scattered at the entrance or at the 
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exit of the scattering cell could enter counter No. 4, but 
not counter No. 3, and would be missed. In computing 
the cross sections, the fact that only 93 percent of the 
primary beam were pions was taken into account. The 
muons, and possibly some few electrons in the beam 
were assumed not to be scattered appreciably. 

The mean path length of pions traversing the hydro- 
gen in these experiments was 14.4 cm. When the cell 

jas filled with liquid hydrogen, the number of atoms/ 
cm* was 4.210". When the cell was empty, it still 
contained gaseous hydrogen at liquid hydrogen temper- 
ature amounting to 0.0710” atoms/cm’. The differ- 
ence, 4.13 10”, multiplied by the effective length of the 
scattering cell, gives 5.95 X 10% H atoms/cm?. 

The efficiency of counters No. 3 and No. 4 for 
counting a scattered pion that geometrically should be 
accepted by both counters was not 100 percent because 
the counter efficiency was not perfect (98 percent), and 
nuclear absorption in the first counter and in the 
hydrogen cell further reduced the efficiency to about 93 
percent. The cross sections per steradian are given in 


TABLE II. Differential cross sections for positive pions. 


Center-of-mass system 
Scattering Differential 
angle cross section 
(degrees) 10°27 cm?/sterad 


Laboratory system 
Scattering Differential 
angle cross section 
(degrees) 10°?? cm*/sterad 


nergy 
Mev 


45° 1.96+0.33 
78 90° 2.26+0.31 
135° 3.09+0.34 


1.50+0.25 
2.34+0.32 
4.29+0.47 


53.8° 
102.0° 
143.2° 


3.3340.65 
5.09+0.62 
12.34+0.96 


54.9° 
103.2° 
143.9° 


45° 4.48+0.88 
90° 4.88+0.59 
135° 8.62+0.67 


5.664 2.18 
6.75+2.14 
21.6443.55 


sh ih 
104.2° 
144.5° 


45° 7.7743.00 
90° 6.42+2.03 
135° 14.70+2.41 


Table II in the laboratory and in the center-of-mass 
systems. 

The probable errors given in Table II are those due to 
statistics alone. Uncertainties in the beam energy and 
its pion content as well as in the estimates of the 
efficiency of detection all contribute to the inaccuracy 
of the experiment. These additional errors have not 
been added in this case because the statistical error was 
believed to be dominant. 

The measurement with 78-Mev positive pions was 
performed at a later date using as detecting counters 
No. 3 and No. 4 the rectangular 4 in. X6 in. counters. In 
this case the distances of the two counters No. 3 and 
No. 4 from the center of the scattering cell were 
respectively 9 in. and 17 in. The beam intensity at the 
average operation level of 23 watts yielded approxi- 
mately 70000 doubles per minute. The results of the 
measurement are collected in Table III. The conversion 
of these data to cross sections is similar to the previous 
cases. We assumed in this case that 92 percent of the 
doubles were due to pions. The solid angle was ap- 


. 
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proximately 0.083 with very minor geometrical and 
scattering corrections. The cross sections in the labora- 
tory and in the center-of-mass system are given in 
Table II. It will be noticed that in all these cases 
(do/dw) is appreciably larger in the backward than in 
the forward direction. This fact seems to indicate a 
negative interference between the scattering due vo the s 
and the p waves, as will be discussed later. 

The differential cross sections in the laboratory 
system can be integrated over the solid angle in order to 


TABLE III. Observed values of 10°Q/D, 78-Mev positive pions 
(4-in. X6-in. counters, standard geometry) 


Angle With hydrogen 


45° 


Without hydrogen Net 
85.2+14.3 
96.0+ 13.0 

134.4+14.8 


425.7+9.8 
121.5+7.8 
256.6+9.3 


510.9+ 10.4 
217.5410.4 
390.94 11.4 








obtain the total cross sections. The results are given in 
column 2 of Table IV. In column 3 of the same table are 
reported the cross sections at the same energy obtained 
by interpolation from the data of the transmission 
measurements.? The agreement is within the experi- 
mental error. 


VII. SCATTERING OF NEGATIVE PIONS 


The measurement of the scattering of negative pions 
was carried out for two energies of the primary beam, 
120 and 144 Mev (mean energy at the center of the 
hydrogen). Three processes are believed to be possible: 


x +por' +p, (2) 
a+ pn+n—-2y+n, (3) 
a+ p-ytn. (4) 


TABLE IV. Total cross sections of positive pions. 


Total cross section 10°72? cm? 


From transmission 


Energy From integration 


45+13 
82+ 8 
149+ 14 


3i+ 3 
77+ 6 
126+20 


78 Mev 
110 Mev 
135 Mev 


Equation (2) represents the elastic scattering of nega- 
tive pions and protons. Equation (3) represents scat- 
tering with charge exchange, in which the proton is 
converted to a neutron and the negative pion is con- 
verted to a neutral pion which almost immediately 
disintegrates into two photons. Equation (4) is the 
inverse reaction of the photoeffect in which a photon 
produces a negative pion by striking a neutron. The 
cross section of process (4) is estimated by detailed 
balancing from the inverse process’ to be only about 

T Bishop, Steinberger, and Cook, Phys. Rev. 80, 291 (1950); 
Feld, Frisch, Lebow, Osborne, and Clark, Phys. Rev. 85, 680 
(1952). 
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0.8 10-?? cm*. The present measurements confirmed 
the fact, previously reported,® that process (3) is ap- 
preciably more intensive than process (2). 

The sensitivity of the pair of counters No. 3 and No. 4 
to photons produced in the scattering process is normally 
rather low. However, it can be increased very appreci- 
ably by interposing in front of counter No. 3 a lead 
sheet to convert the gamma-rays into electron-positron 
pairs which are detected by the counters. For this 
reason, with r~, four measurements were taken at each 
angle, namely, measurements of the ratio 0/ D with and 
without liquid hydrogen in the scattering chamber and 
with and without a }-in. thick lead radiator in front of 
counter No. 3. The net effect due to the hydrogen is 
computed as the difference with and without hydrogen. 

In order to obtain separately the numbers of scattered 
pions and photons entering the detecting counters No. 3 
and No. 4 it is necessary to know the efficiencies for the 
two types of particles. The counters used in the experi- 
ments on negative pions were thinner than those used in 
the positive pion experiments. There was a smaller loss 
due to absorption. The over-all efficiency without lead 
radiator was estimated to be 97 percent. With the lead 
radiator the efficiency is reduced both by nuclear 
absorption and by scattering. The latter effect depends 
on the energy of the pions and therefore also on the 
scattering angle. Moreover, the geometry at 90° is 
somewhat different than at 45° and 135°. An estimate of 
these effects gives the efficiencies listed in Table V. 

In the same table the efficiencies for photon detection 
with and without lead are listed. The procedure for 
calculating these efficiencies is described in Sec. VIII. 

The energies of the primary negative pions used in 
these two measurements were determined from the 
amount of absorber needed to produce a maximum in 
the Panofsky radiation. In one set of measurements the 
absorber was 44.3 g/cm? of aluminum corresponding toa 
pion energy of 120 Mev. In the other measurements it 
was 57.3 g/cm? of aluminum corresponding to 144 Mev. 
In both cases the detecting counters No. 3 and No. 4 had 
a sensitive area of 4X6 sq in., and were placed re- 


TABLE V. Efficiencies of the detecting counters. 


Efficiency 
for photons 
(percent) 


Efficiency 

lor pions 

Angle Lead (percent) 
45° out 97 4 

45° in 91 67 

90° out 97 4 

90° in 88 61 

135° out 97 4 
in 88 59 

out 97 4 

in 92 70 

out 97 4 

in 8&9 63 

out 97 4 

i 88 60 


MUuMuunnn 


* Fermi, Anderson, Lundby, Nagle, and Yodh, Phys. Rev. 85, 
935 (1952). 
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spectively, at 9 in. and 17 in. from the center of the 
scattering cell. 

Each individual measurement consists of a determi- 
nation of the ratio 0/D of the quadruple coincidences to 
the double coincidences. The results of the measure- 
ments with their statistical errors are collected in 
Table VI. 

For each primary energy and for each scattering 
angle, one needs the numbers II and I’ of pions and 
photons per million primaries whose line of propagation 
enters the solid angle subtended by counter No. 4. 
These two numbers are obtained by solving two linear 
equations. For example, for 120-Mev pions and 90° 
scattering angle, we have from Table VI counts per 
million with and without lead 103.4+4.0 and 25.64:3.2. 
Using the efficiencies listed in Table V, one obtains the 
two equations 

0.611% 4-0.8811 


0.040 4-0.9711 


103.4+4.0, 
25.624:3.2. 
These equations have the solution 


P=139.848.7, I=20.643.6. 


In order to convert these numbers to differential cross 
sections they must be divided by the following factors: 
930000 (this is the number of pions per million pri- 
maries, the remainder of 7 percent being due to muons 
and electrons which are assumed to have no appreciable 
nuclear scattering), 0.083 (this is the solid angle 
subtended by counter No. 4), 5.9X10" (this is the 
average number of hydrogen atoms per cm? traversed by 
the primary beam). Dividing the values of II and I’ by 
the product of these factors, one obtains the following 
cross sections per steradian at 90°, for 120-Mev negative 
pions: 


da_/dw = (0.45+0.08) X 10-*7 cm?/sterad, 
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error are, in order of importance, the uncertainty in the 
efficiencies listed in Table V in the actual pion content 
and energy of the beam, and geometrical errors. We 
have estimated that the over-all effect of these errors 
may amount to 10 percent, and this error has been 
combined with the statistical error in the final results. 

In Table VII are collected the values of the differ- 
ential cross sections in the laboratory and in the center- 
of-mass frames of reference. 

As an over-all check the total cross sections obtained 
by integration from the data of Table VII may be 
compared wlth the results of total cross-section measure- 
ments by transmission.' The results of the integration 
Table VIII, columns 2 and 3. The 
»y process to the total cross 


are collected in 
contribution of the a 
section is about one-half the cross section listed ‘in 
column three because each neutral pion produced in the 
exchange scattering process yields two photons. A very 
small correction has been included on account of the 


TABLE VII. Differential cross sections for negative pions. 


Laboratory system Center-of-mass system 
Scat Scat 
tering Diff. cross Diff. cross 
Energy angle section section 
(Mev) Process (degrees) (10-2 2/sterad) (degree (10°27 cm?/sterad) 


120 2-27 45 
90 


35 


45 
90 
135 


45 
90 
135 


45 
90 
135 


1.44+0.18 
0.45+0.09 
0.67 40.12 


2.64+0.36 
3.08+0.37 
4.53+0.51 


2.35+0.29 
0.69+0.14 
0.834-0.17 


1.06+.0.14 
0.47+0.10 
0.97+0.18 


2.07+0.30 
3.19+0.39 
5.98+0.69 


1.70+0.21 
0.734+0.15 
1,230.25 


3.43+0.42 
4.43+0.53 
7.78+0.90 


and 


The errors 


da,/dw 


indicated 


(3,080.20) & 10°27 cm?/sterad. 


in these 


two cross sections 


comprise only the statistical error. Other sources of 


TABLE VI. Observed values of (Q/D) X 10° for negative pions. 


Angle 


45° 
90' 
135° 


45° 
90° 
135° 


45 
90° 
135 


45° 
90° 
135° 


Lead 


out 
out 
out 


in 
in 
in 


120 Mev 


With hydrogen 


290.6+4.3 
161.443.2 
223.943.9 


Without hydrogen 


144 Mey 


237.6+4.9 
93.34-3.4 
135.34-3.9 


355.9+6.0 
202.2+5.0 
264.14:5.2 


126.0+4.0 
55.0+3.0 
88.5+4.2 
115.1+1.8 
§2.343.0 
§.34+4.3 


140.2+5.6 
103.4+4.0 
148.1+5.0 


111.6+6.4 
38.34+4.6 
46.84+5.8 


240.8+7.1 
149.9+-5.9 
188.8+6.8 


contribution of the inverse photoeffect. The total cross 
section obtained from the contributions of columns 2 
and 3 is given in column 4. The total cross section given 
in column 5 is obtained instead by interpolation of the 
results of the transmission measurements. The two sets 
of results agree within the experimental errors. 


VIII. SENSITIVITY OF THE DETECTING COUNTERS 
FOR PHOTONS 


The sensitivity of the detecting counters No. 3 and 
No. 4 for the photons produced in the decay of neutral 
pions is very small without lead radiator and is of the 
order of magnitude of 50 percent with the lead radiator 
in place. Without the lead radiator a photon may be 
detected when it materializes while traversing the 
hydrogen, the wall of the hydrogen cell, or counter No. 
3, provided in this latter case that the materialization 
does not take place too close to the exit of the photon 
out of the sensitive region of the counter because the 
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pulse will then be too small to be recorded. Finally, 
according to Dalitz,’ a photon has a probability of 0.63 
percent of being converted into a pair by internal 
conversion at the moment of its formation. In order to 
compute these various effects, the cross section for pair 
formation was obtained by interpolation between the 
data of Lawson" at 88 Mev and the data of DeWire, 
Ashkin, and Beach" at 280 Mev. Some small contribu- 
tion to the detection of gamma-rays comes from 
Compton electrons. A Compton electron, however, has a 


TABLE VIII. Integrated cross sections of 
negative pions (1077? cm?). 


lotal from 


Energy Total transmission 
120 Mev i 3.445. 33 38+9 
144 Mev -2. 2+7:! 48. 


3.44 
1 5546 


“F 
+4.§ 


high probability to give a coincidence of counters No. 3 
and No. 4 only when its energy is an appreciable 
fraction of the energy of the photon. For this reason only 


TABLE IX. Cross sections for materialization 
a pair+ jo Compton (cm*/g). 


Element 90 Mev 135 Mev 
H 0.0097 
c 0.0135 
Al 0.0240 
Fe 0.0422 

0.0454 

0.0909 


0.0097 
0.0143 
0.0256 
0.0453 
0.0487 
0.0983 


one-half of the Compton cross section was added to the 
pair formation cross section, in order to obtain an 
effective cross section for materialization. The cross 
sections finally adopted are given in Table LX. 

The probability of observing a photon without the 
lead radiator computed for the average energy photon 
emerging in the various directions and for the actual 
thickness of material traversed was in all cases about 4 
percent, and this value has been adopted in Table V. 
With the lead radiator in place (7.36 g/cm’), the 
probability of pair formation is greatly increased. For 
example, for 90-Mev photons, it is 51 percent. 

The probability of pair formation, however, gives 
only a rough indication of the efficiency. There are 
primarily two reasons for this, namely, absorption of the 
electrons and effect of the multiple scattering. The tirst 
effect leads to a reduction, the second to an increase in 
efficiency. In order to understand the reason for the 
increase, we observe that if a single particle and not a 
pair were produced in the materialization, the effect of 
the multiple scattering would be cancelled in first ap- 
proximation because some particles would be scattered 


*R. H. Dalitz, Proc. Roy. Soc. (London) A64, 667 (1951). 
10 J. L. Lawson, Phys. Rev. 75, 433 (1949) 
4 DeWire, Ashkin, and Beach, Phys. Rev. 83, 505 (1951). 
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TABLE X. Efficiency for photons. 


Angle ot 
scattering 90 Mev 135 Mev 
0.691 


0.681 


45° or 135° 0.567 
90° 0.558 


in and some would be scattered out. In the case of a 
pair, however, it is sufficient that one electron only of 
the pair be detected; therefore a photon is lost if both 
electrons are scattered out but is detected if both 
electrons or even only one of them is scattered in. An 
attempt was made to calculate these effects by assuming 


TABLE XI. Mean energy of the photons (Mev). 


Angle 


Primary 
pions 


120 Mev 
144 Mev 


that all the pairs originate in the middle of the lead 
radiator. It was assumed further that the energy of the 
photon is divided evenly between the electron and the 
positron. The calculation was carried out for photons of 
90 and 135 Mev. From the results of Wilson” it was 
estimated that the probability of a pair electron 
traversing the lead with sufficient energy to be recorded 
is 0.76 for photons of 90 Mev and 0.85 for photons of 
135 Mev. 

Consider now a photon whose line of propagation 
crosses the plane of counter No. 4 at a certain position. 
If a pair is formed, the probability g of observing the 
positron of the pair will be obtained by multiplying the 
probability that the positron of the pair escapes the lead 
with sufficient energy to be counted times the proba- 
bility that after multiple scattering the positron falls 
inside counter No. 4. There is, similarly, an equal 
probability g of observing the electron of the pair. The 
probability of observing the photon that has materi- 
alized is the probability of observing either the electron 
or the positron or both. This probability is given by 
q(2—q). Multiplying this probability by the probability 
of materialization of the photon, one obtains the 
probability of observing the photon. Integrating this 
probabilitycover the area, one obtains an effective area 
of counter No. 4. We define the efficiency as the ratio of 
the effective to the true area of the counter. The 
geometry is slightly different at 90° and at 45° and 135°. 
The computed efficiencies are given in Table X. It is 
seen that the efficiency has an appreciable energy de- 
pendence. The mean energy of the photons produced by 
neutral pion decay in the scattering experiment depends 
on the energy of the primaries and the scattering angle 
as is given in Table XI. The efficiencies were then 


2R. R. Wilson, Phys. Rev. $4, 100 (1951). 
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computed by linear interpolation from the data of 
Table X and are given in Table V. 

An attempt was made to obtain an experimental 
confirmation of the results of the efficiency calculation 
described in this section. This is done by an absolute 
measurement of the sensitivity of the detecting counters 
No. 3 and No. 4 to the gamma-rays emitted in the 
Panofsky effect. In Fig. 8 the ratio of quadruple to 
double coincidences is plotted versus the thicknesses of 
absorber for the geometry represented in Fig. 7. By 
integration of the curve of Fig. 8 one finds that the total 
area of the Panofsky bulge after subtracting background 
is 

P = 6430 counts per million X g/cm? Be. 


In the same figure is plotted also the derivative of the 
absorption curve. The derivative curve shows a bulge 
matching in position the Panofsky bulge. Its integrated 
area after subtracting background is found to be 


A =4.41X 10° counts per million. 


The thickness of hydrogen traversed by the pions is in 
the average 0.987 g/cm’. Using for short range pions the 
equivalence factor in stopping power of hydrogen to 
beryllium of 2.58 one finds that this amount of hydrogen 
is equivalent to 2.546 g/cm? Be. Denoting this factor by 
H, we obtain now the effective solid angle w of the 
detecting counters from the following relationship: 


P=fHAw/4n, 


where f is the average number of photons emitted when 
a negative pion comes to rest within the liquid hydrogen. 
According to Panofsky"™ one has f= 1.485+0.054. We 
0.0485+-0.005. The error includes 
an estimate of the uncertainties in the various quanties 
that enter in the determination of w. The efficiency is 
the ratio of the effective solid angle w to the geometrical 
solid angle which is 0.083. We obtain, therefore, an 
efficiency of 0.58+-0.06. The average energy of the pions 
to which this result refers is about 90 Mev. In Table X 
the efficiency was found, in excellent agreement, to 
be 0.57. 


obtain in this way w= 


IX. ANALYSIS OF THE SCATTERING DATA 


The data of Secs. 6 and 7 may be analyzed by as- 
suming that the scattering is due mainly to the contri- 
butions of s and p waves. The angular distribution of the 
scattered particles in the center-of-mass system will then 
have the form 


da/dw=a+b cosx+c cos*x, (5) 


where x is the scattering angle in the center-of-mass 
system. The coefficients a, b, and c for the elastic 
scattering of 78, 110, and 135 Mev m+ and for the 
elastic scattering of 120 and 144 Mev mw are readily 
computed from the data of Tables II and VII. 

Phys. Rev. 81, 565 (1951). 


8 Panofsky, Aamodt, and Hadley, 
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The calculation of these coefficients for the charge 
exchange scattering is complicated by the fact that the 
direct measurement gives the cross section for the 
production of gamma-rays, and the angular distribution 
of these differs somewhat from that of the neutral pions 
which decay into them. 

The problem can be solved by imagining the angular 
distribution of the neutral pions in the center-of-mass 
system to be analyzed into spherical harmonics. Each 
spherical harmonic component in the original distribu- 
tion of the neutral pions gives rise, in the gamma-ray 
distribution, to a component proportional to the same 
spherical harmonic multiplied by a constant coefficient. 
The value of this coefficient depends upon the order of 
the spherical harmonic in question. It is equal to 2 for 
spherical harmonics of the order zero; to 


2y 1 ytn 
k,=——— In (6) 
n 2 yn 
TABLE XII. Coefficients of do/dw=a+-b cosy +c cos*x for various 
processes (10°27 cm?/sterad). 


Energy A 
Mev (10-8 cm) Process a b c 


+ 0.46+0.39 ).08+0.84 
78 A: + 1.9 +0.3 ~17 +0.4 
110 AS + 3.6 +0.7 -4.8 +0.8 
135 OS + 3.9 +2.3 a +2.8 
120 : - 0.49+4-0.11 ).34+0.16 
144 ‘ - - 0,82+0.16 075002 
120 12 7 2.68+0.40 —2.39+0.46 
144 e -—>7 3.80+0.55 ~2.49+0.62 
120 my -- 0.6 +0.4 —-1.9 +0.5 
144 ‘ 1.05+0.5 —1.9 +0.5 


53 


1.16+0.34 
1.52+0.50 
2.29+ 1.20 
3.17+1.62 
3.2 +1.7 
3.9 +2.0 


for spherical harmonics of order one; and to 


Sy y+n 
In (7) 
"Yn 
for spherical harmonics of order two. In the above 
equations 7 and y are the momentum and the total 
energy of the neutrai pion in the center-of-mass system, 
in units of woc and oc’, respectively. 
Writing (5) for neutral pions as the sum of spherical 
harmonics 
a+} act+b cosx-+e 


and applying the above coefficients, the angular dis- 
tribution for the w° gamma-rays in the center-of-mass 
system is found to be 


2a+ (2 2—k 


It is seen that the gamma-rays originating from the 7° 
decay also have an angular distribution of the type (5) 
and one can readily compute the coefficients for the 
angular distribution of the neutral pions from the 
measured coefficients for the angular distribution of the 
photons. 


(cos?x— 4), (8) 


ks)c+hk,b cosx+koc cos’x. (9) 


do,/dw= 
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Table XII summarizes the values of the coefficients 
a, b, and ¢ for all the reactions studied. The first column 
gives the energy of the primary beam in Mev, the second 
column gives the deBroglie wavelength divided by 27, 
in the center-of-mass system. The third column indi- 
cates the type of reaction; 0, +, and — are used to 
indicate neutral, positive, and negative pions, y for the 
photons. The next three columns are the coefficients a, d, 
and c for the reaction in question. The data at 53 Mev 
are computed from cross-sections measured at Brook- 
haven with a diffusion cloud chamber."* 

Striking features of the table are the rather large 
values of the coefficients 6 and ¢ which indicate strong 
deviations from spherical symmetry. The negative 
values of 6 for r++ and m— n° corresponds to the 
predominance of the backward scattering of these 
processes. The coefficient 6 has a positive value for 
nx —»m because, in this case, by contrast, the scattering 
is more pronounced in the forward direction. 


X. PHASE SHIFT ANALYSIS 


The data may be analyzed on the assumption that in 
the scattering of pions by nucleons the isotopic spin is 
conserved, or more precisely, that the isotopic spin 
behaves as a quantized angular momentum vector in 
isotopic spin space.'® In the scattering of positive pions 
by protons only the isotopic spin 3 will be involved 
because both the proton and the pion have their 
isotopic spin vectors “up.” In the scattering of negative 
pions by protons, on the other hand, the orientation of 
the vectors is mixed and both isotopic spins, 3 and 3, 
will be involved. 

From this basic assumption, it follows that the 
scattering features at any given energy will be de- 
termined by the phase shifts of the different states of 
given isotopic spin, orbital and total angular momen- 
tum. If it is assumed, as was done in the previous 
section, that only s- and p-states are important, there 
will be six phase shifts at each energy. They correspond 
to the possible values 3 and 3 of the isotopic spin, and, 
for each isotopic spin value, to the s-wave shifts and to 
the phase shifts of the two p-waves of angular momenta 
3 and 3. 

A complete set of measurements at any given energy 
consists of nine data: the values of the differential 
cross sections for each of the three processes mtn", 
n-—, and x —, at each of three angles. Alternately 
the experiments supply nine constants, a, 6, and c for 
each of the three reactions observed. If the assumptions 
are correct, these nine data will be expressible in terms 
of the six phase shifts, a situation which permits a check 
of the soundness of the procedure. 

To obtain a complete set of data at each of two 
energies we have interpolated the * data obtained at 

4 Fowler, Fowler, Shutt, Thorndyke, and Whittemore, Phys. 
Rev. 86, 1053 (1952). 

146N. Kemmer, Proc. Cambridge Phil. Soc. 34, 354 (1938); 
W. Heitler, Proc. Roy. Irish Acad. 51, 33 (1946). 
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110 Mev and 135 Mev to give values at 120 Mev to go 
with the x~ data at this energy. We interpolated the r 
data between 120 Mev and 144 Mev to give values at 
135 Mev to go with the w* data at this energy. The 
measurements at 78 Mev, on the other hand, are 
incomplete because only the + reaction was investi- 
gated. However, in this case, only the three phase 
shifts for isotopic spin } are involved. The data allow 
these phase shifts to be calculated but nothing remains 
for an internal check. 

The phase shifts of the s waves of isotopic spin 3 and 4 
will be indicated by a3; and a. The phase shifts of the p 
waves will be indicated by a3, a@31, 13, @11, Where the 
first index is twice the isotopic spin of the state in 
question and the second index is twice the angular 
momentum. The quantities a, 6, and c for the reaction 
nt—a* will be indicated by a,, 64, cy. Similarly they 
will be indicated by a_, b_, c_, for the reaction of elastic 
scattering of the negative pions, and by do, bo, co for the 
exchange scattering of the negative pions. In order to 
express the nine quantities a, b, c in terms of the six 
angles a, it is convenient to introduce the following 
notation: 

(10) 


e;=e'3—1, 5 éey= erie - 1. 


By applying the standard procedures of the phase shift 
analysis of the collision theory, the amplitudes of the 
scattered waves m°. Le expressed in terms of these 
quantities ‘i here are nine such amplitudes in all. Three 
corre »wnding to the scattering of positive pions; 
amplitude of the scattered s wave and amplitudes of the 
scattered p waves with and without spin flip. These are 
indicated by B, Ag, and Ay. The scattering of the 
negative pions contributes six amplitudes because in 
each case scattering without and with exchange of 
charge must be considered. The corresponding ampli- 
tudes are indicated by B,, A pg, and A »q for the non- 
exchange process, and B,, Ang, and Ana for the ex- 
change process. These nine scattering amplitudes are 
given in terms of the quantities e of (10) by the relations 


A g=4(2e33 +31); 
A pp= (V2/9) (€33— €314+ 2e13— 2e11) ; 
(11) 


B=e;; 

By=}4 (est 2e1) ; 
A pa (1 ‘9) (2e33+ €31+ 4eis4 2e11) ; 

B= §v2(es—e1); Ang= (2/9) (esa €s1— erat 11) ; 
A na= (V2/9) (233+ €31— 2e13— 11). 


Ag= 4V2 (e33— €31) ; 


The coefficients a,, 6,, c, for the scattering of positive 
pions are given by 


9 


ay 1 
=~|Bl?+—|Ap?; 
x 4 8 


& 2 
=~(BA,*+B*A,); 
x? 4 


12 (12) 


In these formulas a star means complex conjugation. 
The quantities a_, b_, c_ and do, bo, co are given by 
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XIII. Cross sections computed from phase shifts at 
120 Mev (10°?’ cm?/sterad). 


TABLE 


Computed 
Yang solution 


Measured 


Process cr sections Furst solution 


1.06 
0.47 
1.02 


1.06+0.14 
0.47+0.10 
0.97+0.18 


4.12 
5.14 
15.09 


4.264+1.16 
5.75+1.16 
16.00+ 1.82 
2.07 
3.40 
6.00 


2.07 
3.19 


5.98 


+0.30 
+0.39 
+-0.69 


Phase shifts 
First solution 
a3= —15.2°; a, =9.0 
== —2.8°, 
Yang solution 
a= 15.4 ; a= 
ay =3.8", 


=29.6°; an=3.9°; ais=1.8°; an 


9.1 > a= 12.9 > a3, = 38.0°; ain —1.4°; 


similar formulas in which B, Ag, and Aq are replaced, 
respectively, by By, A ps, Apa and By, Ang, Ana. It is 
possible, of course, to eliminate the intermediary 
quantities e, B, A from (10), (11), and (12), and to ex- 
press directly the nine quantities a, 6, c in terms of the 
six angles a. The formulas, however, are more compli- 
cated and not as well suited to numerical calculations. 

If the accuracy of our measurement of the nine cross 
sections at a given energy were high enough, it would be 
possible to use six of them for determining the six 
angles a. Then, if the basic assumptions were right, the 
remaining three cross sections would be given correctly 
in terms of the same angles. Since, however, the experi- 
mental errors are rather large, this procedure is not very 
effective and it is more fruitful to try to use all the 
available experimental information in determining for 
each energy the best set of angles a by a least squares 


TABLE XIV. Cross sections computed from phase shifts at 135 Mev 
(10°77 cm?/sterad). 


Computed 
Vang solution 


Measured 


Process cross section First solution 


1.45 
0.63 
1.21 


1.45 
0.63 
1.20 


1.464 
0.634 
1.134 


6.20 
5.90 
17.95 


6.35 
5.95 
18.13 


5.664 
21.6443.5: 
2.924 


3.964-0.47 
7.10+0.82 


2.85 85 
4.07 ll 
7.40 36 


Phase shifts 
First solution: 
a3= —14.0°; a, =10.3°; 
= 4.6”. 
Yang solution: 
ay= -14 gtr a\|= 10.4 , @ 
ay =5.6°. 


a3 37.9°; ay =5.4°; ans=2. 


=17.2 ; a3, = 49.3°; ay 
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method. Some attempts to obtain by this method a set of 
“best” phase shifts were made by numerical computa- 
tion on a preliminary set of cross-section values already 
published.’ 

The problem of determining the best set of phase 
shifts at each energy is managed much more efficiently 
with a modern electronic computer.'* We are indebted 
to Dr. N. Metropolis for carrying out these computa- 
tions for us using the Los Alamos Maniac computer. 
Given a set of nine measured cross sections, with the 
experimental errors, the machine finds the best set of 
six phase shifts according to the least squares crite- 
rion. Such a solution minimizes a least squafe sum 
M =2,°(4,/e;)*, where ¢; is the experimental error in the 
ith cross section, and A, is the deviation of the calcu- 
lated from the observed cross section. 

This procedure does not permit a determination of 
the sign of the phase shifts. One recognizes easily that if 


Fic. 9. Computed and observed cross sections at 120 Mev. 


the sign of all the phase shifts is changed the cross 
sections are not affected. It would be possible in 
principle to determine the signs by a study of the 
interference of the nuclear scattering with the Coulomb 
scattering. Thus far, however, measurements of the scat- 
tering at angles sufficiently close to the forward direction 
to observe this interference have not been carried out. 
Aside from this indeterminacy of the sign, one might 
raise the question whether the determination of phase 
shifts is unique. It appears that there are two fairly 
equivalent sets of angles that yield a rather low value of 
the least square sum. One of them corresponds to angles 
fairly close to those already published and will be called 
“first solution.” Yang has pointed out"? that there is a 
second solution, that, although not equivalent to the 


16. Fermi and N. Metropolis, Los Alamos unclassified report 
LA-1492, 1952 (unpublished) 
17C. N. Yang, private communication. 
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first, is in many cases almost eqully good. An extensive 
numerical analysis of the problem'® has indicated that 
the first solution and the Yang solution are very prob- 
ably the only two for which the least square sum is small. 
There is apparently another set of angles that yields a 
relative minimum of M. This, however, is so high as to 
make it of no practical value. 

In Tables XIII and XIV are collected the cross 
sections for 120 Mev and for 135 Mev, together with the 
cross sections computed from the best sets of phase 
shifts. Results corresponding to the first solution and to 
the Yang solution are given. The agreement with the 
experimental results is extremely close for both solu- 
tions. Only a very considerable improvement in the 
experimental accuracy would permit to distinguish be- 
tween the two. 





150° 180° 


Fic. 10. Computed and observed cross sections at 135 Mev. 


In Figs. 9 and 10 are plotted the cross sections in the 
center-of-mass system versus the scattering angle x. The 
curves are computed from the scattering angles of the 
first solution. Also the experimental points are put on 
the same graph for reference. 


TABLE XV. Phase shift angles. 


Phase shifts in degrees 
1 33 31 13 
9 2 
13 —3 
30 4 
38 5 


As pointed out above, the sign of all the phase shifts 
could be changed without affecting the cross sections. 
The sign chosen corresponds to the assumption that the 
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interaction of the state with both isotopic spin and 
angular momentum equal to 4 is attractive. Some 
arguments in favor of this assumption have been ad- 
vanced by Peaslee'* on the basis of an analysis of the 
scattering of negative pions by carbon. 

At 78 Mev only the scattering of positive pions has 
been measured and consequently only three of the phase 
shifts could be Jetermined. They are a;= — 6°, a33= 13°, 
a3,;= —3°. Also a similar analysis can be made on the 
data for scattering of 53-Mev positive pions by hydro- 
gen published by the Brookhaven group."* The result is 
a3=0°, a33=9°, a3,=2°. In Table XV are collected the 
various values of the phase shifts (first solution only). 
The second column gives the pion momentum in the 
center-of-mass system in units of wc. Due to experi- 
mental errors the phase shifts given above have an 
uncertainty of perhaps 5°. Experience gathered in 
successive calculations of the phase shifts has indicated, 
however, that some of them appear to be not very 
sensitive to changes in the cross sections, whereas others 
have a higher sensitivity and are for this reason less 
reliable. This appears to be particularly true of the 
phase shifts ay; and ay. 


XI. CONCLUSIONS 


1. The fact that 9 cross sections measured at each 
energy can be represented in terms of 6 phase shifts is a 
demonstration of the fruitfulness of regarding the 
isotopic spin as a good quantum number. Such a 
demonstration would be even more meaningful if the 
experimental errors were smaller. 

2. According to quantum mechanics one might expect 
that the phase shifts at sufficiently low energy should be 


Phose Shift- Degrees 





10 
7 ~ Relative Momentum mm units of yc 


Fic. 11. Phase shifts plotted versus relative momentum. 


'® Quoted by H. Bethe at the Rochester Conference, December, 
1952. See also G. F. Chew, Phys. Rev. 89, 591 (1953). 
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proportional to the relative momentum 7 of the 2 
colliding particles for s-terms and to 9? for p-terms. In 
Fig. 11 some of the data of Table XV are plotted. The 
values of 7 are on the abscissas and the phase shifts of 
isotopic spin } are plotted on the ordinates. One might 
expect that the phase shift a; should lie on a straight 
line through the origin. Actually the points do not at all 
show this property and this may or may not be due to 
the rather large experimental error. If one attempts to 
draw the “best” straight line through these points the 
coefficient of » would be approximately —10°. On the 
other hand, the points suggest an appreciably stronger 
dependence of a; on the energy. This in fact would be 
quite compatible with the possibility that a; may actu- 
ally change sign at about 60 Mev, a possibility whose 
implications have been discussed by Marshak.'® The 
ratio a3/n at low energy gives the scattering length in 
units h/uc. A coefficient of — 10° would correspond to a 
scattering length a;= —0.24X 107%. However, this value 
for the reasons explained is quite tentative and even its 
sign could be wrong. Similarly from the data of Table 
XV we may make an equally tentative guess that the 
scattering length of the s-state of isotopic spin 4 may be 
0.18 10-" cm. 

The phase shifts as; fit fairly well a proportionality to 
n’ with a coefficient of about 16°. Very little can be said 
of the energy dependence of the other phase shifts as, 
a3, and a, which are so small that even their sign 
relative to that of the other phase shifts is uncertain 
with our present experimental accuracy. 

3. We have already commented on the difficulties of 
deciding experimentally with our present accuracy be- 
tween the phase shifts corresponding to the first solution 
and to the Yang solution of the problem. The previous 
conclusions are obtained on the assumption that the 
first solution is correct and would have to be modified 
appreciably if the Yang solution ultimately would turn 
out to be the right one. Similarly the over-all sign of the 
phase shifts is uncertain, and the opposite sign to the 
one chosen here may well be correct. 

4. One might attempt to interpret phenomenologi- 
cally the scattering as if it were due to a force acting 
between the nucleon and pion. Inspection of the variety 
of phase shifts obtained indicates immediately that this 
force should be quite different for different states. 
Assuming again the first solution to be correct, one 
would further conclude that the force is very large for 
the state of isotopic spin § and angular momentum 3. 
One can recognize that the same potential produces a 
much larger phase shift in the s terms than it does in the 
p-terms. For example, phase shifts of the order of 
magnitude observed could be attributed to a potential 


~R. E. Marshak, Phys. Rev. 88, 1208 (1952). 
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of radius h/ye and of a magnitude of about 40 Mev for 
the s terms, while the depth of this potential hole should 
be of the order of several hundred Mev in order to 
produce a phase shift a3; of the observed magnitude. It 
is very questionable whether it is rewarding to adopt 
this potential model without a thorough study of its 
relativistic behavior. 

5. From partial evidence on the scattering of pions 
by hydrogen previously reported,® a tentative con- 
clusion had been reached that the states of isotopic spin 
3 are dominant. If this were exactly correct one would 
expect the cross sections for scattering of positive pions 
and for scattering of negative pions with and without 
charge exchange to be in the ratio 9: 2:1 in all directions. 
That this is not so, is evident from a direct inspection of 
the cross sections which shows that the angular dis- 
tribution for the scattering of positive pions and that of 
negative pions with charge exchange is mostly back- 
ward, whereas the elastic scattering of negative pions is 
mostly forward. Apparently this difference in angular 
distribution is due primarily to the phase shift a, of 
isotopic spin 4 which is the largest phase shift with 
isotopic spin different from 3. 

On the assumption that the first solution is correct, 
the largest phase shift is a3; corresponding to a state for 
which the existence of a resonance has been suspected.” 
Our data do not extend far enough in energy to support 
the resonance hypothesis. If the hypothesis were correct, 
one would expect that at some higher energy the phase 
shift a3 should rise appreciably more rapidly than with 
the 7’ law and rather rapidly cross over from values less 
to values larger than 90°. It is possible, however, that a33 
may go through a maximum and start decreasing before 
reaching 90°. 

6. The present experimental data are utterly inade- 
quate to allow any conclusions to be drawn about the 
d terms, which have been neglected in our analysis. If 
the interaction of the d levels were of the order of 
magnitude yuc?, the phase shifts would be a fraction of a 
degree. This makes our neglect of the d-terms justifiable 
but not necessarily correct. 
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out the measurements; we are indebted to them for 
their time and skill. Mr. Leo Slattery contributed to the 
development of the electronic equipment. We are 
particularly grateful to Mr. Lester Kornblith for the 
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Some effects of the charge independence of nuclear forces on the emission and absorption of photons by 
light nuclei are investigated. It is found that the selection rules governing the change of isotopic spin T in 
such transitions are of practical importance in nuclei with 7,=0, particularly the rule that £1 transitions 
without change of isotopic spin are forbidden. Two examples of forbidden E£1-emission (in N' and O'*) 
are discussed, and detailed experimental reinvestigation is suggested in connection with each of them. 

The main consequence for photonuclear reactions of the aforementioned selection rule is that for each 
7,=0 nucleus there is a threshold for (allowed) £1 absorption, corresponding to the first level with J=1 
T=1. For (y, a)- and (y, d)-reactions, where no isotopic spin can be carried off by the particle, £1 absorption 
can become effective only when there is enough energy to leave the residual nucleus in a T=1 state. The 
roles of £2 and M1 absorption, with and without change of isotopic spin, are discussed, and appropriate 
sum rules are derived. The rules governing (7, a) processes are applied particularly to reactions in C® and 
O'*, where considerable experimental evidence is available and appears to support the theoretical con 


clusions. 


I. INTRODUCTION 


ONSIDERABLE evidence! has accumulated during 

recent years in favor of the hypothesis of charge 
independence of nuclear forces. In light nuclei (say 
Z<10) the effects on nuclear wave functions of the 
Coulomb force between protons and of the neutron- 
proton mass difference are expected to be small,’ and 
consequently the total isotopic spin JT must be con- 
sidered a good quantum number® in purely nuclear 
processes; some restrictions imposed on nuclear reac- 
tions by the conservation of isotopic spin have been 
discussed by Adair.‘ 

When the emission or absorption of photons takes 
place, isotopic spin need not be conserved, since the 
electromagnetic interaction of nucleons is charge- 
dependent. However, as has been pointed out by 
Radicati® and others, there are definite selection rules 
governing the change of isotopic spin accompanying 
such processes. It is our purpose to show how these 
selection rules may be used in the interpretation of 
certain experimental observations on photonuclear 
reactions and y-decay in light elements and to suggest 
further experiments for which the hypothesis of charge 
independence has interesting consequences. Kroll and 
Foldy® have shown that the selection rules follow 
equally well from the much weaker assumption of the 


* Work assisted in part by contract with the U. S. Office of 
Naval Research. 

1F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 321 
(1952). All data concerning nuclear levels discussed by us are 
taken from this article, to which the reader is referred whenever 
no special references are given. 

2. A. Radicati, Proc. Phys. Soc. (London) A66, 139 (1953). 

3 The notation / has been used for isotopic spin in some recent 
papers on charge independence in phenomena involving nucleons 
and pions. However, for purely nuclear processes it is perhaps 
wise to retain the older symbol ‘‘7” since in discussions of hyper- 
fine structure / is often used to mean the total angular momentum 
of the nucleus. 

4R. K. Adair, Phys. Rev. 87, 1041 (1952). 

5 L. A. Radicati, Phys. Rev. 87, 521 (1952). 

®N. M. Kroll and L. L. Foldy, Phys. Rev. 88, 1177 (1952). 


charge symmetry of nuclear forces. However, we shall 
adopt the point of view of charge independence since 
we shall be concerned frequently with the existence of 
charge triplets, which are sets of 7=1 states in neigh- 
boring isobars with equal (adjusted) energies. Such 
triplets are difficult to account for in the absence of 
charge independence. 

In the discussion that follows we shall always assume 
that the specific nuclear forces are indeed charge inde- 
pendent, and we shall attribute to Coulomb and mass 
difference effects any failure of T to be a good quantum 
number for the nucleus. 


II. SELECTION RULES 


Many of the results in this section have been given 
by Radicati® and are reproduced here only for 
completeness. 

In order to derive the isotopic spin selection rules for 
electromagnetic transitions, let us consider the per- 
turbation Hamiltonian H corresponding to the emission 
or absorption of a photon of wave number k by a system 
of A nucleons, neglecting certain magnetic exchange 
and interaction moments: 


Afedfl 
H=> 


i=1 le dt 


(1+ Tit) Vi -A(r,) 


up MN 

+ > (1+ ria) + ~ (1 ras) 0-0 XA(r)}. (1) 

Here 7;,, the component along the charge axis of the 
isotopic spin operator for the ith nucleon, has the eigen- 
value +1 for a proton state and —1 for a neutron state. 
r; is the position vector of the ith nucleon measured 
from the center of mass of the nucleus. (d/dt) applied 
to an operator means its time rate of change, or ih times 
its commutator with the nuclear Hamiltonian. A(r;) is 
the vector potential of the electromagnetic field, given 
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by 


A(r,) = (2ach/kV)'e exp[ tikn-r, | 


Ace exp(+ikn-r,) (2) 


in an obvious notation; the + sign applies to emission 
and the — sign to absorption. 

For our purposes, it is convenient to separate H into 
two parts: 


(upt+ un) 
o,-0XA(r,) }, (3) 


Ho= 


+ Tis 0 VXACe) | (4) 


Here v, is the velocity operator for the ith particle. It 
is clear that //y is a scalar with respect to rotations in 
isotopic spin space, and hence transitions induced by Hy 
obey the selection rule 
AT=0. (Sa) 

On the other hand //; is the z-component of a vector in 
isotopic spin space and hence gives the selection rules 

AT=0, +1 when 7,+0; 

AT=+1 when 7,=0. 


(5b) 


Here 7, is equal, of course, to (— 1/2) times the neutron 
excess in the nucleus. 

The most significant fact contained in (5a, b) is that 
in nuclei with equal numbers of neutrons and protons 
(T,=0) electromagnetic transitions without change of 
isotopic spin must arise from //y alone. We will refer to 
such processes as //y transitions. 

A multipole expansion of Ho reveals certain im- 
portant properties. We shall exhibit the parts of Ho 
corresponding to the first few multipoles as power series 
in the kr,, keeping only the first term or two. 

The electric dipole (F1) part of Ho is 


A e e € 
Ho(F1)= Ace: 130 k? (rv, +v,r7)+ k? 
I 0c 4c 


ke 
+ (nirevitvienr)4t lartusdeoxect = |b (6) 
4 


A 
The term of lowest order vanishes since >> r;=0 


i=! 
identically, and hence there is practically no E1 con- 
tribution to 11) for photons having a wavelength large 
compared to the nuclear radius. 
The electric quadrupole (£2) part of Ho is 
k 1 
Hy(E2) = +ie- Age {3-4 (vir,-n+r,v,-n)+ +--+ J}. (7) 


2 i=! 
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We shall estimate in the next section the contribution 
of (7) to the absorption of photons. 

In connection with magnetic dipole (4/1) radiation, 
it is necessary to mention the magnetic exchange and 
interaction moments that have been omitted in (1). 
However the exchange and interaction moments that 
are usually assumed to be of importance in nuclei’ and 
that are omitted in (1) are either of the form 


> (4: 2;) Oi, (8a) 
in) 


or else of the form 


>. (2:—2;)0i;, (8b) 


2 


where O,; is a two-particle operator on space and spin 
coordinates. Both expressions (8a, b) are z-components 
of vectors in isotopic spin space and thus will provide 
corrections to H; and not to H». We are thus permitted 
to consider just fhe operator 


i=] 


A fek 
Hy(ati)=-Lidmnxe-| X] RXV; 
4c 


k 
+- (wrt ax )out * |} (9) 


“ 


Corresponding expressions may, of course, be written 
for higher multipoles as well. 


III. SUM RULES 


It is well known that sum rules can be obtained for 
the absorption of radiation of a given multipolarity by 
nuclei. In light nuclei with 7,=0, it is useful to derive 
separate sum rules for the H transitions alone, using 
(7) and (8). If oo(F2, W) is the cross section for 
H, absorption of E2 radiation at energy W’, then 


dW r* A (r*)oo 
footer, W) = e 
W? 13712 Mec? 


where M is the mass of a nucleon and (r’)o9 is the mean 
squared displacement of a nucleon from the center of 
mass in the ground state of the nucleus. For M1 radi- 
ation, we have the sum rule 


dw 
feocn, W’) 
W 


(10) 


(11) 


“_( h ): ((L+ (ut un)28/u0)?) 00 


137\Mc/ 4 h? 
where uo is the nuclear Bohr magneton. Equations 
(10) and (11) are derived on the assumption that the 


nuclear forces are not explicitly velocity-dependent. 


7R. G. Sachs and N. Austern, Phys. Rev. 81, 705 (1951); R. K. 
Osborne and L. L. Foldy, Phys. Rev. 79, 795 (1950). 
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However, unlike most nuclear sum rules, they require 
no correction on account of exchange forces or corre- 
lation. Moreover, the £2 sum rule is correct even in 
the presence of interaction potentials that depend 
linearly on particle momentum, such as the spin-orbit 
interaction. 


IV. EMISSION OF y-RAYS 


The y-ray spectra of nuclei with 7,=0 should be 
affected in at least two ways by the forbiddenness of Ho 
(£1) transitions: 

(a) El radiation will be very weak between two 
T=1 states, while the £1 transition between the two 
analogous levels in each of the neighboring isobars may 
be of normal strength. For example, a level at 6.1 Mev 
in C has been found in the reaction C'*(d,p)C"™;! the 
level decays by y-ray emission to the ground state 
(J=0*), and there is some evidence that the y-ray is 
F1.° Let us assume for the purpose of illustration that 
such is the case. Now in N" the level at 2.31 Mev is 
analogous to the ground state of C'. At around 8 Mev, 
then, there must be a state with /= 1~ analogous to the 
one at 6.1 Mev in C'; perhaps it is the level at 8.05 Mev 
observed in C'8(p,y)N"“. At any rate, the y-transition 
from that state to the one at 2.31 Mev, though fully 
allowed by conservation of angular momentum and 
parity, is forbidden by the isotopic spin selection rules, 
while the corresponding transitions in the isobars C4 
and O" are allowed. Of course the transition in N" is 
not fotally forbidden; there are two mechanisms by 
which it can occur —the intervention of the higher term 
in the expansion (6) of Ho(£1) and the impurity with 
respect to isotopic spin of the initial and final nuclear 
states. 

The former mechanism should lead to a width for 
decay to the 2.31 Mev state of the order of (R)* times 
a normal F1 width, where R is the nuclear radius 
that is, about 0.01 percent. The isotopic spin impurity 
is certainly more effective; Radicati? estimates it as 
1 percent in amplitude for the ground state, but for a 
highly excited 7=1 state it should be much greater. 
Still, an impurity of 10 percent in amplitude would 
yield a width about 1 percent of normal. It would be 
interesting to make a quantitative experimental com- 
parison of the widths for the forbidden transition and 
for the allowed F1 transition to the ground state. 

(b) E1 radiation will be very weak between two T’=0 
states. For example, let us consider the level at 7.1 Mev 
in O'*, found in F!*(p,a)O!® ® and N'*(B-)O!#* 0 Tts 
spin and parity, J=1~, have been determined by a-y 
angular correlations.” Its isotopic spin is 0 since the 
lowest T= 1 state of O'* is analogous to the ground state 

®’R. G. Thomas and T. Lauritsen, Phys. Rey. 88, 969 (1952) 

¥A. P. French and J. Seed (unpublished). 

© Bleuler, Scherrer, Walter, and Ziinti, Hely. Phys. Acta 20, 96 
(1947). 

tH. S. Sommers, Jr., and R. Sherr, Phys. Rev. 69, 21 (1946) 
oan? French, Fowler, and Lauritsen, Phys. Rey. 89, 299 
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of N'® and lies at about 13.0 Mev. Since the ground 
state of O'§ has J=O6* and T=0, the y-ray transition 
from the 7.1-Mev level to ground must be £1 and con- 
sequently forbidden by (Sb). However, we must con- 
sider the effect of the two mechanisms of transition 
mentioned in (a). The first one alone would provide a 
transition rate of an order of magnitude corresponding 
to M2. But any competing mode of de-excitation should 
proceed even more slowly, according to simple order-of- 
magnitude estimates. The possibilities are: 

(i) y-decay to the 6.0-Mev level (J =0*) suffers from 
the same disability as the ground-state decay and there 
is much less energy available ; 

(ii) y-decay to the 6.9-Mev level (J=2*) would 
proceed by the £1 correction term (as above) and by 
genuine M2 and is unfavored by the tiny energy 
difference ; 

(iii) y-decay to the 6.1 Mev level (J=3>) by £2 is 
favored by a factor of (c/v)*100 by comparison with 
the ground state transition but the ratio of energy dif- 
ferences enters to the fifth power, so that the ground 
state should be preferred by a factor of 7°/100~200; 

(iv) internal pair emission to the ground state 
through the intervention of the scalar potential is 
unfavored by a factor of at least e’/he~1/100. 

The experimental evidence, however, seems to indi- 
cate that some process does compete favorably with the 
ground-state transition. The 7.1-Mev y-ray is observed 
in both the (p,@)-reaction and the #-decay; in the 
latter case certain information has been obtained about 
the intensity of the line. It has been reported'®" that 
the @-decay of N'® leads with equal probability (40 
percent in each case) to the levels at 7.1 Mev and 6.1 
Mey, while Millar e¢ al."* have found 12 times as many 
6.1-Mev y-rays as 7.1-Mev y-rays following the 
3-emission. 

If both experimental results are accepted as correct, 
we must conclude that the matrix element for the 1 
correction term is much smaller than simple dimen- 
sional arguments indicate, and furthermore that the 
admixture of 7=1 in the wave functions of both the 
initial and final states is either astonishingly small 
(~0.1 percent in amplitude) or else anomalously inef- 
fective in inducing £1 transitions. In short, the selection 
rule (5b) seems to be oversatisfied. This curious circum- 
stance calls, in our opinion, for a re-investigation of the 
B-decay branching ratio and a search for the 1-Mev 
y-ray (7.1-6.1).f 


13 Millar, Bartholomew, and Kinsey, Phys. Rev. 81, 150 (1951) 


t Note added in proof.—Jones and Wilkinson [ Phys. Rev. 90, 
722 (1953) ] report that the 7.1-Mev y-ray is at least 120 times 
more intense than the 1-Mev y-ray, in agreement with (iii). 
However, their claim that this result sets a lower limit on the 
isotopic spin impurity of the 7.1-Mev state appears to us un- 
justified. They have neglected the effect of the E1 correction 
term, which alone should yield an intensity ratio comparable to 
that observed. 

Boehm, Peaslee, and Perez-Mendez [Phys. Rev. (to be pub- 
lished) ] have recently found that the 1-Mev y-ray following the 
B-decay of N'* is less than one-twentieth as frequent as the 
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V. ABSORPTION OF y-RAYS 


In nuclear reactions induced by photons, the ob- 
servation of forbidden electromagnetic transitions may 
be expected to play no important role. We must rather 
be concerned with the kinds of particle emission that 
can follow y-ray absorption; for W less than about 50 
Mev, moreover, we may restrict ourselves to E1, £2, 
and M1 transitions. The effects of isotopic spin con- 
servation are most striking in even-even nuclei with 
T,=0; for such nuclei, the lowest T7=1 state is at a 
high excitation energy W, and the ground state always 
has J=0*. The following rules can then be deduced 
from (5b) and the usual conservation laws in the 
approximation in which charge independence is rigorously 
lrue: 

(1) For W<W,, all absorption proceeds either by M1 
through a compound state with J=1+, 7=0, or by E2 
through a compound state with J= 2+, T=0. 

(2) For W>W,, absorption into T=1 states is pos- 
sible by M1, £2, or £1; but such H, absorption can 
result in emission of deuterons or a-particles only if 
there is sufficient energy to leave the residual nucleus 
ina 7'=1 state. 

(3) At any energy, a (y,@)- or (y,d)-reaction that 
leaves the residual nucleus in a 7’=0 state must proceed 
as in (1). 

(4) In particular, a (y-a)-reaction to the ground 
state of the residual nucleus may proceed only by E2 
absorption through a state with T=0, J=2t. 

(5) (y,) and (y,p) cross sections must, for each 
residual state, be identical with each other as functions 
of energy and angle except to the extent that there is 
interference between //) absorption and //, absorption. 

The existence of Coulomb forces and of the neutron- 
proton mass difference introduces important deviations 
from some of these rules: 

(1) Following //, absorption, there is in general some 
probability of a- and d-emission to a 7=0 state on 
account of isotopic spin impurity in the initial and final 
states and, to a lesser extent, in the a-particle. While 
re-emission of y-rays may not, in general, compete 
strongly enough to suppress such a process, strong 
neutron or proton emission should be expected to do so. 
Consequently there may be a region of energy, between 
W, and the effective threshold for n- or p-emission, in 
which a-particles are produced with an appreciable 
probability in violation of rules (2), (3), or (4). 

(2') For each state in the residual mirror nuclei, the 
thresholds and barrier penetrabilities for » and p are 
in reality different; only after correction for this effect 
should (5) be valid. It is not likely that isotopic spin 
impurity is of any importance here. 

The charge-dependent perturbations contribute also 
to the fate of a residual 7=1 state produced in ac- 


6.1-Mev y-ray. Their result, together with that of Millar et al., 
seems to indicate that the 8-decay branching ratio is indeed not 
1:1, but heavily favors the 6.1-Mev state 
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cordance with rule (2). Again, if y-ray emission is the 
only process that competes effectively, further a-decay 
to a T7=0 state may occur. It should be noted that such 
an a-a cascade through a level with 7=1 will prevail 
not only over a corresponding cascade through a 7=0 
level but also over the direct emission of two a’s. For 
these “forbidden” modes of decay of the initial T=1 
state we expect the smallness of isotopic spin impurity 
not to be compensated by phase-space factors. In the 
allowed mode of decay of the initial 7=1 state the 
residual nucleus may find itself unable to do anything 
but violate the conservation law. 

Let us apply the preceding considerations to C". 
The lowest 7=1 level, analogous to the ground states 
of B® and N', should lie at about 15.2 Mev and 
have J=1+. Probably it is a level found at 15.09 Mev 
in B'"(d,n)C. The analog of the first excited state of 
B® at 0.95 Mev is probably the level at 16.07 Mev with 
J=2+. That the latter level does indeed have T7=1 is 
borne out by the fact that it emits a’s to the lowest 
two states of Be® while its total width is only about 5 
kev, including the width for proton emission. (Since a 
typical width for allowed a-emission at this energy 
should be of the order of 1 Mev, it is apparently an 
isotopic spin impurity of less than 10 percent in am- 
plitude that is responsible for the (p~,a)-process.) We 
have thus located the thresholds for 7, absorption of M1 
and £2 radiation, respectively. At some higher energy 
W, (E1), there is presumably a level with 7=1 and 
J =1-, which is the lowest one accessible to £1 radiation. 
Above this energy the £l-absorption should increase 
rapidly and soon predominate over other multi- 
polarities. It should manifest itself principally in (y,p)- 
and (y,)-processes as long as the energy is insufficient 
to meet condition (2). In this energy range, £1-induced 
(y,a)-reactions may proceed only through isotopic spin 
impurity. The threshold for the allowed reaction leading 
to the lowest 7'= 1 level of Be® is about 26 Mev, a value 
obtained by adding the binding energy of an a-particle 
in C” and the Coulomb barrier to 16.8 Mev, the energy 
at which the level in Be* is expected to lie. (It is the 
analog of the ground states of Li’ and B® and should 
have J=2+.) Thus above 26 Mev there is a fully 
allowed (y,a)-reaction induced by £1 and it should 
overshadow all other (y,@) process. The (y,d)-reaction 
should exhibit much less striking behavior. The thresh- 
old is at about 25 Mey while that for reactions leading 
to T= 1 states of B", allowed for F1, is at about 28 Mev. 

The experimental evidence on the photodisintegra- 
tion of carbon, which in fact prompted this inves- 
tigation, appears to agree with the conclusions pre- 
sented here. The data on (y,m)-' and (y,p)-reactions'® 
are too conflicting to be compared with rule (5). 
However, they indicate a steep rise in the absorption 
cross section in the neighborhood of 20 Mev, which 
must correspond to the onset of £1 absorption. The 


‘4 Haslam, Johns, and Horsley, Phys. Rev. 82, 270 (1951). 
18 J. Halpern and K. Mann, Phys. Rev. 83, 370 (1951). 





CHARGE INDEPENDENCE 
(y,a) cross section!®!7 not resolved into “fine struc- 
ture’ '® due to absorption into discrete levels, exhibits 
two principal peaks around 18 and 29 Mev, respec- 
tively, each of half-width about 4 Mev and height 
about 0.3 mb. Let us divide the entire energy range into 
three regions. The first peak lies in region “A” between 
threshold and 20 Mev in which we expect all absorption 
to proceed through Ho(£2) and Ho(M1). In fact 
Telegdi'® has found that at 17.6 Mev £2 and M1 con- 
tribute about equally and that £1 does not participate 
noticeably. On the basis of Eq. (11) one sees that appre- 
ciable H7)(M1) absorption indicates that the ground 
state of C” is by no means a pure |S state, as the inde- 
pendent particle model in L-S coupling would predict. 
In region A, the (y,a)-reaction leads predominantly to 
the 3 Mev state (J=2+, T=0) of Be*®. While, in ac- 
cordance with rule (4), M1-induced transitions cannot 
leave Be® in its ground state, it is not clear why the 
E2-induced transitions show a marked preference for 
the 3 Mev state at energies high enough for the s-wave 
and d-wave barrier penetrabilities to be roughly equal. 

Energy region “B,”’ between 20 and 26 Mev, includes 
the giant £1 resonance displayed by the (y,n)- and 
(y,p)-reactions. It is clear, however, from the theo- 
retical discussion above, that the (y,a)-process should 
not exhibit such behavior. Rather, we expect in B only 
forbidden a-emission induced by #/,(£1) and allowed 
a-emission induced by Ho(M1) and Ho(E2). In B the 
experimental cross section is indeed smaller than in A 
and C. The sum rules (10) and (11) for the allowed 
transitions appear to be exhausted by (y,p) and (y,a)- 
processes in A, and the forbidden (y,q) transitions in B 
compete very unfavorably with (y,7) and (y,p) reac- 
tions. Forbidden transitions due to //,;(M1) and /7,(£2) 
are certainly negligibly rare. 

The second (y,a@) peak lies in region “C” above 26 
Mey, in which we expect allowed £1 processes to pre- 
dominate. That this is the case is borne out by the 
experimental fact that in C” more than 95 percent of 
the transitions leave Be® in an excited state” at 
17.040.2 Mev with J=2+.” There seems to be no 
reason to doubt that this is the lowest 7'= 1 state of Be’. 
Since the total y-ray absorption in C, as indicated by 
the (y,2) and (y,p) cross sections, is only about 4 per- 
cent of the value at the giant resonance peak in B, it 
is understandable that the allowed £l-induced (y,a)- 
reactions in C do not produce a very great increase in 
the (y,a@)-cross section over region B. The higher 
density of final states for the (y,2)-process accounts for 
its predominating by a factor of 10 over (y,a) even in C. 

It should be mentioned that one preliminary experi- 


16 F. K. Goward and J. J. Wilkins, Atomic Energy Research 
Establishment Memo G/M 127, March, 1952 (unpublished) and 
private communication (December, 1952). 

'7V.L. Telegdi, Phys. Rev. 87, 196 (1952) ; and to be published. 

18 VL. Telegdi, Phys. Rev. 84, 600 (1951). 

9 J. J. Wilkins and F. K. Goward, Proc. Phys. Soc. (London) 
A64, 1056 (1951). 

*”V. L. Telegdi (to be published). 
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mentai result conflicts with the point of view we have 
expressed. Goward and Wilkins” report that the angular 
distribution (with respect to the incident y-ray) of a’s 
to the ground state of Be* displays strong forward- 
backward asymmetry in the energy regions 13-15.5 
Mev and 17-19 Mev, indicating interference between 
F1 and £2. While in the lower interval we can offer no 
explanation whatever for such an effect, it is conceivable 
that we could interpret the effect in the upper interval 
by supposing that the threshold for 1 absorption is 
at 17 Mev rather than around 20 Mev. However, the 
experimental result'® obtained at 17.6 Mev appears to 
be in disagreement with the hypothesis of a large El 
contribution, unless we assume that £1 absorption is 
followed with strong preference by transitions to the 
ground state of Be*. It should perhaps be emphasized 
that a unique identification of events as ground-state 
transitions is extremely difficult, while misassignments 
may lead to spurious angular distributions. 

The situation in O'* is roughly analogous to that in 
C®”, though the experimental evidence is less detailed. 
The lowest 7=1 state, analogous to the ground states 
of N'® and F'®, must lie at about 13 Mev and have 
J=2-. It may be either of two levels with J=2> at 
12.51 Mev and 12.95 Mev found in N'*(p,a@)C™. The 
location of the £1 absorption threshold, which defines 
the boundary between energy regions “A” and “B,” 
cannot be deduced from the known level structure 
above 13 Mev and it is difficult to obtain information 
about it from the energy dependence of o(y,”). This 
cross section rises sharply from threshold at 16 Mev 
to a plateau of 0.5 mb extending from 17 to 20 Mev and 
then rises again to the giant resonance peak value of 
11 mb at 24 Mev.” The plateau has been attributed” 
to E2 and M1 absorption following a suggestion of 
Blatt and Weisskopf.” In the same energy region we 
have the results of Millar and Cameron™ and Nabholz 
et al.** on the reaction O'®(y,a@)C"” and a single measure- 
ment”® (0.7 mb at 17.6 Mev) of o(y,p). Now it does not 
appear possible that all of the absorption below 20 Mev 
can be due to Ho(£2) and Ho(M1), in view of the sum 
rules (10) and (11). Both the L-S and 7-7 independent 
particle models would make (11) vanish for O'*, and 
it seems unlikely that corrections due to interaction 
moments would yield M1 absorption of normal strength. 
The sum rule (10) for 1o(£2) alone is overexhausted by 
the observed cross sections below 20 Mev. It is possible 
that absorption due to 1,(£2) and //,(M1) may account 
for the discrepancy, or it may be that /1 absorption is 


responsible for an appreciable part of the plateau, as 


“FF. K. Goward and J 
December 1952). 

2 Johns, Horsley, Haslam, and Quinton, Phys 
(1951). 

“J. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 656. 

* Quoted by M. A. Preston, Phys. Rev. 80, 307 (1950). 

28 Nabholz, Stoll, and Waffler, Phys. Rev. 86, 1043 (1952). 

26H. Waffler and S. Younis, Helv. Phys. Acta 22, 614 (1949), 


J. Wilkins (private communication, 


Rev. 84, 856 
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suggested for different reasons by Peaslee.?? In any 
case, the (y,q@) reaction to the ground state should be 
due almost entirely to Ho(£2) and seems to exhaust 
about half of the sum rule (10). 

In the region of the giant #1 absorption resonance, 
Goward and Wilkins** have observed several peaks in 
tae cross section for O!'*(y,a)C'”—>3a, of heights 
roughly equal to that of the ground state peak of 
Millar and Cameron; as in C, the absence of a 
spectacular rise in the (7,q@) cross section is in agreement 
with our theory. 

The threshold for the allowed F1-induced (y,a)- 
process is 7+ 15+ 3= 25 Mev. Peaks in the cross section 
observed by Goward and Wilkins®* above this energy 
(up to 30 Mey) are of roughly the same magnitude as in 
region “8B,” though the absorption cross section has 
presumably fallen considerably; again the theory 
appears to be borne out. It is, of course, extremely 
important to check whether an overwhelming propor- 
tion of the events in region “C” really proceeds via 
7T=1 levels in C™. It may be significant that Livesey 
and Smith” have reported a change in mechanism 
around 25 Mev. 

At sufficiently high energies (>35 Mev), the most 
allowed transition should lead through 7=1 states in 
O'*, C”, and Be*; the violation of isotopic spin con- 
servation would be postponed as long as possible. It 


27 T), C. Peaslee, Phys. Rev. 88, 812 (1952). 

**F. K. Goward and J. J. Wilkins, Proc. Phys. Soc. (London) 
A65, 671 (1952) 

~T). L. Livesey and C. L 
A65, 758 (1952) 


Smith, Proc. Phys. Soc. (London) 
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would be interesting to know whether such cascades do 
occur. 

Experimental effects of the isotopic spin selection 
rules for y-ray absorption should, on the whole, be less 
striking in odd-odd nuclei with 7,=0 than in the even- 
even ones. Perhaps the most noteworthy prediction 
that can be made is one concerning the competition 
between (7,d)- and (y,mp)-reactions in the region of £1 
absorption. Below the energy at which the residual 
even-even nucleus can be left ina 7=1 state, the (y,d) 
process is forbidden, while a corresponding reaction in 
which a neutron and a proton are emitted fogether in a 
T=1 state (particularly in the virtual 'So state near 
zero energy) is fully allowed. Goward and Wilkins” 
appear to have observed an excess of (y,p) over (y,d) 
reactions. It would be useful to search for the allowed 
(y,d) process as well; for example, above 25 Mev the 
reaction B'(y,d)Be™ should lead predominantly to the 
state at 17 Mev or higher 7=1 states. 

For a more detailed discussion of (y,@)- and (y,d)- 
reactions in light nuclei, the reader is referred to a 
forthcoming review article by one of us (V.L.T.) to 
appear in the Reviews of Modern Physics. 

t Note added in proof.—Hsiao and Telegdi [Phys. Rev. 90, 494 
(1953) ] have rec ently presented strong evidence that the reaction 
O'*(y,a)C —3a@ does lead to T7=1 states of C” in energy region 
C. They have also reported cascades of the type predicted in the 
text. Our discussion of these cascades ought to be completed by 
the remark that their probability is greatly reduced through the 
fact that the emission of the second @ suffers competition from 
nucleon emission. 

The same authors, in unpublished work, have found that the 
reaction N'*(y,d)C" —3q@ proceeds predominantly through a 16- 
Mev level in C, preumably with 7=1, as predicted. 


91, NUMBER 1 


A WKB-Type Approximation to the Schrédinger Equation 
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A method of approximating solutions of the one-dimensional Schrédinger equation is presented in this 


paper 


The method closely resembles the usual WKB approximation. Whereas in the ordinary WKB 


method the exponential function is used as the basis of the approximation, in this paper the solutions of an 
arbitrary Schrédinger equation are used. The general advantage is that by proper choice of the arbitrary 
equation an improved approximation can be obtained. The method is illustrated by treating the potential 
well and potential barrier problems when there are two turning points. The approximations to the wave 
functions are continuous even across the turning points. The barrier transmission problem is treated uni 
formly for energies above and below the peak of the barrier. 


I. INTRODUCTION 


HE WKB method, as well as showing the corre- 

spondence between classical and quantum me- 
chanics, provides useful approximations to the solutions 
of the one-dimensional Schrédinger equation. A limita- 
tion on its usefulness as an approximation is that it 
becomes infinite at the classical turning points of the 
motion. Langer' introduced an approximation based on 


'R. E. Langer, Phys. Rev. 51, 669 (1937) 


Bessel functions which remains finite at any one turn- 
ing point and, far from the turning point, becomes 
identical with the WKB approximation. However, at a 
second turning point his result is infinite and, to obtain 
approximate solutions which are everywhere finite, one 
must join it to a similar approximation finite at the 
second turning point. 

The ordinary WKB method is based on the exponen- 
tial function and Langer’s approximation on Bessel 
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functions. In this paper it is shown that a general 
WKB-type approximation can be constructed based on 
the solutions of an arbitrary Schrédinger equation. A 
good approximation is obtained if the arbitrary equa- 
tion is chosen to resemble the Schrédinger equation to 
be solved. In this respect the approximation is similar 
to perturbation theory. As a particular example of the 
general approximation, if the arbitrary equation is that 
of a free particle, one obtains the ordinary WKB 
approximation. As another special case, Langer’s ap- 
proximation can be interpreted as arising from the 
Schrédinger equation in which the kinetic energy is a 
power of the coordinate. Also, by properly choosing the 
equation, one may find approximate solutions which are 
finite at several turning points. The only example con- 
sidered below is that of two turning points; many 
problems fall into this class. 

An advantage of the method used here is that a 
problem does not need to be broken up into regions 
with connection formulas between them but instead a 
single approximate solution can be obtained which is 
continuous over the whole region. Because of this con- 
tinuity one can use the approximate wave functions to 
discuss matrix elements. Ordinarily this is not done 
because of the infinities at the turning points. In general 
one must use numerical integration to calculate the 
matrix elements from the approximate wave functions. 
However, the numerical integration can be avoided in 


some special cases discussed in Sec. III. Another ad- 


vantage of the method is that the problem of trans- 
mission through a potential barrier can be discussed 
uniformly for particle energies above and below the 
peak of the barrier. The usual WKB approximation 
gives complete transmission when the energy is above 
the peak. 

The general treatment, for an unspecified basic func- 
tion, is given in Sec. II. The application to a potential 
well problem with two turning points is given in Sec. 
III, basing the approximation on the solutions of the 
Schrédinger equation for a harmonic oscillator. In Sec. 
IV the complementary problem of transmission through 
a potential barrier is discussed. 


II. GENERAL TREATMENT 


The general problem is to find approximate solutions 
of the one-dimensional Schrédinger equation, 
dy (x)/dx?+[ p?(x)/h? Wy (x) =0, 
where 
p(x) =W—V (x). (2) 
Here W is 2m times the total energy of a particle of 
mass m moving in a potential V(x)/2m. The approxi- 
mate solutions are to be based on preselected functions 
$(S) which satisfy 
do(S)/dS?+[P?(S)/h* }o(S)=0 (3) 
for some function P(S). Ordinarily one will be guided 
to an appropriate choice of ¢(S) by choosing P(S) 
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qualitatively similar to p(x). In the ordinary WKB 
method? one finds approximations to the solutions of 
Eq. (1) by first changing the dependent variable from 
¥(x) to S(x) through the substitution 


v(x) =exp[ th-'S (x) ]. (4) 
The problem then reduces to finding a solution of 
— §+-thS" + p?=0, 


and one thinks of solving this by a series expansion on 
h, which is assumed to be small: 


(35) 


S(x)=So(x) +S) (x ht So(x)hP+---. (6) 


Ordinarily only the first two terms are calculated, with 
the result that 


y=p exp] i f ecous| (7) 


where the usual connection formulas between regions 
on opposite sides of the turning points (points at 
which p=0) are to be used. 

In parallel with the ordinary WKB method, the first 
step in attacking the general problem is to change the 
dependent variable to S(x) by the substitution 


v(x) =T(x)o[.S(x) ], (8) 


where the function T(x) will be specified below. It is 
needed in order to obtain an equation in S, independent 
of @. On substituting Eq. (8) into Eq. (1), one finds 
immediately that 


W + (p/p = (WT"/T—S°P*+ ph 


+ (27'/T+S8"/S')TS'do/dS, (9) 


where Eq. (3) has been used to eliminate #”. Here one 
sees that if 


T=S§'-3, (10) 


then the problem reduces to finding a solution of 


WT" /T—S?Pr+ p=0. (11) 


The value of T from Eq. (10) makes this a differential 
equation in S(x) alone. The next step is to find a series 
solution for small 4. Since only h? appears in Eq. (11) 
one may write 


S(x) = So(x)+So(x)h?+S4(x)ht+---. (12) 


If, as usual, the approximation is carried to two orders 
in h, only So will be retained in this series, and evidently 
from Eq. (11) 


So? P?= p?. (13) 


If the positive square root is used, the approximate 
solutions are 
Vapp=S" 19(S), (14) 


?See, for example, Leonard I. Schiff, Quantum Mechanics 
(McGraw-Hill Book Company, Inc., New York, 1949), first edi 
tion, p. 178; Edwin C. Kemble, The Fundamental Principles of 
Quantum Mechanics (McGraw-Hill Book Company, Inc., New 
York, 1937), first edition, p. 90. : 
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The two independent solutions @(S) of Eq. (3) give 
the approximations to two independent solutions of 
Eq. (1). In many problems the integration constants 
So, % may be chosen to make the approximate wave 
function continuous across the turning points, as will 
be illustrated in Secs. III and IV. With the choice 
P*(S)=1, the approximation reduces immediately to 
the ordinary WKB approximation. By taking x9 to be a 
turning point of p(x), P?(S)= 5S’, and so=0, one ob- 
tains Langer’s approximation for the case when p?(x) 
has a zero of the vth order at the turning point. 
Whenever the function S(x) is real, as in Secs. HI 
and IV, the approximate wave function will exactly 
satisfy the conservation of probability equation, 


h d d d 
(vano* Wapp Wapp van*) 
d 1 


dim dx x dx 


h d d d 
Ss’ (0° o—¢ o*) =(. (16) 
dim dS dS ads 


where 


(15) 


This is a consequence of the choice of T in Eq. (10) and 
the fact that @ itself satisfies a Schrédinger equation. 
One may verify that 
Vapp + (p° WWapp? 


The accuracy of the approximation depends on the size 


[3(S"/S’)2—38'""/S/Wapp. (17) 


of the term on the right. 


III. APPLICATION TO POTENTIAL WELL PROBLEMS 


In this section the approximation will be applied to 
the problem of a particle in a potential well with just 
two turning points x; and x. Only the simple case 
when the zeros of p* at x; and x, are of first order will 
be considered. The potential will then be qualitatively 
as shown in Fig. 1. The solutions of the harmonic oscil- 
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lator problem,’ 
d’o/dS*+ (E—S*)p=0 (18) 

(here E is a parameter which will be chosen later), are 
convenient to use as the basis of the approximation in 
this problem because their properties are very well 
known and because P?(S) has the same type and num- 
ber of zeros as p?(x). 

Using the notation of Whittaker and Watson to 
describe the solutions of Eq. (18),* one finds the fol- 
lowing approximate solutions of Eq. (1): 


VXS' AD yes) (V2S), 
y=’ 1D, E-1 (—v2S), 


(19) 
(20) 


where 
S 


f (E—ot)Mdo= f pleas 
E rz} 


VE 


(21) 


These are independent if (E—1)/2 is not an integer. 
The integration constants in Eq. (21) have been chosen 
for the following reason. Since S’=p(x)/P(S), if the 
function S(x) is chosen so that the zero of P(S) at 
—/E corresponds to the zero of p(x) at x, then S(x) 
will be continuous at this point. This means that the 
approximate wave function itself will be continuous 
across the turning point x,. Continuity across the sec- 
ond turning point x is obtained similarly if one chooses 
the parameter E so that 


m2 VE 
f pioae= f (E—o*)'do=3En. (22) 
71 —VE 


This makes S real when x is real and completely specifies 
two independent continuous approximate solutions of 
Eq. (1). In some problems it is of interest to have 
asymptotic expansions of the approximate wave func- 
tions for large x. From Eq. (21) it is seen that 


S(x)=+ w 


lim 


+2 


so that the asymptotic behaviors of the approximate 
wave functions depend on the asymptotic forms of the 
function Dye-1)/2. Using these asymptotic forms as 
given in Eqs. (39) and (45) in the Appendix and ex- 
panding Eq. (21) for S++ ©, one finds that 


[ (2x)~3(2e/E) 147 (4E+4) J 


<2 cos($Ex) | p| rexo( f (eat) 


z 


+sin(}kx)| p| rexo(—f n(e)48) 


ss 2!(2e/E)*t#(S’) Dyce 1) (V2.S) 


— |p| rewn(—f \n(@lae), (23) 


*JIn this and subsequent equations units have been chosen so 
that A=1. 

‘E. T. Whittaker and G. N. Watson, Modern Analysis (The 
Macmillan Company, New York, 1947), p. 347. 
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P| tex (—f \o(@)|dt) 


<—2!(2e/E)*#(S’)-*Dyce_1) (—V25) 


ze 


APPROXIMATION 


—[ (29) 4 (2e/E)§#0 (ZE+4) j 


rt 


%2 cos(SEn)| p! texp( f \o(e)\d8) 
+sin(}Er)| p| texw(— f \p(e)idt). (24) 


When W is large, it is clear from Eq. (22) that the 
parameter £ is large. In that case the factor in the 
square brackets in Eqs. (23) and (24) approaches one, 
as is seen by using the Stirling approximation for the 
I'-function. The connection between the two exponential! 
regions is then identical with the one obtained by the 
ordinary WKB method using the usual connection for- 
mulas across the turning points without regard to 
direction. 

For the bound states one must use the solutions of 
Eq. (18) which are finite at infinite S. These solutions 
are 

D,,(v2S) =2 


in}T,.(S) exp(—}.S*), (25) 


where n= (E—1)/2 is a positive integer or zero and the 
H,, are the Hermite polynomials. The approximations 
to the bound state wave functions are then 


VriA,S’ exp(—43.S°)H,(S), (26) 


where S is still given by Eq. (21) and the A, are nor- 


malizing constants. The eigenvalue condition, from 
Eq. (22), is 


f reae= tr, n=0,1,2.---, (27) 
rl 


which is identical with the usual WKB eigencondition. 
If a different P(.S) had been used, a different condition 
might have been obtained. The potential® 


V (x) = — 1.922e7(1+e*)-'—11.20e7(1+ 7) (28) 


has been chosen for an example. The reason for choosing 
this type of potential is that the exact solutions for the 
bound states can be expressed in terms of elementary 
functions. The constants have been chosen to allow 
only two energy levels and to make the wave functions 
unsymmetrical. The exact and approximate wave 
functions have been plotted in Fig. 2. 

Since the approximate wave functions are continuous, 
they can be used to obtain approximations to matrix 
elements. In many problems diagonal matrix elements 
can be found by making a further approximation which 


6 This potential is of the type which was introduced by Carl 
Eckart, Phys. Rev. 35, 1303 (1930). 
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avoids calculating the wave functions and making a 
numerical integration. Consider, for example, 


*) 
wn ude 
ba x 
st 


=A 2} (S’)-' exp(—.S*)H,?7(S)x"dx 


ye) 


x 


=A,? f (S’)? exp(—S2)H 2x5, 


£ 


(29) 


where m is some integer. This quantity might be evalu- 
ated by expressing x and S’~' as power series in S and 
performing the integration. As an approximation one 
may use, instead of power series, (2K+1)-degree poly- 
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Fic. 2. The _ potential, V(x) = —1.922e*(1-+-e7)"!—11.20e7 
X (1+ e7), and the wave functions of the two bound states. Each 
wave function separately has been normalized so that the in 
tegral-square is 1 
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Fic. 3. Transmission coefficient for the potential, V(x) 
= 1,.922e7(1 +4-e7)-1+-11.20e7(1+-e7)*. (This is the negative of the 
potential shown in Fig. 2.) 


nomials chosen to give the correct values of x(S) and 
its derivatives up to the Ath order at both turning 
points. The values at other points could be used but the 
turning points are especially suitable since their loca- 
tions are known immediately once the energy has been 
found and also since ordinarily the wave function will 
be large only in the region between these points. The 
needed derivatives at a first-order turning point can 
be found by using Eq. (15) to make a series expansion 
of the type 


a(S) =X } [ (dp’, ‘dx) x0, (dP, LS) so ] 1(S—s9)+ oe (30) 


One can easily express (.S’)~! in terms of S by differenti- 
ating the polynomial «(S) with respect to S. 

As a special case of Eq. (29) this procedure may be 
used to normalize the approximate wave functions of 
bound states so that their integral squares are one. 
For example, for the two levels of the Eckart potential 
used above, one finds for the normalizing constants 
Ay and A: 

Ag A, 

(first level) (second level) 

1.627 1.686 

1.600 1.483 


Numerical integration 

First degree polynomial approximation 
(K =0) 

Third degree polynomial approximation 


(K =1) 


1.629 1.700 


As a further example (x*)«, the expected value of 2°, 
has been calculated for the two bound states of the 
above Eckart potential. Third-degree polynomials were 
used, both for normalizing and for evaluating the in- 
tegral. For comparison the same quantity has been 
calculated using the exact wave functions and also 
using the approximate wave functions with numerical 
integration throughout. The results are as follows: 
Second 
level 
9.52 


First 
level 
(x*)y, (approximate wave function, 1.237 
polynomials) 
(x*)qy (exact wave function, numerical 
integration) 
(x*)yy (approximate wave function, numerical 
integration) 


1.223 10.19 


1.224 10.51 
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The polynomial method in general may be criticized 
because there is no way of estimating the error in the 
approximation of a matrix element and because it 
cannot be applied to off-diagonal matrix elements, 
since different functions S(x) arise for different energies. 


IV. APPLICATION TO POTENTIAL 
BARRIER PROBLEMS 


The penetration of a particle through a potential 
barrier will be discussed in this section. The discussion 
will be restricted to those potentials for which, when 
the energy is below the peak of the barrier, p(x) has 
two first order zeros x; and x2, where x; <2. As a further 
restriction on the type of potential discussed, it will be 
assumed that the two real turning points for energies 
below the peak of the barrier go unambiguously into 
two complex turning points for energies above the peak 
of the barrier. Since p?(x) is a real function, these two 
turning points will be complex conjugate; the one with 
the positive imaginary part will be called x, and the 
other x». As basic functions for the approximation the 
solutions of the equation 


d’p/dS*+ (E+S*)¢=0 (31) 


will be used. The zeros of (4+.S*) will be labeled in 
parallel with those of p(x) so that when E£ is negative 
s=—/(—E), 5:.=+/(—E£) and when E is positive 
N=+iVE, s.:=—-iVE. 

Following the general treatment, and in parallel 
with the potential well problem, one finds the following 
approximate solutions: 

y=’ Dyiz 1) (V2Se inl) (32) 


y=’ 1D, ik 1) (V2 Set ** a) (33) 


f ererdo= f pied, 
81 Pal 


and the parameter £ is chosen to satisfy 


where 


(34) 


72 82 
f p(é)dé= f (E+0°)'do = —}iEr. (35) 
Ti 8] 


In performing the o-integration here and in finding the 
results below, the branch of the square root used is the 
one for which, when E>0 and S is real, arg(£+-.S?)! is 
0, and for which, when ESO and S is real, arg(#+-S*)! 
is O if S<s,, w/2 if 5;<.S<s., and 0 if so<.S. The similar 
branch of p(x) must be used in the é-integration. From 
Eq. (35) one sees that E is real and positive when W is 
above the peak of the barrier V(x) and that £ is real 
and negative when W is below the peak. Using Eqs. 
(34) and (35), one may verify that S is real when x is 
real. In order to find the transmission coefficient the 
asymptotic forms of the approximate solutions for 
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large x are needed. From Eq. (34) it is seen that 
lim S(x)=+o., 

Performing the o-integration in Eq. (34), expanding for 

S++, and using the asymptotic forms of D,(s) as 

given in Eq. (40) and Eq. (41) in the Appendix, one 

finds that 


[(2/r)i(lLE 


71 
Xcosh(}Em) jei#"p texp(—i Ref pede) 
fetiry bexp(iRef pie)ae ) 


z 


2e) FP (37E+4) 


< (2e~4**)8(! FE! e8'*/20) VES’ AD ipa) (VW2e7*'*S) 


— Erp hexp(iRef pout), (36) 
roto rr 


where Re indicates that the real part of the integral is 
to be used. The corresponding relation for 


Dy—in—1 (V2e'*S) 


is the complex conjugate of this one. The transmission 
coefficient 7, defined as the ratio of the transmitted 
to the incident current, is then 


T=(1+e-**)"". (37) 


An example of the application of this result is given 
in Fig. 3. A connection similar to the one given in Eq. 
(36) was found by Guth and Mullin® using a method 
indicated by Kramers and Ittman.’ Using the relation 
between the gamma and the trigonometric functions 
one finds that the absolute value of the quantity in the 
square brackets in Eq. (36) is [2 cosh(}Em) ]!. Also, 
using the Stirling approximation, one finds that for 
large E the quantity in the square brackets is e!!”'*. 
For energies below the peak of the barrier one may dis- 
cuss the same transmission problem with the ordinary 
WKB method, using the connection formulas without 
regard to direction. When the energy is so far below 
the peak of the barrier that e”* can be neglected com- 
pared to one, the resulting connection across the entire 
barrier is identical with Eq. (36) when the square 
bracket can be replaced by e!!”!*, 


APPENDIX 


The asymptotic representations of D,(s) are needed 
in Sec. III when » is real and argz=0 or m and in Sec. 
IV when the real part of is —} and args= —72/4 or 
3n/4. In general the asymptotic representation is of the 


6 Eugene Guth and Charles J. Mullin, Phys. Rev. 59, 579 
(1941). 
7H. A. Kramers and G. P. Ittman, Z. Physik 58, 225 (1929). 


TO SCHRODINGER EQUATION 


form 


D,,(s)~a exp(— }s")2"(1+0(s-*) ] 


+8 exp(}2")z-""'[1+O0(z*) ], (38) 


where a and 8 are independent of |z| but vary with 
args. The predominant terms in this representation are 
conveniently given by Whittaker and Watson.* From 
their results one may infer immediately that the com- 
plete representation is 


D,(s)~exp(—js")s", when args=0, (39) 


because if 8 were not zero the term which 8 multiplies, 
containing exp(}s*), would be predominant. Here and 
below the terms of order z * compared to one have been 
omitted. Similarly, when the real part of » is —} and 
args= —m/4 or 3n/4, the terms multiplying a and 8 
are each of order |z/~!, so again the predominant terms 
give the complete representations: 


when -7/4, (40) 


D,,(z)~exp(— }s)s", 


D,(z)~exp(—}s*)s"— (2) ‘(1 (—n) J 


Xexp(nmi) exp(j22)s-""1, 


argz= 


when args=3n/4. (41) 


These are the representations used in Sec. IV. 

When args=7, the 8 term is the predominant one 
and therefore 8= — (2r)4e""*(I'(—n) }-'. One may infer 
the value of a when » is real and argz=_ by an indirect 
argument using the fact that 


D,,(z) = (28) 30 (n+1)[e""'D_,_1 (iz) 


+e—""P , ,(—iz)], (42) 


as is shown by Whittaker and Watson for all m and z. 
One may assume that, for z real and positive, 


D_,-1(e4*z)~exp(}z?) (el'*z)- 


+b exp(—j2?)(e'tel'*z)", (43) 


where 6 and m are real numbers to be determined. The 
first term on the right is simply Whittaker and Watson’s 
predominant term and in the second term 8 has been 
written as be'""". It is seen that m must be an integer 
or zero since D_, ;(z) is a real function of z. Substi- 
tuting Eq. (39), Eq. (43), and the complex conjugate 
of Eq. (43), into Eq. (42), one obtains 


b= (2r)$/21 (n+1) cos((m+1)nz). (44) 


Here it is seen that m must be —1 if 6 is to remain 
finite for all n. Using these values for 6 and m and re- 
placing z by —z in Eq. (42), one may conclude that 
D,,(z)~cos(nmw)e—"** exp(— j2?)2” 
— (2n)[P'(—n) P'e""' exp(}2’?)z-"", 
when 


(45) 


argz=n. 


This representation and the one given in Eq. (39) are 
used in Sec. III. 


® Reference 4, pp. 347-348 
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Generalized Statistical Mechanics and the Onsager Relations* 


Peter G. BERGMANN AND ALICE C. THOMSON 
Department of Physics, Syracuse University, Syracuse, New York 
(Received March 20, 1953) 


The Onsager relations assert certain symmetry relations for the cross coefficients that connect rates of 


flux in stationary nonequilibrium processes with the driving “thermodynamic forces.” These relations are 
usually derived by an argument borrowed from fluctuation theory, with the assumption that the rate at 
which a fluctuation in an equilibrium ensemble regresses equals the rate at which the ensemble average of 
the same quantity will change in a nonequilibrium ensemble. In this paper, we have by-passed fluctuation 
theory and have derived similar symmetry relations for the corresponding cross coefficients in ensembles 
consisting of thermally isolated systems differing but slightly from an equilibrium canonical ensemble. 
For the case of Jarge deviations from equilibrium, we have found expressions for the same cross coefficients 
which possess no symmetry properties but which are exactly the usual correlation coefficients of fluctuation 
theory. Because our present work is concerned with thermally isolated systems, we cannot yet describe in a 
satisfactory manner stationary nonequilibrium processes. For the representation of such processes, one 
would need an ensemble of systems in which the interaction with the surroundings is described in terms of 


additional random variables 


I. INTRODUCTION 


HE first major contribution to a general thermo- 

dynamics of irreversible processes was the 
Onsager theory of interfering linear processes. In this 
work the cross-coefficients describing the interference 
were shown to be related by a set of reciprocal relations. 
These relations have been demonstrated by a sta- 
tistical mechanical argument using properties of the 
equilibrium microcanonical ensemble.'? In this proof 
the techniques used are restricted to processes taking 
place near equilibrium. 

Recently considerable progress has been made toward 
widening the scope of statistical mechanical methods 
for treating irreversible processes.*~* These investigators 
also use the equilibrium ensemble as a starting point. 
They obtain nonequilibrium results by considering 
suitable nonequilibrium subsets of the equilibrium 
ensemble. That is, specific fixed values of the interesting 
time-dependent macroscopic variables of the system at 
a particular time characterize a certain subset of 
members of the equilibrium ensemble, and the proper- 
ties of this subset are investigated. Though this ap- 
proach is not restricted to near-equilibrium processes, 
to date results have been obtained only under such 
conditions. 

A second method which is based on the same view- 
point is provided the use of nonequilibrium ensembles, 
constructed specifically as such. We have felt that this 
approach might provide a better starting point for the 
study of more general nonequilibrium situations. One 
such ensemble, a sort of ‘generalized microcanonical 
ensemble,” has been used for a long time in connection 

* This research was supported in part by the United States 
Air Force, monitored by the Office of Scientific Research. 

11. Onsager, Phys. Rev. 37, 405 (1931); 38, 2265 (1931). 

2H. B. G. Casimir, Revs. Modern Phys. 17, 343 (1945). 

§ Callen, Barasch, and Jackson, Phys. Rev. 88, 1382 (1952), 
and references included therein. 

4R. F. Greene aud H. B. Callen, Phys. Rev. 88, 1387 (1952), 


and references included therein 
§ M.S. Greene, J. Chem. Phys. 20, 1281 (1952). 


with the Gibbs form of the H-theorem.* We are inter- 
ested in the potentialities of a second type which we 
have called ‘generalized canonical ensembles.’”’ These 
ensembles seem in many cases to be a more adequate 
statistical collection than the generalized microcanonical 
ensembles, and are easier to work with. 

Generalized canonical ensembles were introduced by 
one of us (Peter G. Bergmann)? in a previous paper. 
We shall discuss the general properties of these en- 
sembles in greater detail, and then as an example show 
their use in the near-equilibrium case in deriving the 
Onsager relations. 


II. CONSTRUCTION OF THE ENSEMBLE. ENTROPY 


Thermodynamic measurements on a system in non- 
equilibrium consist of the determination of the values 
of interesting local variables in the system. For example, 
one might measure local temperatures and pressures in 
a gas. The choice of variables is dependent on the type 
of system and the amount of its deviation from equi- 
librium. For instance, temperature would be meaning- 
less in a case where the temperature gradient (i.e., the 
gradient of mean energy per degree of freedom) is large 
over a mean free path. Furthermore, care must be 
exercised in nonequilibrium cases that the measured 
quantity actually is properly interpreted in terms of 
the variables of the system. For example, different 
types of thermometers thrust into an anisotropic beam 
like the sun’s rays will measure different “temperatures” 
because of their different absorption properties. 

If any suitable set of variables and measurements is 
chosen (it might, for instance, include fluxes, or even 
quantities moving with the flow), then a statistical 
treatment in principle can be used to obtain a thermo- 
dynamic description of the process. ‘‘Suitability” here 


®R. C. Tolman, Principles of Statistical Mechanics (Oxford 
University Press, London, 1938). 

7P. G. Bergmann, Phys. Rev. 84, 1026 (1951), referred to 
as I in the following. 
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is taken to mean that the variables selected for obser 

vation do not fluctuate significantly during the time 
required to complete one observation; this, of course, 
is dependent on the refinement of the apparatus as 
well as on the extent of non-steadiness of the system 
with respect to those variables. And it is also necessary 
that those variables which represent iocal contributions 
to a variable characteristic of the whole system, like 
the energy, have an approximate additive property; 
that is, that the sum of the local contributions should 
approximately equal the system variable, with inter- 
action corrections negligible. For example, the total 
energy should approximately equal the sum of the 
local energies measured. But this condition generally 
admits a wide class of variables. In the energy example, 
the interaction across the boundary between regions 
where measurements are made is required to contribute 
little to the total energy, and this is frequently true 
even though the atomic interactions are strong, merely 
because of the large number of atoms in each measured 
region. These requirements are in some sense equivalent 
to saying that meaningful measurements are indeed 
possible. An example of the possible use of variables 
moving with the flow is the use of a Brownian particle 
as a measuring instrument in a fluid in nonequilibrium. 

One further requirement is that the set of variables 
selected be ‘complete’ enough that the ensemble 
averages described below are defined. Thus we must 
avoid a specification which would lead to finite ensemble 
densities (i.e., densities bounded away from 0) over 
unbounded regions of y-space. For instance, we cannot 
specify temperature measurements at each end of a 
rod with no measurement bounding the mean total 
energy of the rod. 

Once a set of measurements has been made, the 
statistical method involves the choice of a suitable 
collection or ensemble of identical systems in micro- 
scopic states which either exactly, or in the ensemble 
average, correspond to the macroscopic state implied 
by the measured values. Then the prediction of the 
future for the actual system is made through the study 
of the behavior in time of averages over the ensemble. 

The ensemble density which was called a “generalized 
microcanonical ensemble’ above is constructed as 
follows: the w-space of the system is conceived to be 
divided up into cells of size corresponding to the 
definition of the measured local variables. Each mole- 
cule-space in the y-space is similarly divided. The 
information obtained in the measurement is now 
interpreted, on account of the macroscopic character 
of the variables, as giving an occupation number to 
each cell in u-space. Then, using the principle of equal 
a priori probabilities, we construct an ensemble which 
has initially constant values over corresponding cells 
in -space. 

This procedure is not always appropriate. For one 
thing, certain important thermodynamic measurements 
are made on intensive parameters, for example, local 
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temperatures, rather than directly on dynamical vari- 
ables like local energies, and it is easier to treat these 
parameters meaningfully with a canonical-like en- 
semble. Such ensembles are really defined by the values 
of the parameters, whereas it is more difficult to relate 
such quantities to the generalized microcanonical 
ensembles. In addition, the physical regions in which 
measurements are made are not usually isolated but 
are rather to be considered in loose contact with their 
neighbors, in the sense of the requirement mentioned 
above of “additivity” of the selected dynamical 
variables. This contact suggests the usefulness of 
canonical-like ensembles which admit members differing 
slightly in the values of the interesting dynamical 
variables. 

If the interesting variables are designated as 
a;(pir**Pny 91°* Gn), (we shall assume in the following 
that they are not explicitly time-dependent, although 
this restriction is not necessary), then the generalized 
canonical ensemble density is 


u(p, 9, t)= (2°) exp(—X B,°a,”), 


- (1) 
a= f exp ( —->; B, a,)dX, 


y Space 


where dX is the volume element in y-space; p, ¢ is a 
symbol for the set of coordinates and momenta p;: -: pp, 
gi°**Qn; B.° are constants; a,° is that constant of the 
motion which at the time of measurement equals the 
value of the variable a;, that is, 


a,"(p, q, 1)=a;( po, qo), 


where po, go are the values of p, g at fo. Now in some 
cases it may turn out that the measured quantities are 
the variables a,, in which case the 8,;° are determined 
by the conditions: 


0a°/dt+(a°, H)=0, (2) 


(3) 


(di) (lo) = fou (to) dX = A, (to), 


where A,(to) is the measured value of a; at fo. In other 
cases the 8,° are the measured quantities. For example, 
if the a; are local energies, the 8,° are proportional to 
the reciprocals of the initial local temperatures. In this 
case the conditions (3) determine the average values of 
the a; at time /o. 

rhe density u satisfies Liouville’s equation. In fact 
it is merely a way of writing that solution of Liouville’s 
equation which has the canonical form and the correct 
average properties at /o. 

In (I) a quantity called the “system entropy” was 
introduced which takes on its minimum value at the 
time of observation and has other properties suitable 
to entropy. This quantity is defined as follows: 

S*=k(Inpo+InZ+ >; B,(a,)a), (4) 


where k& is Boltzmann’s constant, yo is a constant, and 





182 ee ee 


8; and Z are defined by the requirements 


Z f avexp > ; Bja;)dX =(a,)n, 


z= { ex > ; B,a,;)dX. 


That is, 8; and Z are time-dependent quantities which 
are used to define a fictitious canonical ensemble which 
yields at all times the same averages of the a, as the 
actual ensemble density yu. 

The quantity S* is a generalization of the ensemble 
definition of Boltzmann’s quantity (—-k/#/) for general- 
ized microcanonical ensembles.* S* reduces to (—kH) 
if we consider the a, as designations of cells in phase 
space. Thus if y-space is divided into small but not 
infinitesimal cells as described above, then we define 

1 inside the 7th cell, 
= (0) 
0 outside the ith cell, 


where X, is the volume of the ith cell. H is defined as 
H=> 5 ui InyiX;,, (7) 


where y, is the average value of u over the ith cell. Then 


(d,)w=X, foto p)dX =u. 


From the definition of Z and B,, 


Hau= f a.exp\ >, Bxa,)dX, 


wf 


ith cell 


exp(— 0, Bxa,)dX =exp(—B,/X;). 


S*=k(InZ—>°; In(Zy,)uX +1npo) 
RH +k \npo. (8) 


In (I) it is shown that S* has an absolute minimum 
at the time f, both with respect to past times and 
future times. We conjecture that the usual behavior of 
this function is an initial increase continuing for very 
large times with perhaps small undulations, then at 
vast intervals large fluctuations and eventually a 
decrease to, but not below, the original value. This 
behavior is, of course, the same as that usually con- 
jectured for the ensemble definition of (—#), and any 
entropy defined for a closed system so that it does not 
eventually decrease would be a violation of the Poincaré 
Theorem on quasi periodicity of dynamical systems. 
Note that the property of S* of having a minimum at 
fo which may later be reached but never surpassed, a 
property previously proved for (— //),® is quite different 
from the behavior of the Boltzmann u-space definition 
of (—H), which we shall designate (—H’). This latter 
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quantity can, indeed, fluctuate below its value at fo. 
The behavior of S* and the ensemble quantity (—H) 
is, of course, an ensemble property which is dependent 
on the collective behavior of all the systems, and under 
certain rare dynamical conditions, individual systems 
in the ensemble may indeed eventually have values of 
(—H’) deviating below their initially observed values. 
The point is that even the “average” system eventually 
decreases in entropy, but it does not decrease below 
the initial value at /o. We identify the ensemble property 
of S* with the “thermodynamic” behavior of entropy 
for the physical system under observation. 
Taking the time derivative of S* in (4) we get 


d 
oe kD Biaiwtk>d ; Biaiwtkd: B; Phas 
at 


dS* 
dt 


By integrating by parts we can put this equation in 
the following form: 


dS*/dt=k> ; BXGi)w. (9) 


This equation suggests the role of the kG, as ‘‘generalized 
reciprocal temperatures” and the (d,)x, as “generalized 
heat flows.” 


III. NEAR EQUILIBRIUM. ONSAGER RELATIONS 


We shall assume that one of the variables a,, say do, 
is chosen as the Hamiltonian H. The corresponding 
Bo° (the reciprocal of kT), is the “thermodynamic force” 
associated with the mean total energy of the system. 
Then the density « can be written as 


u= (2°) exp(—B°H—> B,°a,’), 
t=1 


and the equilibrium ensemble is characterized by zero 
values of all the 6,°, 1¥0. If, for example, we have 
chosen the a; for 1>0 as local energies (i.e., energies of 
parts of the system), then the &8,° for i>0 will be not 
the initial values of the local reciprocal temperatures 
but the differences between reciprocal local tempera- 
tures and the reciprocal over-all temperature. 

The quantities (a,;)4, can be expressed as functions of 
the set of 8;° and ¢. The derivatives 0(a;),,/08,° are as 
follows: 

Odi) av 
= — (4:0;°) wt(ai)a(a;°) wy. 


0p ;° 


(10) 


If the initial measurements (a;°),4 are close to equi- 
librium values and, accordingly, the 8,°(7#0) small, 
then we can express (a,)a, by the first terms in a Taylor 
series expansion in the 8,°(740). That is, 


(ai) (81°: + -Bn°, t) 


z Odi) ay 
= (a, (0- --(, H+> (O:--0, t)B + ee 


8,° 


=(a,)y(0---0, +d; 4:,8,°, 
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where 


A;;(t)= —(a,a,"),,(0- - -0, 2) 


+(a;)w(0-+ +0, t)(a,;°)4(0--+0, 2). (12) 


The first term in (a,)a(81°:--8,°, t) is Constant in time, 
being an average over the equilibrium ensemble of a 
quantity which is not explicitly time-dependent. We 
shall now show that the quantities A;; have certain 
symmetry properties. We distinguish between those 
variables a; which are even functions of the momenta 
of the system, and those which are odd functions of the 
momenta. We assume in the following that the Hamil- 
tonian H of the system is an even function of the 
momenta. Consider a point x in phase space which 
moves from an initial value x°® according to the equa- 
tions of motion. We can symbolize this as x= M (x’, ¢) 
where M(x°,/) is the mapping of x° in phase space. 
Any constant of the motion, in particular an ensemble 
density u, will satisfy 


u(x, (2) =p (x, 0) =yn(M—(x, 0), 0). 


If we designate by a prime the transformation reversing 
the signs of the p,, then the even or odd character of 
the a, is given by 


é=1 for even functions, 


a; (x) = €,a;(x’) 


€;=—1 for odd functions. 


The assumptions on the Hamiltonian lead to the 
property 


M(x”, ()=[M-'(x°, 0) ]’. (14) 


This equation is a consequence of the time reversibility 
of the equations of motion. 
Now we want to show that 


(15) 


A jp=A Ki€€;. 


We shall show this property for the first term in 
expression (12); the second term is treated in exactly 
the same way: 


(4,04) (O- ° ‘OQ, t) 


= (2°) f exp(—o°H Jag (x°)a.(M (x°, t))dX°, 


== (Z°) f exp(—6y°H)a,(M (x, t))ai(x)dX, 


= (Z°) f exp — BH )a,({M (x’, t) )')a,(x)dX, 


= (Z°) f exp ( — Bo°H')e,a,(M (x’, t))e,a,(x’)dX’, 


= (a,0;°)4(O- + -0, bene; (16) 


Equations (15) are true for all time for the near-equi- 


AND 


ONSAGER RELATIONS 183 
librium case, but do not hold for the general case. If 
we carry out a similar transformation of the first term 


in the general expression (10) for 0(a;)s,/08,", we get 


(aid x") w= (Z°) f exp(—80°H —& ; 8,°e;a,[ M(x’, t) }) 


XK € a4 (M (x’, t))e,a,(x')dX’, 
(17) 


(a4.°)= (2°) f exp(— BH —& ; B,°a;(x)) 
Ka, (M (x, t))ai(x)dX. 


Now we want to relate the quantities A,, to the 
Onsager coefficients. First note that Eq. (9) identifies 
the 8, as the Onsager forces.” We form the difference 
quotients 


G,= T l(a, ay (84° . “Bas lo + T) 


— (di) (81° ++ Bp, fo) ] (18) 


over a time interval 7 which is, on the one hand, not 
infinitesimal, and, on the other hand, so small that 
the deviation from equilibrium has not materially 
changed. The condition for the latter is that the 
generalized reciprocal temperatures 8, remain un- 
changed over the interval r: 


8,~0, Bi~B.?. (19) 


Then we investigate the dependence of G,; on 6,: 
OG; 

bu= r 
OB 5 


Ola i) 
(to) |, 


Ola 5) he 
( ty + t)— 
OB OB y 


—=—T A i (lo+r7) ~A ix (to) |. (20) 


Hence L,, has the same symmetry properties as 4,4: 


(21) 


Li = €:€nL ki 


These latter equations are the Onsager relations.? The 
quantities L,, are identified with the thermodynamic 
coefficients in linear irreversible laws. 

The requirement of a lower limit on the time in- 
terval 7 is necessary because the quantity 0(d,)a/ OB. 
= — (0,04) td alax’)y iS zero at time fy if a; and a, 
are either both even or both odd functions of the 
momenta. In some sense the ensemble fails to demon- 
strate the dissipative process instantaneously. 

The upper limit reflects the fact that the Onsager 
relations apply to a system in which one portion 
“drives” another in an approximately steady state, 
i.e., a state in which the parameters like temperature 
and chemical potentials are constant in time but vary 
throughout the system. We may, for example, conceive 
of a system composed of three parts: two large regions 
which “reservoirs” under different thermo- 
dynamic conditions and a small connecting region 
through which steady-state fluxes take place. In this 
case the 8, referring to the small sub-system are zero 


act as 
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by virtue of the steady fluxes, and the 8; referring to 
the reservoirs are zero because of the large size of the 
reservoirs. The a, of the reservoirs will steadily change. 
In this situation the interesting relationships are be- 
tween those a; characterizing the sub-system and the 
driving ‘“‘temperatures” of the reservoirs. Thus we 
require the time r over which the difference quotients 
are calculated to be at least small enough that essen- 
tially steady conditions exist over it. 

This treatment in terms of difference quotients is 
analogous to earlier derivations.’ It is perhaps just as 
realistic, however, to identify the thermodynamic 
coefficients with genuine time-derivatives 0(d;)4/OB, 
evaluated not at /o but at a time fo+7, where r satisfies 
the above restrictions; these quantities, of course, have 
the same symmetry properties as the difference quo- 
tients. This second viewpoint makes clearer the manner 
in which the nonequilibrium ensemble gives a continued 
description of the thermodynamic process. 

It is sometimes desirable to express the Onsager 
coefficients as functions of an external magnetic field. 
We have previously assumed a closed system, but it is 
nevertheless easy to treat this slightly more general 
case. We need only remember that if the sources of the 
field were included within the system, the field would 
change its direction under reflections of the time axis, 
and the Hamiltonian would be invariant under the 
reflection. Hence if we consider the field as external, 
we must reverse it whenever it would be reversed if its 
sources were considered internal. The modified Onsager 
relations are then 


Li(H) = 1,.(—H)e,e,. (21) 
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IV. DISCUSSION 


In thermodynamics we are in the habit of distin- 
guishing between the “thermodynamic system” and its 
“surroundings,” including possible ‘reservoirs.’ In 
many arguments, foremost among them those leading 
to the establishment of the Second Law, it is useful to 
shift one’s point of view, to regard a certain accumu- 
lation of matter alternately as part of the ‘“‘system’’ or 
as a driving reservoir. It is to be expected that a similar 
elasticity of approach would serve well in statistical 
mechanics. In the foregoing discussion, however, we 
have dealt exclusively with the development of systems 
that from a time /) onward are thermally isolated; 
hence we have been forced to include possible reservoirs 
as parts of the composite system. This approach can 
never lead to a rigorously stationary process, because 
any reservoir of finite size in a nonequilibrium process 
will undergo secular changes. If the theory is to be 
capable of describing stationary nonequilibrium proc- 
esses, we must introduce idealized reservoirs of infinite 
size; that step implies that the reservoir must be 
treated as distinct from the thermodynamic system 


proper. 

On the other hand, the interaction of the reservoir 
with the system is stochastic, both because of the 
stochastic nature of the system ensemble and because 
of the molecular structure of the reservoir or reservoirs. 
We are planning to address ourselves to this problem 


and hope to arrive eventually at a realistic statistical- 

mechanical description of the stationary process. Such 

a description should yield the Onsager relations in a 

thoroughly satisfactory manner, without restrictions on 

the choice of the time constant r in Eqs. (18) and (20). 
P 
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Exchange Scattering in a Three-Body Problem* 


Harry E. Moses 
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It is proved that in the, three-body scattering problem, the protetype of which is the scattering of an 
electron by a hydrogen atom, the coefficient corresponding to exchange scattering behaves like a radially 
outgoing wave. The essential conjecture used by Mott and Massey in their treatment of the problem is thus 


verified. 


1. INTRODUCTION 


E shall consider the problem of the scattering of 

an electron by a hydrogen atom the nucleus of 
which is considered to be infinitely heavy. We shall 
take the case where the electrons are considered identi- 
fiable. Furthermore, since we do not wish to discuss 
convergence difficulties arising from the fact that 
Coulomb forces die out slowly, we shall replace the 
Coulomb interactions by shorter-range interactions. 

Mott and Massey! treat this problem. They obtain 
an equation for the eigenfunction of the total Hamil- 
tonian by expanding this eigenfunction, insofar as it is 
a function of the coordinate of the electron of the hy- 
drogen atom, in terms of the eigenfunctions of the 
hydrogen Hamiltonian, and impose suitable conditions 
on the coefficients of this expansion. In their treatment 
of exchange scattering they use this same eigenfunction 
of the total Hamiltonian, re-expand it, this time insofar 
as it is a function of the coordinate of the scattered 
electron, in terms of the eigenfunctions of the hydrogen 
Hamiltonian. Mott and Massey then assume certain 
conditions on the coefficient of the second expansion. 
It is our purpose to show in which sense their assump- 
tion is correct. We now proceed to discuss the assump- 
tion explicitly. 

Let us denote by the subscript 1 the electron which is 
scattered and by the subscript 2 the electron of the 
hydrogen atom. Then the Hamiltonian for the problem 
is the following: 


I(x, X2)= T(x1:)+ Hu (x2)+V (x1, x2)+V (x1). (1) 


The operator 7(x) is the kinetic-energy Hamiltonian 
for a particle of mass m: 


T (x)= — (1/2m)V?. (2) 


The operator //(x) is the hydrogenic Hamiltonian 
which we take as 


Hy(x)=T(x)+ V(x). (3) 
V (x) is the interaction of an electron with the nucleus, 


* This work was performed at Washington Square College of 
Arts and Science, New York University, and was supported in 
part by contract with the U. S. Air Force through sponsorship of 
the Geophysics Research Directorate of the Air Force Cambndge 
Research Center, Air Research and Development Command 

1N. F. Mott and H. S. W. Massey, The Theory of Atomic Colli- 
sions (Clarendon Press, Oxford, 1949), Chap. VIII, Secs. 2-4. 


and V(x;, X2) is the interaction of the two electrons 
with each other. These interactions take the place of 
the usual Coulomb interactions. 

In the above expressions we have taken h=1 and 
have designated the three coordinates collectively of 
the first electron by the vector x; and those of the sec- 
ond electron by xX». 

We are interested in eigenfunctions of the total 
Hamiltonian (x), x.) which describe a situation which 
corresponds to the condition that before collision the 
atom have the energy E, and that the energy of the 
incident electron be E— E,. We shall denote this eigen- 
state by W(x, x.| FE, E,). The total energy initially is 
thus E. Since the energy of the system is a constant, 
the total energy of the system at any time is E also, 
so that (x), x2! 4, E,) is an eigenfunction of the total 
Hamiltonian //(x,, x2) corresponding to the eigenvalue 
E; i.e., 


(x, X2)¥ (x1, X»| E, E,)= E(x) x2 5. E,). (4) 


To specify the boundary conditions on W(X), X2| E, Ea) 
corresponding to the initial condition, we introduce the 
eigenfunctions of 7(x) and H/y(x). 

Let us designate the eigenfunctions of 7(x) associ- 
ated with the energy E by x(x/|£); then 


7 (x)x (x| £)= Ex (x! £), (5) 


where £ is in a continuum whose values range from 0 
to +. Furthermore, let us denote the eigenfunctions 
of //(x) associated with the energy £ by @(x| £). Thus 


Hy (x)b(x| E)= Ed(x! BE). (6) 


The argument EF of $(x' £) has discrete values for 
E<0 and lies in the continuum for 0<E<+«. We 
shall call the lowest of the discrete eigenvalues E, (g 
indicates ‘“‘ground”’ state). 

Mott and Massey expand (x), x.| #, £,) in terms 
of the eigenfunctions @(x»| £), as follows: 


Zz 


(x1, X2|£, Ea) f F(x,|E, Fal E’)6(%2| E’)dk’, (7) 


Ey 


where the integration is to be understood as a summa- 
tion over values of EF’ belonging to the discrete spec- 
trum of Hy. 

The functions (x, E, E,| E’) have the significance 
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that |F(x,|F, E,|E’)|* is the probability density of 
finding electron 1 at x; when electron 2 is in the state 
$(x,| £’) and when the entire system has the energy E. 
Mott and Massey prescribe that the asymptotic form 


of F(x! E, E,| FE’) shall be as follows when |x;|—~2: 


Fix, FE, Bal Eb (Ek FEa)x(x1| E— Eq) 


, 


ete 


+ 


|%) 
f(6), (8) 


lx, 


where 6(/’—E,) is to be taken as a Kronecker 6 if 
both FE’ and E£, are in the discrete spectrum of Hy, as 
a Dirac 6 if both are in the continuous spectrum of Hy, 
and as zero otherwise. Also 


p’| =[2m(E-—E’) }}. (9) 


This boundary condition corresponds to the condi- 
tion which we want, namely that before collision the 
atom be in the state of energy /, and the incident par- 
ticle have the kinetic energy E —K,. After collision 
there is to be a flux of outgoing electrons. 

Mott and Massey’s conjecture is that if we use the 


expansion 
W(X), X2|/, Ea) feo ki, bal E)b(x,| E dE’, (10) 


instead of expansion (7), then G(x»! FE, E,! E’) will be- 
have like 
Pp a2 


g() 
X» 


for | x,|-+*. That is, having prescribed ¥(x,, x.| E, Ea) 
by imposing boundary condition (8) with respect to 
X;, we assume that the outgoing wave condition on xX, 
can be proved. 

The significance of G(x.| FE, E,|E’) is that |G(x| 
x FE, E,| E’)|* is the probability density that the sec- 
ond electron is at X» when the first electron has been 
captured by the hydrogen atom and is in the state 
(x,/| /’). Since initially the first electron was free and 
the second electron was part of the hydrogen atom, 
whereas after collision |G(x,| 2, Ea| F’)|* for | x,| 
gives the probability that the first is part of the hydro- 
gen atom and the second is free, |G(x»! EF, E,|E’)!? is 


> 


called the “exchange probability.” 
In the following section we proceed to show in what 
sense Mott and Massey’s conjecture is valid. 


2. MORE EXPLICIT DISCUSSION OF THE 
EIGENFUNCTIONS 


In order to prove the conjecture we must be more 
explicit as to the nature of the eigenfunctions involved. 
In particular, we shall have to take into account the 
auxiliary variables, which together with the Hamil- 
tonian form a complete set of commuting variables. 


E 
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First let us consider the eigenfunctions of the kinetic 
energy operator 7'(x). Usually the three momentum 
components are taken as the complete set of commuting 
variables. For our purpose, however, we shall take as 
the complete set of commuting variables the energy 
and the polar angles of the momentum 8, w. In terms of 
these variables we write the eigenfunctions of T(x) 
corresponding to the energy eigenvalue E as 

x(x| FE, 6, w) = (2x) 1 (2m E)* (sin)te®®®?, (11) 
Here (px) is the inner product of the momentum vector 
p and the coordinate vector x. In the right hand side 
of (11) we replace pz, py, pz by (2mE)! siné cosw, 
(2mE)' sin9 sinw, and (2mE)! cos6, respectively. The 
eigenfunctions as chosen above satisfy the normaliza- 
tion conditions: 


fro I, 6, w)x(x| I’, 0’, w’)dx 
=5(E—E')5(0—0')8(w—w’), 


f f f x(x] E, 0, w)x(x’| E, 0, w)dwddd E 


=6(x—x’). 


(12) 


For simplicity we shall denote the angular variables 
6,w collectively by the variable a, so that the ortho- 
normality conditions (12) become 


fxote, a)x(x| bh’, a’ )\dx=6(E— F’)6(a—a’), 


f free, a)x (x’ | hk, a)\dadk=6(x—- e 


where we write 


(12a) 


x (x| FE, a)=x(x| E, 6, w). (13) 
The bar means the complex conjugate. 

Let us now consider the eigenfunctions of H(x) 
= 7T(x)+V(x) and for the moment restrict ourselves 
to the continuous spectrum. If we assume that V(x) 
dies sufficiently rapidly, we may write the eigenfunc- 
tions of Hy(x) belonging to the continuous spectrum 
as the sum of an “incident wave” which is an eigen- 
function of 7(x) and a “scattered wave.’’ We shall 
prescribe the boundary condition that the scattered 
wave shall be a radially outgoing wave. This condition 
is the one which will enable us to prove the conjecture. 
Mott and Massey are not explicit as to the nature of the 
eigenfunctions of //q in the continuous spectrum. The 
ones we choose are the natural ones to use. In the ex- 
pansions (7) and (10) for F and G we shall have to use 
eigenfunctions of Hy with these boundary conditions. 

Now as auxiliary variables we shall take the polar 
angles which describe the incident wave. The eigen- 
functions of Hy belonging to the eigenvalue E for 
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E>0 satisfy the following integral equation: 

(x! E, 0, w)= x(x! E, 0, w) 

m eilP’ s—3’ 

a ix— x’! 

where | p’| = (2mE)!. If, as before, we denote collec- 
tively the polar variables 6, w by a we have 


V (x')(x'| FE, 0, w)dx’, (14) 


o(x! &, a)= x(x|E, a) 


ele’ x3’ | 
f —V(x')o(x’ Ey a)dx’, 
lx—x’ 


(14a) 


ar 
where |p’) = (2mE)}. 

For the discrete spectrum, i.e., for E<O, we may 
choose any convenient set of auxiliary variables: for 
example, we might choose the total angular momentum 
if V(x) is spherically symmetric. Denoting these 
auxiliary variables by a, as above, but keeping in mind 
that a may be quantum numbers of an entirely dif- 
ferent character than the a used for E>0, we have as 
the integral equation for E<0 


m pe'ilpiix-x’ 
o(x'k,a)=— f 
| i 
2dr x—x 


where | p’| = (2mE)!. Note that since E is negative, 
|p’| is imaginary, and hence that $(x| E, a) decays ex- 
ponentially for |x|/—+%, as required. We can combine 
(14a) and (15) as follows: 


V (x')b(x’| E, a)dx’, (15) 


(x! E, a)=n(E)x (x! E, a) 


m ls z—3’ 

2rd |x—x’! 
where |p’) = (2mE)!, and where n(£) is a step function 
given by 


V (x’)o(x'| FE, a)dx’, (16) 


E>0; 
E<0. 


n(E)=1, 
n(E)=0, 


(17) 


These functions satisfy the orthonormality relations: 


fa k, a)p(x| b’, a’)\dx=6(E— E’)5(a, a’), 


(18) 


f fe E, a)o(x' | E, a\dadE =6(x— x’), 


where one has to use care in interpreting 6(a, a’) or 
equivalently the integration over a, since a may change 
character for E>0O or E<O. The function 6(E—E’) is 
to be interpreted as a Kronecker 6 if the arguments 
belong to the discrete spectrum. 

The following, our notational convention is: Gener- 
ally we shall denote eigenvalues of energy operators by 
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capital Roman letters and eigenvalues corresponding to 
the auxiliary variables by small Greek letters. The range 
and nature of the eigenvalues are to be read off from the 
way in which they appear in the various eigenfunctions. 
We shall not hesitate to relabel the eigenvalues where 
necessary to prevent confusion, especially in integra- 
tions where they appear as dummy variables. 

Now let us consider the eigenfunctions of the total 
Hamiltonian /7 which we previously denoted by 
¥(x;, X2|E, E.). We must now also indicate the de- 
pendence of the eigenfunction on the direction of the 
incident electron, which we shall call a,, and on the 
initial auxiliary quantum number of the hydrogenic 
atom, which we call 8,. We shall now denote this eigen- 
function by (x, X2! FE, Ea, aa, Ba). We write the ex- 
pansion (7) as 


W(X), Xo! FE, Ea, aa, Ba) 


a) 


*o 


x 


f F(x,|E, Ea, aa, Bal E’, B’) 


x ¢(X2! EK. B’)dp'dE’. (19) 
In Eq. (19) and everywhere below, integrations over 
variables which belong to the discrete spectrum are to 
be replaced by summations. We impose the condition 
that for |x,;!—20, F(x;|E, Eq, aa, Bal E’, B’) shall be 
the sum of an incident wave, 

6(E’— E,)6(8—Ba)x(x1| E— Ea, aa), 


and a radially outgoing wave. Substituting (19) into 
(4) and using the orthonormality conditions on 
¢(x| E, 8) one obtains the following integral equation 
for F which satisfies the boundary conditions: 


F(x,|E, Ee, de, Be | Ee’, B’)=6(E’— E,)5(B’—B,) 


m etlp liza’ 
XK x(x,;|) H— Eg, aa) — ff 
2dr X) — x,’ 


KEV Ox + V 0x1’, x2’) 16 (x2"| EF’, B’) 


” W(X), Xo| f, | Qays Ba)dxy'dx.’, (20) 


with |p’|=[2m(E—E’) |), which, when substituted 
into (19), gives us the integral equation for y: 


¥(X1, Xo FE, Ea. Qa, Ba) =x (1 k- a Aa) b( Xe Baha 


i 
2r/k, 1xy— x)’ 
X o(x2| E’, Bb (x2'| E’, BEV (x1) + V (x1, x2’) | 


XW (x1', Xo’! Fe, Ea, aa, Ba)dxy'dx,'dB’dk’, (21) 


with | p’| =[2m(E—E’) }}. 
We shall discuss eigenfunctions of two more Hamil- 
tonians which will be useful. The Hamiltonian H/o is 
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defined by 


Ho (x1, X2)= 7 (x;)+ Hu (x2). (22) 


The incident term of the integral equation (21) is an 
eigenfunction of H» corresponding to the eigenvalue E. 
We note that 


H(x;, X2) = Ho(x1, X2)+V(x1)4-V(x), x2), (23) 


hence (21) gives the eigenfunction of H in terms of a 
Green’s function of (E—Hp»), where V(x;)+V (x), x2) 
is considered a perturbation. We shall denote the eigen- 
function of [7/o(x,, x2) corresponding to the eigenvalue 
E, by A(x, X2| E, EF’, a, 8), where 


A(X), Xo E, i a, 3) x (xX; E . a)o(X» E’, 3). (24) 


The eigenfunction A(x), x2|/, F’,a,8) is an eigen- 
function corresponding to the situation where the first 
electron is in the free state y(x,;|E—E’, a) and the 
second is in the hydrogenic state @(x2| FE’, 8). From the 
orthonormality conditions on @ and x we have 


f fro xol Fe, Eb’, a, BACK, Xe E, bk’ &, B)dx,dx» 


=6(E 


f f f fro Xe E, adh a, B) 
Eg” FE 


E)5(E'— E')5(a— &)8(B—B), 


(25) 


A(x)’, og k, ae Qa, B)\dadBdkdk’ 


5(X1— Xy’)5(x2— x2’). 
Integrations with respect to EF have the limits from 
E’ to +. Integrations with respect to E’ range from 
E, to ~. Thus the order of integration is important: 
one must integrate over £ first. The last Hamiltonian 
which we shall introduce is //;(x1, X2), which is just 
Ho(x;, X2) with the first and second particles inter- 
changed: 


H1,(X1, X2)= Ho(Xe, x1). (26) 


The eigenfunctions of //; corresponding to the eigen- 
value E are given by 

A( Xo, Xi FE, i. Qa, 2B) 

. E’, add(X, "aed B). 


u(X, Xo| FE, FE’, a, B) 

x (X2|E (27) 
The eigenfunction u(x), x2! FE, E’,a,8) is the state 
vector corresponding to the first electron’s being in the 
hydrogenic state @(x, /’, 8) and the second electron’s 
being the state x(x.|H—E’, a). The orthonormality 
relations for uw are analogous to those for X. 


3. METHOD OF PROOF 


The function G(x.|E, £,| EF’), which we now call 
G(X2!| E, Ea, a, Ba| FE’, 8’), is defined by the alternative 
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expansion (10), which we now write as 


¥ (x1, Xe E, Te Qa; Ba) 


-f fe E, Ea, a; Ba| E’, B’) 
Eg 


X(x:| £’, B’)dp’dE’. (28) 
Using the orthogonality relations (18) for @ we have 


G(x2| E, Eq, aa, Bal E’, 8’) 
= fc Xo E, | Qa, Ba)(X; ee. B’)dx. (29) 


To show that G is an outgoing spherical wave in x2 we 
shall use the integral equations (21) for y. However, to 
isolate the outgoing part, it is convenient to work in 
the //, representation since the outgoing part will be 
recognizable in this representation as a 6, function. 

Let us denote ¥ in the /, representation by 
r(F, G, y, €| E, Ea, aa, 8a), which is given by 


r(F,G, y, €|£, Ea, a, Ba) = f foc x2|E, Ea, aa; Ba) 


x fi(X1, Xo} F, G, y, e)dxidxX2, (30) 


u being the eigenfunction of /7;. Using the orthogonality 
relations (18), (12) for @ and x and the expression (27) 
for u, we see that (29) is equivalent to 


G(x2| E, Eq, ae, Ba| E’, B’) 


= f fre, KE’, Yt. B’ ES Oe me 
E’ 


Kx(x_|F—E’, y)dydF. (31) 


We shall calculate r in terms of ¥ as given in the Ho- 
representation. Denoting y in the Ho by u(F, G, y, €| E, 
Fa, Ga, Ba), Where 


u(F, G, y, €| E£, Ee, de, Ba) 


=f for Xo E, a Qa, Ba) 


«r( Xi, Xe F, G, 7) €)dx\dXo, (32) 


we have, on using (30), (27) and (25) together with 
orthogonality relations for @ and x: 


r(F, G, Y€ E, Ee ay Ba) 


-f f f fue, G’. 7’, Z E, FE... Qa, Ba) 
Eg “%G’ 


K0(F-G, 7 'G’, &)i(F’—G’, |G, ©) 


Xdy'de'dF'dG', (33) 
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where 


v(E, a} F, a= xx k, a)o(x! F, B)dx; (34) 
v(E, a) F, 8) is thus the eigenfunction ¢ of Hy as given 
in the representation of the kinetic energy operator 7. 
We shall use the integral equations for u and v to obtain 
the outgoing parts and finally use (33) and (31) to get 
the expression for G. 


4. THE EQUATIONS FOR u AND v 


We shall first show that u(F, G, y, «| E, Ea, aa, Ba) 
satisfies the relation 


u(F, G, y, €| E, Ea, aa; Ba) 
=6(F — £)6(G— Eq)b(y— aq)b(€— Ba) 
+y7_(E—F)T(F, G, y, €| E, Ea, @a,;Ba), (35) 
where 


T(F, G, y, €|E, Ee, aa, Ba) 


=f fro F-—G, ¥)6(x2|G, OL V(xy+V (x1, X2) | 


XW (x, Xo E, Eo. Qa, Bq)dxdX2, (36) 

and where y_(¢) is essentially the 6, function; it is 
defined by 

1 1 

y—(¢)= lim = —inb(¢)+P-, 

g +t c+1é ¢ 


(37) 


where P indicates that in integrations over ¢, the prin- 
cipal part of the integral is to be used. It might be 
noted that in accordance with the general formalism of 
scattering operators, T(E, G, y, €| FE, Ea, aa, Ba) is the 
amplitude of the scattered spherical wave obtained when 
one sets |x;\—+* in the integral equation for y [Eq. 
(21) ]. This scattered wave corresponds to the case 
where after scattering the hydrogen atom is in the 
state described by the quantum numbers G, y, and the 
incident electron has the direction e. 

Incidentally, one can write (35) as an equation for u, 
namely 


u(F, G, 7, € E, Ba. Olay B ) 
=6(F— E)6(G— E4)6(y— aq)6(e— Ba) 
+y7_(E—F)[V (4)+V (x1, x2) }¥° 


Xu(F, G, y, €|E, Ea, a, Ba), (35a) 


where [V(x:)+V (x1, x2) ]#* is the operator V(x;) 
+ V(x), X2) as given in the H/o representation; it oper- 
ates on the variables F, G, y, € of 

u(F, G, y, €|£, Ea, aa, Ba), 
on the right-hand side of (35a). Equation (35a) can be 


made the basis of a discussion of the scattering problem 
in terms of the scattering operator (see, e.g., Moses”). 


2H. E. Moses (to be published). 
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The proof of (35) involves the following well-known 


identity : 


ig: x(x] E, 0, w)y_(F— E)x (x'| E, 0, w)dwd6d E 
0 0 0 
0 0 0 


ms eflpile—s’ 
Xx (x! FE, 8, w)dwdddk = — 
dn |x—x’| 


(38) 


where |p| = (2mF)!, 

The verification of (35) is obtained by replacing ¥ 
in Eq. (32) by the right-hand side of (21). Using the 
identity (38), we replace 

m etlp lixi—x 
— , with 
Qn | ma x,’ 


p’| =[2m(E—E’) }}, 


by 


f fro F’”, a’)y_(E— E'— F')x (x, | F’, a’ )da'dF’ 
0 


-f fxouyr—e, a’)y (E—F’) 
E’ 


Xx (xX) Fk’ — E’, a’)da’dF’. 


We then have 


u(F, G, Y; €| k, Ee Qa, Ba) = f fro Xo | k, Ba Ga, Hal 


A(x), X2/F, G, y, oidrdat fax’ far f dE’ 
Eg 
x f at fds’ f da’x(x F’— E’, a')6(x2'| E’, B’) 
E’ 


«Ky (E— FEV (xy + VV (01, x2’) J 


x(x)’, xX.’ E, Ba Qa, Ba) 


| farntnier—e a’ )x (x, r6,9)| 


»| fares FE’, B')6(x2|G, of 


which, on using the orthonormality conditions on ¢, x, 
A, gives (35). 
Similarly we find for v: 


v(E, a! F, B)=n(F)b(E—F)b(a—B) 
+y_(F—E)T\(E, ai F,B), (39) 


where 


T(E, al F, B= fx Ek, a)V(x)o(x!| F, B)dx. (40) 
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5. THE EVALUATION OF r(F, G, y, 8! E, E., Qa, Ba) 


We shall obtain r in several steps; in each step it 
will be our objective to isolate a y_ function, since this 
function in the x representation is the radially out- 
going wave. We shall first indicate several useful 
identities for y_. First, from (37) we have 


¥.(¢) y-(—¢). (41) 
It can also be shown that 


y—(E1)¥— (62) = v¥—- (Cd y_- (a the) 
+y—(F2)y¥—-CrtF2). (42) 
On using (41) we see that (42) can be written as 


~€}) 


+y—(F2)¥—(F1— £2). 


49S i)y—- (C2) = FC vy_-(F2 


(43) 
In expression (33) we note that the product 0(F—G, 

|G’, &)6(F’—G’, y' G, ©) appears. We shall use the 

identity (43) and Eq. (39) for v to isolate a y_ function. 
From (39) we obtain immediately 


v(E, al F, B)O(E’, a’ | F’, B')=n(F)n (F’) 
<6(E—F)6(E’— F’)b(a—B)b(a’—p’) 
+n(F)5(E—F)5(a—B)7_(F’— EF’) T(E’, a’ | F’, B’) 
+(F’)6(E’—F')b(a’—B')y_(F —E)T\(E, a} F, B) 
+97_(F'’—E')\y_(F-—E)T\(E, al F, B) 


xX T(E’, a’|F’, Bp’). (44) 


We shall simplify the last term of (44). Using (43), we 
have 

"— by (F-E)=F7_(b'— BE’ )y_(F-E-F'+ F’) 
fy (F—E)Z_(F’—k'—-F+E). (45) 


Hence the last term of (44) is 


¥y (F’- E\T (CE, a’ I’, B')y (F - E—-—F'+E’) 


al F, B)+y_(F-E)T,(E, a\ F, B) 
!—FLAE)T(E’, a'| F’, B’) 
=3(F', a'| KF’, By (PF-E—F'+ E')T\(E, al F, B) 
—n(F’)6(E'— F')5(a’— B’)y_(F-E—F'+ F’) 
*71(E, a| F, B)+0(E, a! F, B)V_(F’— E'- F+- £) 
KT (E', a | F’, B’)—n(F)6(E— F)5(a—B) 

«7 (F’— BE’ —F+E)T(E’, a’ | F’, B’), 


XTi(E, 
x7(F'—I 


(46) 


where we have used (39) to obtain y_7; in terms of 7. 
Now the second and fourth terms on the right-hand 
side of (46) are just the negatives of the third and 
fourth terms on the right-hand side of Eq. (44). Hence, 
substituting the last term of (44) as given by (46), we 
have 
v(K, al F, B)d(E’, a’|F’, B’): n(F)n(F’) 
X6(E—F)6(E’— F’)b(a—B)d(a’—p’) 
+y_(F-E-—F'+E')[6(E, a’ | F’, B)T,(E, a! F, B) 
—v(E, a| F, B)T\(E’, a’ | F’, B’)], (47) 
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from which we obtain finally 


v(F—G, y|G’, &)i(F’—G’, y' |G, ©) =n(G')n(G) 
x 6(F—F'}6(F -—G—G’)6(y— €)5(y'— ©) 
+y_(F’—F)[6(F’—G’, y'|G, )T\(F-G, y'G’, &) 
—v(F—G, y|G’, &)T,\(F’'-G’, y'|G, 2]. (48) 
In (48) we have achieved our aim of isolating a y— 
function. 


To evaluate 


r(F, G, y, €|E, Ea, aa; Ba) 


= f f [fue G’, 7’, € LEE... aa Ba) 
Eg“ G’ 


xu(F—-G, y'G’, &)b(F’—G, y' |G, edy'de'dF'dG’, 
we use expression (48) for the product of v #, and for 
we use equation (35). We obtain four terms as we did 
when we evaluated the product v#. It turns out that 
by using (42) for the products of the y_’s of the fourth 
term one can eliminate two of the terms in a manner 
analogous to the derivation of (47). We have, finally, 


r(F, G, y, €|E, Ea, aa, Ba) =(G)n(Eq)b(F — E) 


x 6(F —G— Eq)8(e—a4)5(y—Ba) +y_(E—F) 


x| f [freer G’, e)i(F’—G', y’ G, ‘) 
Eg“ a' 


x TC’. G’, y’, rd Ff, Ee... Qa; Ba)dy'de ‘dk'dG' 


+f f f few-eny G, OT (F-G, 114, ¢) 
Eg“ G' 


<Xu(F’,G’, 1’, é' | Ey Ea, Qa; Ba)dy'dé'dF'dG’ 


-{ f ffre-ere, one-e,rI6,0 
Eg¥a' 


Xu(F’, G’, 1’, “Bo Ney ee Ba)dy ‘de'dk'dG'}. (49) 


Now, using the detinition (34), (40), (32), (36) for 2, 
T, and u, T, respectively, and the orthonormality prop- 
erties for x and ¢, one obtains 


f f [ fre-e. 7'G’, &)d(F’—G’, y'|G, €) 
Eg’ G’ 


XT (F’, GG’, y’, & | E, Ea, a, Baldy ‘ded F'dG’ 


=f fx: F- G, y)(Xx; G, 6)[ V(x) 


+ V (x1, X2) W(x, Xo E, Ea Qlay Bq)dXx dX, (50) 





EXCHANGE 


Jf ffre-evigore-ere, 0 
Eg“G 


Ku(h’, GC’, y', & LE, Ea, da, Ba)dy'dé'dF'dG’ 


= f fic F—G, y)6(x1/G, &)V (x2) 


Xv(x1, Xo Yo a Qa, Ba)dx\dX», (51) 
and 


LL SSor-sseone —G’,¥’ |G, ©) 
u(F’, G’ 


Hence we have finally 


x ’ TEE vay Olay B,)dy ‘de ‘dF ‘dG’ 


X (Xe F-—G, ¥)b(X1 IG, €) \V( (X;) 


XW (x1, Xe! EB, Ea, Qa, Ba)dXidx2. (52) 


KE, Fay Ga, Ba) =9(G)n(Ea) 


X6(F—£)6(F —G— E4)6(€— aa)b(y— Ba) 


+1 (B=P) ff x(a) PG, 8) 6) V (x1, Xe) 


(53) 


r(F, G, y, « 


+V (x2) W(x, x2! FE, Ea, aa, Bald xd Xe. 
Equation (53) can be written as an equation for 


r( FG, ¥,:€|£, Eas Gay Ba), 
as follows: 


r(F, G, 7) €| £, Ee, Qa, Ba) = n(G)7( (EF, )6(F — ft) 
xX 6(F —G— E,)6(e— aa)b(y — Ba) 
+y_(E—-F)EV (x1, x2) +V (x2) J” 


Xr(F, G, y, €| £, Ea, aa, Ba), (53a) 


+V (x) #1 is the operator V(x, x») 
it operates 


where [ V(x, x») 
+ V(x») as given in the //; representation; 
on the F, G, y, € variables of r on the right-hand side 
of (53a). Equations (21), (35a), and (53a) are the in- 
tegral equations for the same eigenfunction of // in the 
x, /1), and H, representations, respectively. 
6. THE EVALUATION OF G(x./E, E., a, 3.' E’, 3’) 
Using Eq. (31) which gives G in terms of r, we have 
G(x2| FE, Ea, a, Ba! FE’, B’)=n(E’)n(Ea) 
Ba)b(E— E’— 


Xx(x2| E-E’, F4)6(aa—f’) 


r zx 
LLL fumieeme-n 
_VE: 


«x (x.’| F—E’, y)dydF fics FE’, B’)LV (x1, x2) 


se V (xs") Wexy, Se FE, Ee. Qa, Ba)dx)'dx»’, 


SCATTERING IN 


A THREE-BODY PROBLEM 


Now we use (38) to obtain 


f fro F 
as 
” f fac F, y)y_(E— BE’ — F)X(x2'| F, y)dydF 


m e'|P'|| x22" 


FE’, y)y-(E- F)X(x' F— Ek’, y)dydF 


where | p’| =[2m(E—£’) }}. Finally, our generalization 
of Mott and Massey’s conjecture is 
n(d’)n( Ea) 


G(x2! E, Ea, a, Bal £’, B’) 


Xx (Xe! La, Ba )b(E— k’ — E,)5(aag—B’) 


m ep’ ||x2—x2" 
. pf o(x,’ E’, B’)[ V (xy, x»’) 
2dr X»— X»’ 


+V(x,’) Wx, xo’ | Fe, Ea, Qa, Baldxy'dxy’. (55) 
where | p’| =[2m(E—F’) }}. 

It is clear that the second term represents outgoing 
spherical waves. In Mott and Massey’s conjecture the 
first term is ignored. If the initial state of the hydrogen 
atom is such that the electron is bound, then E,<0 
and hence the first term vanishes for all /’, 8’. Even if 
initially the hydrogen atom is in an ionized state, the 
first term vanishes for £’ <0, i.e., for exchange scatter- 
ing where the incident electron is captured. 

Borowitz and Friedman‘ point out that the integral 
of the second term diverges for E’>0. This is not sur- 
prising because G is a symbolic function in the sense of 
L. Schwartz. That is, G contains a part resembling 6- 
function. This is clear from the fact that the first 
term contains a 6-function. This statement can also be 
shown to be true on more fundamental grounds which 
we shall not discuss here. 

Borowitz and Friedman extract the symbolic part of 
this integral and are left with a convergent part. We 
prefer to consider a wave packet of incident electrons 
and hydrogenic atoms as being given initially. The 
initial state would then be 


f ff Prov EB Be. Ges Ga) 
Eg 


* f(E, Ea, Qa, BaldagdB dkdk,, 
while at any finite time the state is given by 
f [ J fens By Bus tig fa) 

< [(E, Ea, aa, Bada dB dkdk,, 
where we take {(E, F,, aa, 8.) to be a quadrically in- 


4S. Borowitz and B. Friedman, Phys. Rev. 89, 441 (1953) 





192 HARRY 


tegrable function of its arguments. Then 


f f f fac | ae Ce, Ba KE’. Bp’) 
Eg’ ka 


Xf(E, Ea, aa, Ba)dagdB dEdE,, 


is a well-defined function of x, and is the probability 
amplitude for exchange scattering. 

Some generalizations of the above expressions are 
possible, for although we have assumed that V(x), 
V(x,, X,) are simply functions of their arguments, our 
results can be generalized to take into account the 
possibility that V(x), V(x), x2) are operators. The 
generalization can be obtained immediately, but we 
refrain from giving it here explicitly. 

It should be pointed out that the Mott and Massey’s 
F,(r), Ga(t), Wm, mr) are not quite our functions F, 
G, and y. They are related as follows: 


F,,.(r) = (21) §[2m*(E— Eq) | 
sin '6.F (x! Ee, Ea, aa, Bal FE’, B’), 

(2) 4[ 2m'®(E— Ey) 
sin 0. (x1, X2| 2, Ea, aa, Ba) 

(2r)4{ 2m'(E—E,) 
X sin 40,G(x| E, Ea, aa, Bal E’, B’), 


(ri, ro) 


G,(r): 


where the quantum number n corresponds to the pair 
of quantum numbers E£’, 6’, and a, represents the pair 


of polar angles 6,, wa of the incident electron. Also, 
the vector r is just our vector, x 


E. 


MOSES 


One could also expand W(x, x2! E, Ea, aa, 8a) as 
follows: 


W(x), Xe E, (a Qa, Pa) 


=f foe E, Ea, Qe, Ba| E’, 8’) 


Xx (xe! EL’, B’)dp’dk’. (56) 


Here D(x,| FE, Ea, aa, B.| E’, 8’) represents the proba- 
bility amplitude that the incident electron has the 
position x, when the second electron has the definite 
energy E’ and direction p’, i.e., where the second elec- 
tron has a definite momentum. It can be shown by an 
analysis similar to that used for exchange scattering that 
D(x, | E, Bo, Gs, 8.\E, 8°) 


=n(Ea)x(x1| E— Ea, aa)b(E’ — F,)5(8", Ba) 


m eflp ilar— a1" 
ff X(xo’ | E’, B’) 
2r xX; — x,’ 


XW (x1', xo’| E, Ea, aa, Ba)dx1'dxo’. 


(57) 


with | p’|=[2m(E-—E’) }'. Hence, except for an in- 
cident term, D(x,!| E, E, aa, B.| E’, 6’) is an outgoing 
spherical wave in | x,|. The amplitude of this spherical 
wave as |x,;|— 2 can be used to calculate cross sections 
describing the scattering of the first particle when the 
second electron has a definite momentum. 
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Diffusion of Lithium into Germanium and Silicon 


C.S. Futter anp J. A. DitzENRERGER 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received May 7, 1953) 


HE diffusion of lithium into p type single crystals of ger 

manium and silicon' has been measured at temperatures 
between 450 and 1000°C by the pn junction method previously 
described 2 The experiments were carried out by heating metallic 
lithium’ on the surfaces of specimens of germanium and silicon 
(0.125 cm thick) in a helium atmosphere. Hemispherical n type 
regions of low resistivity were observed to form, showing that 
lithium not only diffuses rapidly at the temperatures employed 
but also acts as a strong donor in germanium’ and silicon. 

The diffusivity D and the surface concentration Cy of Li in 
Ge and Si were calculated by means of Eqs. (1) and (2) given in 
reference 1. Corrections were introduced for the change in mo- 
bility with impurity concentration.* The assumption was also 
made that each Li atom contributes one conduction electron. 

The equations D= 13X 10 exp(— 10 700/RT) and D=94X 10 * 
exp(—18 100/RT) were found to describe the dependence of dif 
fusivity of Li in Ge and Si, respectively, for the temperature 
range studied, where D is given in cm?/sec and R= 1.98 calories. 
The maximum errors in the activation energies are estimated as 
+1000 calories for Ge and +3000 calories for Si. These results 
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Fic. 1. Diffusion constant versus reciprocal of absolute 
temperature for Li in Ge and Si. 
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Fic. 2. Solubility of Li in Si as a function of temperature 


are shown in Fig. 1, where D is plotted against reciprocal of mean 
effective absolute temperature.® 

Inasmuch as copper is also known to diffuse rapidly into ger 
manium and silicon’ several specimens of germanium (see Fig. 1) 
were diffused in the presence of copper. No appreciable effect on 
the results was evident. 

Calculated values of Co range from 6.1 10'* to 1.4 10"8 em 
for Li in Ge and from 2.0X 10" to 8.0X 10" for Li in Si, but they 
are subject to large error. Determinations of the solubility of Li 
in Si have been made by measuring the change in resistivity upon 
saturation at a series of temperatures. These results are shown in 
Fig. 2. Similar measurements for Ge have not as yet been possible 
because of a rapid precipitation of Li at room temperature. 

Resistivity and Hall measurements*® on Li doped Ge single 
crystals indicate a distribution coefficient between liquid and solid 
Ge for Li of greater than 0.01 and a donor level 0.01 ev below the 
conduction band. Precise determinations of distribution coefficient 
are difficult because of the precipitation previously mentioned. 

! The authors are indebted to E. Buehler and G. K 
these crystals 

2C.S. Fuller, Phys. Rev. 86, 136 (1952). 

§Spectrographic analysis made at Bell Laboratories showed only Ca, K, 
and Na present to greater than 0.005 percent 

‘It has been called to the authers’ attention that W. C. Dunlap, Jr., and 
R. N. Hall at the General Electric Research Laboratory have independently 
reported lithium to act as a donor element in germanium 

5 Haynes, Pearson, Debye, and Prince, unpublished data [Bull. Am 
Phys. Soc. 28, No. 2, 10 (1953)]; Esther M. Conwell, Proc. Inst. Radio 
Engrs. 40, 1327 (1952) 

* J. L. Ham, Trans. Am. Soc. Metals 31, 849 (1943) 

7C. S. Fuller and J. D. Struthers, Phys. Rev. 87, 526 (1952) 

* J. A. Burton and F. J. Morin, unpublished results. 
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The Mobility of Slow Electrons 
in Polar Crystals 


Francis FE. Low ano Davin PINES 


Department of Physics, University of Illinois, Urbana, Illinois 


(Received May 13, 1953) 


E have calculated the mobility of slow electrons in polar 

crystals using the same basic approximation as in our 
calculation (with T. D. Lee) of the effective mass.! The mobility 
has previously been calculated by Frohlich and Mott? using per- 
turbation theory. The dimensionless constant @ which measures 
the strength of the electron lattice interaction is, however, be- 
tween 1 and 6 for typical polar crystals, whereas the validity of 
perturbation theory requires a<1. The calculation of LLP for 
the effective mass was found to have considerable validity (~20 
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percent) for a as large as 6, so that we were encouraged to apply a 
similar method to this problem 

We describe the polaron (the electron plus its associated phonon 
cloud) by the same wave function as LLP, and calculate 1/7, the 
probability per unit time that the polaron be scattered through 
an angle 3 by the thermal phonons. We proceed by finding an 
equivalent Hamiltonian for transitions between bare polaron 
states, to which we apply the general scattering theory of Lipp 
mann and Schwinger* using the approximation that over and 
above the bound phonons, the state vector contain at most one 
additional phonon. The transition probability (and thus the 
mobility) can then be found in closed form in terms of the roots 
of a fairly complicated transcendental equation. The calculation 
is enormously simplified provided (P?/2m*)<hw, where P and 
m* are the polaron momentum and mass, and w is the frequency 
of the optical mode phonons. (This is the case for temperatures 
such that k7’<hw.) In this temperature range 1/r is essentially 
independent of the polaron raomentum. It should be emphasized 
that results which apply in this range cannot be extrapolated to 
higher temperatures. 

We state our results. The mobility u is given by 


1 efm\? a 
u ( .) f(a) exp(hw/kT), 


2aw m\m 


where m is the effective crystal mass of the electron (owing to its 
interaction with the periodic field of the lattice), a= (e*/2hc) 
XK (2mc?/hw)4(1/n?—1/6), m* is the polaron effective mass [m* 
=m(1+-a/6) according to LLP], and f(a) is a slowly varying 
function of a which may be taken as 5/4 for 3<a<6. n? and ¢ 
are the high-frequency and low-frequency dielectric constants of 
the crystal. The perturbation theory limit of m* is m, and that of 


f(a) is 1, so that in the limit of weak coupling our result reduces to 
the correct perturbation-theoretic value.‘ 

Details will be described in a forthcoming paper. One of us 
(D.P.) would like to acknowledge the partial support of the Office 


of Ordnance Research, U. S. Army, during this work. 


' Lee, Low, and Pines, Phys. Rev. 90, 297 (1953), hereafter referred to 
as LLP 

2H. Fréblich and N. F. Mott, Proc. Roy. Soc. (London) A171, 496 
(1939), Some corrections to the original theory were made by Frdéhlich, 
Pelzer, and Zienau, Phil. Mag. 41, 221 (1950) 

4B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 

‘It should be noted that this perturbation-theory limiting value is 
smaller by a factor of 3 than that quoted by Frdéhlich et al., reference. 2 
Conyers Herring (private communication) was the first to point out that 
such a correction factor needs to be applied to the previously published 
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Radiations of Neutron-Deficient Barium 
and Cesium Nuclides* 


Finkt AND Epwitn O. WuG 


RicHARD W 
Department of Chemistry, University of Rochester, Rochester, New York 
(Received May 5, 1953) 


N the study of spallation reactions of cesium with high-energy 
protons, radiations of nuclides Ba’, Ba, and Cs!* were 
investigated. Previously it has been reported! that 2.4+0.1-day 
Ba'™ generates a 3.2-minute cesium daughter, accompanied by 
emission of 3-Mev positrons from the equilibrium mixture. Exis- 
tence of 2.0-hour Ba" with emission of positrons of unknown 
energy has also been reported,** with assignment by mass spectro- 
graph? Recently Lindner and Osborne have reported that Ba! 
decays purely by orbital-electron capture leading to a 3.8-minute 
Cs"* daughter which decays with emission of 3-Mev positrons. 
Wapstra ef al.5 have studied Cs"* and report gamma-rays of 
455+5 kev in about 20 percent of the decays, and 980+30 kev 
present to about 2 percent of the intensity of the 455-kev line. 
We have measured the maximum positron energy of 2.0-hour 
Ba'™ produced by irradiating CsCl with 60-Mev protons followed 
by chemical separation similar to that reported previously.' At 
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this bombardment energy, the yield of Ba!* is extremely small 
while that of Ba! is at a maximum. This eliminates masking due 
to the energetic positrons from Ba'’, A low-resolution beta-ray 
spectrometer indicated a maximum positron energy for Ba'® of 
1.640.2 Mev, consistent with a total predicted positron decay 
energy of 1.840.3 Mev computed from the beta-decay systematics 
of Coryell.6 These positrons decayed with a half-life .of about 2 
hours, so that their assignment to Ba! is unequivocal. Conversion 
electrons of 0.13 Mev also were present in the decay of Ba'®. 
Conversion electrons of 0.24 Mev presumably were due to the 
presence of Ba, 

The equilibrium mixture Ba!*—-Cs'* was studied by the method 
of coincidence absorption using two anthracene scintillation de 
tectors with associated equipment having a measured resolving 
time of 0.23 microsecond. Coincidence absorption curves in 
aluminum indicate that there exists a lower-energy positron group 
which has a maximum energy of 1.140.7 Mev based on the range 
in aluminum and which is in coincidence with one or more gamma 
rays. Since no positron-gamma-ray coincidences were observed 
from the 3-Mev group, the latter must proceed directly to the 
ground state of Xe*. Computation from Coryell’s systematics 
indicates a total Cs'**-Xe'* disintegration energy of 3.54+0.5 
Mev, consistent with the maximum energy of 3.14+0.2 Mev ob- 
served. Lead absorption curves showed no gamma-rays of energy 
greater than 0.9 Mev. Conversion electrons of 0.2 Mev were ob 
served on the spectrometer. The number of positrons exceeds the 
number of electrons by a factor of 3 or 4. 

That Ba'* decays primarily if not entirely by electron capture 
has been shown by repurification experiments in which a fresh 
barium sample exhibited a growth due to positrons from daughter 
Cs'8_ This growth curve had a fmax of about 30 minutes in agree- 
ment with that expected on the basis of a 2.4-day parent growing 
into a 3.2-minute daughter. A calculation from Coryell’s system 
atics indicates that Ba'®* should have insufficient decay energy 
for positron emission. Decay of the positron peak from a young 
sample of Cs'**, isolated carrier-free by leaching solid BaCl,.-H,O 
with concentrated HCl-ethyl ether (5:1) mixture, was followed 
on the spectrometer. A half-life of 3.5+0.6 minutes was found. 

To study the gamma-emission from Ba'*—-Cs§ equilibrium 
mixture, a fresh barium sample mounted as BaCrO, from a bom 
bardment of CsCl with 240-Mev pretons on the Rochester 130 
inch cyclotron was taken to Brookhaven National Laboratory,’ 
where measurements were made by Mr. Alois Schardt using a 
gray-wedge scintillation spectrometer fitted with a Nal(TI) 
crystal. Those gamma-ray lines assigned to the decay of Ba!8- 
Cs"8 mixture are, in kev: 30 (K x-ray), 13545 (strong), 285+10, 
455+5, and 965420 (weak). Weak lines at about 220 and 380 
kev are attributed to the presence of a certain amount of Ba". 
The line at 135 kev is about three times as intense as that at 455 
kev. The gray-wedge equipment was calibrated using a Na” 
source. 

Further work is required to establish the exact decay scheme 
of the Ba'**-Cs"* chain. No detailed work was done on gamma- 
gamma coincidences other than a survey with the gray-wedge 
instrument which demonstrated the existence of gamma-gamma 
coincidences, indicating a decay involving a gamma-ray cascade. 

We wish to thank Professor Sidney W. Barnes, Mr. Kurt 
Enslein, and Mr. William Coombs of the Cyclotron Laboratory 
for assistance in bombardments and design of certain equipment 
used in this study. 

* This work was performed under contract with the U. S. Atomic Energy 
Commission, Part of the data is taken from the Doctoral Thesis of R. W. 
Fink submitted in partial fullfilment of the requirements for the Ph.D. 
degree, January 20, 1953. 

tU. S. Atomic Energy 
Science, 1951-53. 

1R. W. Fink and E. O. Wiig, J. Am. Chem. Soc. 73, 2365 (1951) 

2R. W. Fink and D. H. Templeton, J. Am. Chem. Soc. 72, 2818 (1950). 

*C. C. Thomas, Jr., and E. O. Wiig, J. Am. Chem. Soc. 72, 2818 (1950) 

4M. Lindner and R. N. Osborne, Phys. Rev. 88, 1422 (1952). 

’ Wapstra, Verster, and Boelhouwer, Physica 19, 138 (1953). 

*C. D. Coryell, Annual Reviews of Nuclear Science (Annual 
Inc., Stanford, 1953), Vol. II, p. 305. 


_? The hospitality of Brookhaven Laboratory was extended by Dr. G. 
Friedlander of the Department of Chemistry. 


Commission Predoctoral Fellow in Physical 


Reviews, 





LETTERS TO 
Two-Particle Potential from the 
Bethe-Salpeter Equation 


WILHELM MACKIE 
Instituto de Fisica Teérica, Sao Paulo 
(Received April 24, 1953 


Brazil 


NONRELATIVISTIC derivation of the two-particle poten- 

tial between two fermions, due to interaction with a boson 
field, was outlined by Tamm! and Dancoff? and generalized by 
Lévy,’ including higher-order terms in the interaction potential. 
Following Lévy’s treatment, the interaction terms of higher order 
can be represented by nonrelativistic graphs, distinguishing in 
addition the sequence of transitions and intermediate states. In 
this treatment, it does not seem to be understandable why the 
strongly diverging vacuum graphs are not considered, although 
according to the derivation they should appear, because the in- 
fluence of them on the energy denominators is such that they are 
not separable. Further it is impossible to recognize the other di- 
vergent parts of the graphs as terms of mass and charge renormal- 
ization. This is impossible because the relativistic invariance has 
been destroyed in the very beginning of the derivation of the one 
time formalism. In these cases Lévy goes back to the Bethe 
Salpeter formalism,‘ showing an approximate correspondence of 
the two formalisms in two special examples and presuming it for 
the whole 


F 











° oT 


0. The energy de 


Fic. 1. Example of a Lévy graph with n =2 and m 


nominators are 


Ak. =F 
Ak, =I 
AE E 


To clear up this situation, a rigorous treatment of the two 
particle potentia! was carried through, starting with the rela- 
tivistic Bethe-Salpeter equation‘ and passing on from this to the 
one-time formalism. We give the results briefly here, whereas 
explicit calculations and results will be outlined in detail in an- 
another place.* The results correspond to those of Lévy in those 
special cases he took into consideration, For the difference co 
ordinates in momentum space the wave equation 


[ W — (m,2+ p*)?— (m.2+ p?)! Ja(p) = — Va(p’) (1) 


holds, where W is the total energy of the system, — V is the opera 
tor of the interaction potential, and a(p) is a four-component wave 
function, containing the spins of both particles. V is represented 
by the totality of all Feynman graphs with two fermion lines 
running from the left to the right (see Fig. 1), but without vacuum 
graphs. The right ends should not contain self-energy parts but 
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run into the wave function a(p’) of (1). The different graphs should 
be distinguished by the number of meson lines (), the number of 
closed loops (m), and the different topologies r which are possible 
with given m and m. Further, we have to distinguish the order of 
the 2n points where the meson lines end. In this way, every Feyn- 
man graph (mmr) consists of (2m)! ordered graphs, built up by all 
permutations (x) of the points without alteration of the topology. 
Our interaction operator consists of the sum over all these graphs, 


Val Vamer; (2) 
where for every term Vamrx there is an analytic representation 
of the general form 
*dkj+--dkymdqi---dqm = i> + Ten 

RE, ORR ‘Res BReey 


£0) °* 2W2 "“4Wr 


Vener ™ (—1 nf (3) 


The meaning of the terms of this formula is 


A=e2(2x) 3, w=(ue?+k,)!, AE=Ex—W, (4) 


where g is the coupling constant of the meson field, and yu is the 
mesonic mass. Every point of the graph means a transition to 
another virtual state; Ex is the energy of the virtual state and 
depends on the lines lying between the two points. If two fermion 
lines of such a virtual state are both in the initial state or in the 
final state, the energy of both is W (see Fig. 1). All other fermion 
lines give (p) = (m,,.2+ p*)#, and the meson lines w(k) = (u?+k)4. 
Graphs that contain a virtual state with only two fermion lines 
are to be cut out. The connection between the variables p, and 
k, is given by the graph in the usual way. The I'’s have the same 
meaning as in Lévy’s paper.’ The lines running backwards are 
related to negative energy states, the lines with normal direction 
are related to positive energy states. / in (3) is the number of lines 
running backwards. 

If a graph contains no closed loop (m=0), the integrations go 
over all meson variables dk,. If it contains one closed loop (m= 1), 
one variable k, of the adjacent meson lines can be eliminated, 
because 2k, =0 holds for those lines. But here the integration goes 
over the momenta dq of the particle in the closed loop. All other 
prescriptions remain unchanged. If the interaction takes place 
between different particles, every closed loop appears twice, once 
for m, and once for me. 

By these results an exact description of the interaction operator 
V is given, being valid for all graphs and orders in the coupling 
constant. It gives the Tamm-Dancoff equation with the follow 
ing exceptions: first, it does not contain the vacuum graphs, and 
second, the excitation energies Fx differ in the case in which the 
two fermion lines are in the initial or final state. Further, this 
derivation gives us a direct possibility to carry through the re 
normalization of the remaining divergent parts; a paper on this 
matter is in preparation. 

1J. Tamm, J. phys. (U.S.S.R.) 9, 449 (1945). 

2S. M. Dancoff, Phys. Rev. 78, 382 (1950) 

3M. Lévy. Phys. Rev. 88, 72 (1952). 


‘E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 
°W. Macke, Z. Naturforsch. (to be published) 
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Hyperfine Structure of the Metastable Triplet State 
Helium-3+ 


GABRIEL WEINREICH* AND GERARD M 
Columbia University, New York, Neu 


(JROSOF, 
York 
AND 


VERNON W. HucGnes, L’niversity of Pennsylvania, Philadel phia, 


Pennsylvania 


(Received May 18, 1953) 


N experimental determination has been made of the hyper- 

fine structure of the *S, metastable state of helium-3. The 
atomic beam magnetic resonance method was used in a manner 
similar to that used in experiments on the magnetic moment of 
the same state in helium-4.' 
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A total of 3 cc NTP of He? was available. This was circulated 
continuously through the system by a mercury diffusion pump. 
Air leakage into the system was removed by the clean-up action 
of the aluminum electrodes in the discharge tube. Hydrogen 
generated within the system in small amounts was oxidized by 
CuO at a temperature around 500°C. Liquid air traps removed all 
condensibles 

The rf transition field was supplied by a rectangular cavity with 
two slits through which the beam entered and left. The cavity was 
driven in the TE,o, mode by a Sperry 2K-44 klystron on a con 
ventional regulated power supply, and further stabilized against 
frequency changes by an Automatic frequency control circuit. 
The cavity had a Q of about 1000, Major tuning was accomplished 
by moving a strip of Teflon inside the cavity to regions of weaker 
or stronger rf electric field. Since the width of the cavity response 
was considerably more than the width of observed lines, tuning the 
cavity in the course of a run was not necessary. 

A copper loop located near one of the cavity slits served the 
dual purpose of a cavity monitor and a source of low-frequency 
magnetic fields when low-frequency resonances were observed. 

Transitions (Ff, mr) = (4, —4)->(4, 4) and (3, —})—(4, —4) 
were observed at fields of about 2/3 gauss. The ultimate accuracy 
of the measurement was limited by the inhomogeneity of the 
magnetic field. Line widths due to this were about 0.3 to 1 Mc/sec, 
depending on the field-dependence of the particular transition. 

Our final result for the hyperfine splitting of the state is 6739.71 
+0.05 Mc/sec. This is in agreement with a previous optical 
measurement? of 6630+ 150 Mc/sec 

The theoretical value of the hyperfine structure has not yet 
been computed to an accuracy comparable to the accuracy of the 
present experimental value. The principal contribution to the hfs 
due to a point dipole nucleus has been computed using a varia 
tionally determined electronic wave function which yields a value 
for the ionization potential of 4S, helium accurate to within 5 
percent. The hfs splitting thus calculated is 6660 Mc/sec with an 
estimated accuracy of 5 percent.? There will be a relativistic cor 
rection of order a® which is similar in origin to the Breit correction 
to the hfs of one-electron atoms.’ The principal radiative correc 
tion will be attributable to the anomalous magnetic moment of 
the electrons; in addition there will be radiative corrections of 
order a? due to polarization and fluctuation energy effects.4 The 
effect of nuclear structure on the hfs is estimated in the accom 
panying letter to be ~1.3 parts in 104° 

A more complete report is in preparation. 

t Research supported in part by the U.S. Office of Naval Research 

*U. S. Atomic Energy Commission Predoctoral Fellow, 1952; now at 
Bell Telephone Laboratories, Murray Hill, New Jersey. 

1V. Hughes and G. Tucker, Phys. Rev. 82, 322 (1951); Tucker, Hughes, 
Rhoderick, and Weinreich, Phys. Rev, 86, 618 (1952). 

?Fred, Tomkins, Brody, and Hamermesh, Phys. Rev. 82, 406 (1951). 
The accuracy figure for the theoretical calculation was kindly supplied as a 
private communication from M. Hamermesh 

Breit, Phys. Rev. 35, 1447 (1930). 
Kroll and F. Pollock, Phys. Rev 
Phys. Rev. 85, 972 (1952) 
Sessler and H. M. Foley reported a similar estimate at the 1953 


Washington meeting of the American Physical Society (Bull. Am. Phys 
Soc. 28, No. 43, 20 (1953) ] 


86, 876 (1952); R. Karplus and 


Effect of Nuclear Structure on the Hyperfine 
Structure of He’ 


VERNON HuGues, University of Pennsylvania, Philadelphia, Pennsylvania 
AND 
GABRIEL WEINREICH,* Columbia University, New York, New York 
Received May 18, 1953) 


HE hyperfine structure of the He® atom in its metastable 45, 
state has been measured by the atomic beam magnetic 
resonance method with an accuracy which is adequate to reveal 
effects due to the internal structure of the He? nucleus.' An esti- 
mate of the influence of the nuclear structure will be given under 
the same assumptions as were made by Bohr for the hfs of deu 
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terium.? When the electron is close to the nucleus it moves rapidly 
compared to the nucleon velocities and will therefore be bound to 
the two apparently stationary protons rather than to the center- 
of-mass of the He* nucleus. This approximation will be valid for 
distances of the electron from the nucl us which are less than 


p~(h/mc)me/W x, 


in which Wy is some mean nuclear excitation energy. The quan 
tity p will be larger than the nuclear radius and much smaller 
that the atomic radius. The contribution to the hfs from inside p 
must be calculated using a wave function with the electrons cen 
tered on the two protons; the contribution from outside p will be 
relatively insensitive to where the electrons are centered. When an 
electron is in the nucleus, the neutron magnetic moment will 
appear as a moment density distributed around the protons and 
hence its effect on the hfs will be reduced compared to that of a 
point magnetic dipole. This reduction is the principal effect of 
nuclear structure on the hfs. To our approximation the protons 
will have their spins antiparallel and hence will not contribute to 
the hfs. 


The neutron-electron hfs interaction operator is given by 
H,= —ea- A —eq®?). A®), 
in which @? and @®) are Dirac matrices operating on electrons 1 
and 2, 


AG@D= U.XVrie 


12> R 

wu, is the magnetic moment of the neutron, r; and rz are the posi 
tion vectors of the electrons relative to the mid-point of the line 
joining the two protons, R is the position vector of the neu- 
tron relative to this same point. The neutron-electron hfs energy 
will be 


(H,,) for(n, ro)x*(R)Hix(R)b(n, re)dridridr p, 


* 


in which $(r;, r2) is the 4S; electronic wave function and yx is the 
nuclear wave function 

The nuclear wave function' used was y=WN exp[—4A(rap 
+rnp2+rpip2) ], in which \ is an adjustable parameter, rnp, is 
the distance between the neutron and proton 1, and so on. The 
normalization factor N is given by N= (4/7)4\%. The electronic 
wave function is actually a 16-component spinor, but the spinor 
parts of the wave function will play the same role as in the usual 
hfs calculation; and for the purpose of computing the fractional 
change in the hfs due to the nuclear structure, it is sufficient to 
take only a Schrédinger wave function. The spatial electronic 
wave function used was an antisymmetrized product of Z=2 
hydrogenic wave functions for the configuration 1s2s. The result 
of this calculation can be generalized easily to apply to an ad- 
mixture of s configurations; however, in view of the other approxi 
mations being made and of the low accuracy to which the usual 
point dipole hfs has been calculated thus far for helium,® this ex- 
tension was not made. A possibly useful wave function which in- 
volves the configurations Isns (n= 2, 3, 4, 5, 6) and which gives a 
calculated binding energy for 8S; helium which is within 0.2 per 
cent of the experimental value is being reported.® 

The integral to be evaluated for the 1s contribution to the hfs 
is of the form’ 


, s i—p : 
f dein, (Is)u,(1s)— x*(R)x(R)dre |}. 
. ri*tY R<ry 


The integral over the nuclear coordinates was done using Hylleraas 
variables, s=rnpitrnp2, t=rnpy—rnp2, and rppo, in terms of 
which R= 4(s?+—rp,p;*)4. This integration was only approxi 
mate, with an estimated error of +10 percent. The unwieldy 
results of the nuclear integration could then be integrated over 
the electron coordinates and the result expressed as the sum of 
two terms. One term gives the usual hfs due to a point dipole 
neutron, and the other involves the nuclear structure parameter 
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X. The ratio of these two terms is 


f=-87 


Aa 9 


in which ay=0.529X 10-8 cm. The corresponding ratio for the ns 
contribution is the same. 

The fractional decrease in the hfs of He’ caused by the nuclear 
structure will be (u,/une®)f. If the parameter \ is chosen so that 
the binding energy difference of 0.764 Mev between H* and He! 
is attributed to the electrostatic energy between the two protons 
in He’, it is found that A=0.74X 10 cm”. If the parameters of 
an exponential potential well are chosen to fit the two nucleon 
data and J is chosen to give the highest binding energy for Hs, it 
is found that A=0.93X 108 cm~'. This value of yields a binding 
energy of 9.79 Mev for H’ compared with the experimental value 
of 8.492 Mev.* Hence the uncertainty of the nuclear wave func- 
tion limits the accuracy of this calculation.’ For \=0.74x 10" 
cm~', the fractional decrease in the He’ hfs will be —1.3X 10™*, 
with an uncertainty of +10 percent arising from the approximate 
integration. 

This calculation has neglected nuclear motion effects,’ admix 
ture of D state in the nuclear wave function,’ and exchange mag- 
netic moments.* 

It is a pleasure to thank Dr. Arnold Feingold and Mr. Andrew 
Sessler for helpful discussions. 

* Now at Bell Telephone Laboratories, Murray Hill, New Jersey. 

1G. Weinreich and V. Hughes, Phys. Rev. 90, 377 (1953). See also the 
preceding letter [Phys. Rev. 91, 195 (1953) ] 

2A. Bohr, Phys. Rev. 73, 1109 (1948) 

3F. Low, Phys. Rev. 77, 361 (1950) 

4J. Blatt and V. Weisskopf, Theoretical Nuclear Physics 
Sons, Inc., New York, 1952). 

§ Fred, Tomkins, Brody, and Hamermesh, Phys. Rev 

®W. Perl and V. Hughes, Phys. Rev. (to be published) 

7 R. L. Pease and H. Feshbach, Phys. Rev. 88, 945 (1952) 

8 E. N. Adams, II, Phys. Rev. 81, 1 (1951). 
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Angular Correlation in Allowed $-Transitions 
M. E 

Oak Ridge National Laboratory 
(Received May 14, 


ROSE 
Oak Ridge, Tennessee 
1953) 


HE purpose of the following is to examine the problem of 

deducing information concerning the 8-interaction from 
8-recoil angular correlation experiments. We restrict our atten 
tion to allowed transitions. Then, in terms of well-established 
notation, the probability for emission of the 8 with energy W per 
dW and with angle 3 between the 8 and neutrino, per sinddd, is 


P(W)= 


yg? ; : ? ‘ P ap b 
— pW (Wo—-W)?F(Z, W)| A ( ), ) 
4°" WW W)?F(Z, UW 7\*% 1+ We + W (1 


where u=cosvd, | M/ |? is the usual square matrix element weighted 
with the squares of the relative interaction coupling constants, 
and the constants b and a are defined elsewhere.! 

Of course, the correlation in 0, the angle between the 8-particle 
and recoil nucleus, is the pertinent consideration. For B-particles 
of fixed energy this is 

Q'(0)=KP.(W)J (6, W)[1+af(0, W)+6/W], (2) 
where Po= pW(Wo—W)?F(Z, W) and K is a constant propor 
tional to g?| 172. In Eq. (2), J(@, W) is the Jacobian of the d+ 
transformation and f(0,W) is up/W written in terms of the 
indicated variables.? 

(2a) 


(2b) 


J (8, W) = (1— sin’8) -#[ — ed cos8+ (1 —A? sin*e)+ f, 
f(0, W)=—(p W)[A sin?0 + € cosO (1 —d? sin’@)?]. 
Here A= p/qg and e=1 for X<1 while for A>1, e= +1 according as 
# = do=arc cos(—1/A); in the subsequent integration over W the 
contributions of both e=+1 must be added in the range p>4q, 
W>(Woe2+1)/2Wo. 
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If one envisages an experiment in which only a very narrow 
band of 8-energy is accepted, so that Eq. (2) applies, one cannot 
determine all the constants separately. Only Ka and A(t +b/W) 
enter. If one considers pure Gamow-Teller transitions (AJ = 1, 
He® for example) or pure Fermi transitions (say O'}, this implies 
that the ratio of coupling constants (C4/c'r in the G-T case) is a 
double-valued function of a, and it would appear necessary to 
fix 6 within narrow limits to resolve the ambiguity.’ However, this 
ambiguity is not at all present under the conditions of the experi 
ment as it would presumably be carried out. Accepting a wide 
band of B-energies, one measures 


Q(0) = f ow@aw. (3) 
This is of the form 


V(O) = €,A1(O) +62.42(O) +6543(0), 


where ¢,=A, co=Ab, cs=Ka, and the three functions A, are 
linearly independent and well-defined. They would be obtained by 
numerical integration over the accepted band of W, except that 
in no case will energies greater than W,, contribute, 


W,,, = se?0[W,—sind(W ,?— cos’)?! | (4) 


Ihe constants c, are fixed from the data, by least squares for 
example, and then a=c;/c,. However, for pure G-T transitions a 
least-squares analysis should take into account the fact that the 
constants are not independent, but ¢?=c,?+- 9c? 

If one accepts the result of no Fierz interference’ (6=0), the 
correlation experiment for a AJ=0 transition (other than 0-0) 
should give —1<a<}4 for pure S and 4<a<1 for pure V com 
position of the Fermi component. In addition, the value of a 
gives Cr?| f'1|?/Cr*| fo|?. If one does not assume CsCy=0, 
then the c,; are independent for AJ = 0 transitions and a determina 
tion of |Crf'1/Crf@! (for both Cr=Cs and Cy) is possible in 
principle. 

1S. R. de Groot and H. A. Tolhoek, Physica 16, 456 (1950). Of course, 
the pseudoscalar term appearing in this reference makes no contribution 
here 

2 These results appear in Reynolds, Biedenharn, and Beard, Oak Ridge 
National Laboratory Report ORNL-1444 (unpublished). Misprints oc 
curring therein have here been corrected. As these authors point out, the 
singularity of the Jacobian is due to neglect of the finite mass of the recoil 
nucleus but, upon subsequent integration over W, this neglect introduces 
negligible error 

40. Kofoed-Hansen and A. Winther, Phys. Rev. 89, 526 (1953) 

‘J. Davidson and D. C. Peaslee (private communication). In this case 
C4 =0; see B. M. Rustad and S. L. Ruby, Phys. Rev. 89, 880 (1953) 
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EASUREMENTS have been made of the absolute scin 

tillation efficiency of single anthracene crystals at room 
temperature. The experimental method included the following 
observations : 

(a) The transmission coefficient of a spectrophotelometer, of 
constant band width dd, as a function of the wavelength A 

(b) The relative spectral response of-an EMI 6262 photomulti 
plier, using a standard lamp of known color temperature and the 
calibrated spectrophotelometer. 

c) Reduction of the intensity of the light from the standard 
lamp by a measured factor, using a diffuse reflector, the inverse 
square law, and calibrated filters 

(d) The absolute spectral sensitivity of the photomultiplier, 
using the reduced light source of known intensity and spectral 
distribution. 

(e) The relative intensity distribution of the fluorescence trans- 
mission spectrum of single anthracene crystals, using the cali 
brated spectrophotelometer and photomultiplier 
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(f) The flux and energy of a collimated beam of a-particles from 
a Po*® source, using standard scintillation counting techniques. 
(g) The absolute light emission from an anthracene crystal 
excited by this a-particle flux, using the calibrated photomultiplier. 
It was found that the fluorescence transmission spectrum and 
scintillation efficiency were independent of crystal thickness d, 
for d>1.5 mm, and the final results were obtained from the mean 
of measurements on 4 clear, polished anthracene crystals, exceed 
ing this thickness. The absolute scintillation efficiency Cyr (total 
energy of fluorescence emission/total energy of incident radia 
tion) was measured for several a@-particle energies, from 0.042 
percent at 1.18 Mev to 0.223 percent at 3.85 Mev, corresponding 
to 0.324 percent at 5.30 Mev. The mean wavelength of the 
fluorescence emission was 469 my, corresponding to a mean photon 
energy Ey=2.65 ev 
Hopkins! has observed that the scintillation efficiency of anthra 
cene for excitation by 5.3-Mevy electrons is 11.6 (40.2) times that 
for excitation by a-particles of the same energy. Hence we obtain 
Cip= 3.76 (4.0.07) percent for thick anthracene crystals at room 
temperature, excited by fast electrons. This corresponds to an 
energy expenditure £;”=70.5 (4+3.8) ev/fluorescence photon 
This may be compared with that derived from the 
“photon cascade” theory? On this the ory, the scintillation process 


value 


consists of m molecular fluorescence emissions, of decay time (ty)o, 


and quantum efficiency go. The mean value of m is given by 


m (ty) 7 (ty)o, (1) 


where (t;)7 is the technical scintillation decay time of a thick 
crystal. The scintillation quantum efficiency is - 


gi = (qo)™, 
the scintillation energy efficiency is 


Cre= Erqi/Ez, 


and the energy expenditure/emitted photon is 


Kip Ez qi. (4) 


Fz is the energy expenditure/primary photon, which on the theory 
is equated to the energy expenditure/ion-pair, 1.e., ~30 ev/pri 
mary photon 

For 
msec, 


room temperature, values of (tj)o=3.5 
0.9 have been observed experi 
0.443 from (1) and (2). Hence 
agreement with the direct 


anthracene at 
(t;)7= 27 my sec, and go 
mentally,’ giving m= 
we E;p=68 ev/photon, in 
experimental value 

A detailed account of this work will be published later. We wish 
to acknowledge the support received from the South African 
Council for Scientific and Industrial Research. 
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N a recent paper, Borowitz and Friedman! obtain an expres 

sion for the exchange scattered amplitude in the Born ap 
proximation which differs from that given by Mott and Massey.? 
They question the procedure of expanding the entire solution in 
terms of a complete set of eigenfunctions of a Hamiltonian ap 
parently because the coefficients of such an expansion must con- 
tain 6-functions, and they give a detailed proof of this latter 
assertion. They state further that in the case of, for example, the 
ionization of atoms by electron impact, Mott and Massey’s result 


diverges 
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Firstly we point out that if we make the same assumptions as 
Borowitz and Friedman, it is obvious that such an expansion will 
contain 6-functions. Using their notation, it is consistent with 
their assumptions to choose V(r) =0, and since 


sinkor = | dk5(k—ky) sinkr 


the statement is immediately proved. However, their assumptions 
are not comparable to those of Mott and Massey who use 
essentially 
rpx(r)~sin(kr+k * log2kr+n), 
and not 
rp.(r)~sin(kr’+-n) 


Since it is not clear in what way the presence of singularities such 
as 6-functions in the expansion coefficients constitutes an objec 
tion to the treatment, the point will not be pursued further. 

It is of more importance to note that the result of Mott and 
Massey, correctly interpreted, does not diverge and is in fact on 
the same basis as that of Borowitz and Friedman, the difference 
between the two being, of course, the familiar post-prior dis 
crepancy. This discrepancy may be shown to equal 


2 


+41) ple 
{ {el grad (o,*(t1)) 


+a" 


‘ : 
fe ati o(raide| lim 


on*(r1) grad (ee ") redude |, (1) 


and if m is discrete it thus vanishes as has been pointed out by 
Bates, Fundaminsky, and Massey.’ To prove that this result is, 
as would be expected, generally true it need only be noted that 
if mis in the continuum, (1) must be replaced by 


1 ‘eeiinate” ‘ 
dk, {expression (1)}, 
re ;  {ex] } 
where Ak, is arbitrarily small but not identically zero (see 
Gordon‘) ; and clearly this expression vanishes as 


sin(rAk,) /rAk,. 


Finally it may be worth while to point out that the formula 
obtained by Borowitz and Friedman is the same as would be 
found by following the Mott and Massey procedure for direct 
scattering and using a properly symmetrized wave function 
throughout. 

I wish to 
comments, 


thank Professor D. R. Bates for many helpful 


1S. Borowitz and B. Friedman, Phys. Rev. 89, 441 (1953). 

2N.F. Mott and H.S. W. Massey, Theory of Atomic Collisions (Clarendon 
Press, Oxford, 1949), second edition, Chap, VIII. 

§ Bates, Fundaminsky, and Massey, Trans. Roy. So« 
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Polarization of the Three-Photon Annihilation 
Radiation* 


L. Leipuner, R. SIEGEL, and S. DEBENEDETTI 
Carnegie Institute of Technology, Pittsburgh 


(Received May 14, 1953) 


Pennsylvania 


E have used a triple coincidence counter method to in- 

vestigate the polarization of the gamma-rays resulting 
from the three-photon annihilation of positrons and electrons.! Of 
the many polarization effects that one might expect, we have 
chosen to investigate the simplest from the experimental point 
of view, i.e., the polarization of any one of the gamma-rays rela 
tive to the plane of emission of the three photons. The measure- 
ment was conducted for the symmetrical case (equal angles be- 
angles between the photons). 
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A thin sample of Na” (1.4 10® dis/sec) was located in the 
center of a bell-shaped Al container (2.5 cm in diameter, 0.44 
g/cm? thick) filled with a dense atmosphere of SF. Positrons from 
this source formed positronium? and provided a sufficiently in- 
tense source of three-quantum annihilation events. Three NaI (T]) 
scintillation counters were used to detect the gamma-rays, and 
were placed as indicated in Fig. 1. Counters A and B detected 


Pb Wall 





bic. 1. Apparatus 
two of the three annihilation rays directly, while counter C de 
tected the third ray only after it had been scattered by the poly 
styrene cylinder P. Triple coincidences were counted with counter 
C alternatively in positions a and 6 (Fig. 1). In such positions 
counter C detected rays scattered respectively parallel or per 
pendicular to the plane ABP. The background of triple coin 
cidences was measured by lifting counter A at 45° away from the 
plane BPS, as described in the account of our previous work.! 
The geometric equivalence of positions a and 6b was checked by 
counting single scattered rays; the counting rates never differed 
by more than 10 percent in the two positions. 

The experimental results, after subtraction of background are 
shown in Table I. 


PasLe I. Experimental results 


Position b 
(perpendicular) 
counts/hr 


Position a 
(parallel) 
counts/hr 


Ratio 
par./perp 


I 
Il 
Ill 
IV 
Average 


The theory’ predicts a polarization ratio 3/1 in favor of rays 
plane-polarized with the electric vector perpendicular to the plane 
of the three photons. A rough Monte-Carlo computation,’ taking 
into account the geometry of the experiment and the anisotropy 
of Compton scattering for polarized photons, leads to the pre 
diction of a ratio (parallel/perpendicular) 1.80+-0.15 for the re 
sult of the experiment, performed as described above. This is in 
agreement with the experimental value. 

* Supported by a research grant from the National Science Foundation. 

1S. DeBenedetti and R. Siegel, Phys. Rev. 85, 371 (1952). 


2M. Deutsch, Phys. Rev. 82, 455 (1951). 
3R. Drisko (private communication). 
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Effect of the Electric Quadrupole Interaction on the 


y— vy Directional Correlation in Cd'''. II 
Heer, T. B. Novey,* AND R. ROErscHI 


Swiss Federal Institute of Technology, Ztirich, Swiiserland 
(Received May 6, 1953 


H. ALBERS-SCHONBERS, I 


N a previous letter! we described experiments with metallic 

indium single crystals containing In, which indicate that 
the interaction which influences the angular correlation in this 
type of source is electric in origin. Furthermore, the magnetic 
decoupling experiments showed that the magnetic interaction can 
not be responsible for the observed attenuations in polycrystalline 
sources, which were previously measured.? It is therefore reason 
able to assume that these attenuations are also due to the coupling 
between the electric quadrupole moment of the nucleus and the 
inhomogeneous electric crystalline field. 

In this letter we describe some new measurements confirming 
this hypothesis and we discuss the hypothesis in connection with 
older experiments 

Angular correlation measurements in sources in which no in 
homogeneous electric fields exist at the radioactive nucleus should 
show the undisturbed correlation according to our quadrupole 
hypothesis. Experiments on three types of such sources have been 
carried out 

Type a: Cubic crystals 
positions and the crystals must be sufficiently large and perfect. 
Nevertheless, cubic crystals do not exclude interaction with higher 
electric the 
measured.) 

Type 6: Solutions. (Care 
and/or precipitation ) 

Type c: Melts 

Experiments with sources of the first type were performed in 
the earlier work of the Ziirich group.? The active atoms were 
embedded in different metals by the double stream evaporation 
method. Cubic crystallizing metals (Ag, Cu) showed close to the 
maximum anisotropy, 4 =[W (180°) —W (90°) ]/W (90°) 0.20, 
under certain conditions (sufficiently large and pure crystallites 
and sufficient thickness of 
lower symmetry than cubic (In, Te, Cd, Se) always gave con 
siderably less than the maximum value of the anisotropy 

Experiments with sources of the second type have been re 
ported.+4 Aqueous solutions of InCl;, InI3, Ing(SO4)3, In(NOg)s, 
0.20, whereas crystalline sources of the 


(The active atoms must be in lattice 


moments and therefore offer possibility to be 


must be taken to avoid hydrolysis 


the source), whereas crystals with 


and others gave A= 
same compounds showed nearly isotropic correlations. The dis 
appearance of the attenuation of the angular correlation when a 
crystalline source is dissolved in water gives the most striking 
evidence for the quadrupole hypothesis. 

We have recently measured sources of the third type. Indium 
metal containing In'™ was carefully reduced with hydrogen and 
sealed into an evacuated thin-walled Pyrex glass capsule. As no 
special crystallization methods were used, the sources were poly 
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crystalline. The anisotropy remained constant while the source 
was heated up to the melting point, where the anisotropy rose 
rapidly up to 22 percent and remained constant to higher tem 
peratures, Figure 1 shows a typical run. The curve was measured 
twice with the same source 

These three types of experiments show that when no appre 
ciable inhomogeneous electric fields are present, one obtains the 
undisturbed angular correlation. We therefore conclude, that in 
the case of Cd" the experimental results for the various types of 
sources (excluding sources with neighboring paramagnetic ions) 
can be largely and perhaps entirely explained by the quadrupole 
interaction hypothesis. 

The anisotropy measured with the “powder” sources of metallic 
indium, A 0.095+ 0.005, will be used together with the results 
of the single crystal—and some other experiments (delayed coin 
cidence, combined magnetic-electric field measurements) to deter 


mine the quadrupole coupling and the quadrupole moment by 
comparison with the theory developed by Alder.® This comparison 
will be treated in a following letter 

We thank Professor P. Scherrer for his continued interest in 
this work, K. Alder for the very helpful discussions of theory, and 
QO. Braun for assistance during the experiments. 
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N performing angular correlation measurements of nuclear 
radiations emitted in cascade, it is necessary to remember 
certain points which we shall discuss here mathematically. 

(a) Time of Since the angular anisotropy 
expected is usually very small, it is necessary to keep small AW (6), 
the error in the measurement of W(@)=G(0)/G(w/2); G(@) and 
G(w/2) being the genuine coincidence rates for angles 0 and 2/2 


measurements 


between the cascaded radiations. We have 


[r 0) +2(n/2)4 ni ( t )} 
2() 2) 
“3 re 7*(R)\G?(0) GG? (w/2) 


where f(@) is defined by f(@)?=2(0)/T?(@)G°(0), @(6) being the 
total number of coincidences recorded in time 7(6), and R is the 
total number of T(R). 
With the error in counting random coincidences made very small 
and with f(0)=f(9/2) we have AW (6)/W (8) = (2)4f(0). We can 
show that the necessary time of observation 7(@) is connected 
to (0) by the relation 


AW (@) 
W (0) 


random coincidences recorded in time 


1+A 2r 
7 (6 . 
210) €:€ WW We 
where r is the resolving time of the coincidence circuit, €; and e: 
are the fractional efficiencies of the counters, w; and ws are the 
solid angles subtended by them (and expressed as fractions of 43 
steradians), and ) is the ratio of the genuine to random coincidence 
rates (=1/2Nr, N being the number of disintegrations per 
second). With this expression for 7(@) it is possible to plan the 
experiment for best results. For a typical set-up with scintillation 
0.10 and with w,;=a.=2.510°3 of 4x 
0.01, the values of 7 for different values 


counters where €)= 
steradians, \= 1.00, f 
of r are as follows 


iQ-* 
0.02 


ig? 
0.18 


10-8 
1.78 


10°6 10 
178 17.8 


r(sec) 


T (hr) 
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(b) Angular resolution: In actual experiments, counters have 
definite angular spreads whose effects consist, we find, in modi- 
fying the coefficients occurring in the expansion of G(@) in powers 
of cos’. If the horizontal angular resolutions of the counters are 
2a, and 2a, and the vertical angular resolutions are 28; and 282, 
and if the angles 00, ¥, @, &, 7 are defined as in Fig. 1, then using 
cos = cos(0o+y +) +siné sinn and the following expression for 
total number of genuine coincidenc« per sec for a separation of 6» 
between the centers of the counters: 


7 m0, ls 8, 8, 3 
G00) = Neves f de | dy a def 32°88), 
Ja; Ja, Jp; / —H2 


where g(@) is the correlation function giving the probability of 
coincidence for an angle 6 between the cascaded radiations 
[¢(0) =ay+ a; cos¥®+-a, cos? ], we have 


G (00) = Nevexwwol (ao + ao’) + (a,-+a1’) Cosy + (a2+a2’) cos ]. 


Here ado’, a;’, and a’ are the correction terms and with a;=a», 
8, =B.=B(<15°), and neglecting terms of order of magnitude 
<10"4, 


, Q sin? (2a) 
do = 1 * 
2 4a? 


1 sin?(2a) . , : 3 3 sin?(2a) 
t de . ——(sinta — sinta) 4 = = , 
) 8 8 4a? 


sin?(2a@)  sin?(4q@) 


1 ¢+a2" 
wr 


{ sin? (4a) | 
dla 


¥ 16a? i 


rhe corrections introduced by 28, the vertical angular spread of 
the counters, are generally very small up to quite an appreciable 
value of 28 (~15°). The values in Table I, however, are calculated 
with the help of more complete expressions for a’, a;’ and ay’. 
We have assumed that g(@) stops at cos‘@, but there is no difficulty 
in extending the method to higher powers of cos@. Finally, we have 


16a? 


det a,’ 
;, Cos*Oy. 
ado+do 


, G(0) 
W (0) =— =] 
G(x, 2) 


a,+ay,’ 


t “COS + 
do+do 





Geometrical arrangement of the source and the crystal faces 
showing the effect of finite angular resolution. 
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Papi 3 of w) tor some typical angular spreads 


Angular 0 11 28.5 45° 
spread 0 5.5 45 


W(x) 1.1666 1.1642 1825 1.1335 


For typical angular spreads the values of W() are shown in 
Table I for a transition 
2 )2 


0-24 


[do, a1, and ay are obtained from Lloyd’s tables." ] 

There are other ways of treating the corrections for angular 
spreads.” 

(c) Considerations of the effects produced by scattering when 
the phosphors are not shielded: As pointed out by Brady and 
Deutsch’ there will be a part of the genuine coincidences recorded 
which are produced not by the cascaded radiation, but by one of 
them producing a Compton electron in one phosphor and the 
scattered gamma quanta being recorded in the second counter 
It is possible to find a mathematical expression for the ratio 5(@o) 
between the coincidences produced in this way and the number 
of genuine coincidences, 


2nzl 1 
5 (0) =——da (x) - : . 
€ $4 sin?(0/2 

where n=number of molecules /cm‘ of the phosphor, z= number of 
electrons per mole of the phosphor, /=its length, e=its fractional 
efficiency, and do(x)=the Klein-Nishina differential-scattering 
cross section for the angle x= }(@+7). We see that 5(@9) varies 
inversely as € and is independent of the distance between the 
source and the counter. The effect on the correlation ratio W (@) 
is to reduce this quantity appreciably. Therefore, unless we stop 
this scattering process by proper shielding, the conclusions drawn 
from the results can be quite misleading 

Our thanks are due Professor M. N. Saha for his kind interest 
in the progress of the work. A more detailed paper will be sub 
mitted for publication in the Zeitschrift fiir Physik 
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Spin-Orbit Coupling in Pseudoscalar Meson Theory 
LAWRENCE DRESNER 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 
Received May 18, 1953) 


ECENTLY the pseudoscalar meson theory of nuclear forces 

has been subjected to a careful analysis by Lévy! and Klein? 
Both authors have pointed out that the properties of the pseudo 
scalar matrix ys make it possible to obtain adiabatic nuclear po 
tentials which contain spin-orbit terms. These terms first appear 
when the matrix elements of ys are expanded in powers of v/c to 
order (v/c)?. They appear as corrections to the potentials obtained 
by using the extreme nonrelativistic limit of the matrix elements 
of ys. These latter potentials do not contain spin-orbit coupling 
terms. Both Lévy‘ and Klein? have calculated the lowest-order 
spin-orbit corrections to the two-nucleon “two-pair” potential 
[ Fig. 1(a) ]. It is the purpose of this note to report the results of 
extending these calculations to include some other important po 
tentials [Figs. 1(b) to (g) ]. These potentials include the main con 
tributions to the two- and three-nucleon potentials [Figs. 1 (a), 
(b) and (e), (f 
nucleon potentials (Figs. 1 (c) and (d) 
leading four-nucleon potential [Fig. 1(g)]. Only one of these po 
tentials will be spin-dependent [Fig. 1(d)]. Spin-dependent po 
tentials also arise in the second order from the diagram corre 


, respectively ]; some less important two- and three 
respectively ]; and the 


sponding to exchange of a single meson between two nucleons. 
However, this diagram does not give rise to spin-orbit potentials. 
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(e) (f) (g) 


Fic. 1 
contributes to the nuclear potential 
in these diagrams is important 


Kach diagram represents a virtual meson exchange process which 
rhe temporal ordering of the vertices 


Spin-dependent potentials occur again in the leading term of the 
sixth-order two-nucleon potential. We have ignored this potential 
because it does not form part of the main contribution to the two 
nucleon potential, and because it is considerably simpler to esti 
mate the contributions of the higher-order two-nucleon potentials 
to the spin-orbit interaction by finding the corrections to diagram 
(c). It should be pointed out that the two-nucleon, eighth-order 
potential contains contributions from diagram (a) which arise 
from expanding the energy denominators in the interaction kernel 
of diagram (a). 

The results of the calculation can be summarized as follows: 

Each diagram in the accompanying figure is the prototype of a 
class of diagrams related either by (1) a change in the way the 
meson lines are connected, without any change in the nucleon 
lines, except that self-energy diagrams are specifically neglected, 
as are diagrams in which a meson line is connected to a nucleon 
line at a point corresponding to a time during which a virtual 
nucleon pair is present; or (2) a permutation of the nucleon co 
or (3) any combination of (1) and (2). Although the 
may cause identical diagrams to occur in 


ordinates; 
processes ( 1) and (2) 
more than one way, no diagram is enumerated more than once, 
Two diagrams are identical if they can be superimposed without 
changing the temporal ordering of the vertices of either. All the 
diagrams in one of these classes give rise, in the extreme adiabatic 
limit, to contributions to the potential which all contain a common 
factor (G?/4r)"(u/2M)™, and which when summed give a po 
tential function V which is symmetric in the coordinates of all the 
nucleons 

The lowest-order spin-orbit corrections to these potentials can 
be obtained according to the following rules: 

In any one of the diagrams, except (d), consider a vertex on 
the world line of nucleon 7. Suppose that the meson line which 
originates there ends on nucleon line 7. Associated with this vertex 
is the expression® 


(2M) 76, (VijV)X pi, 


where 6; is the spin of nucleon 7, p; is its momentum, and Vj; 
=V,—V, and acts only on V. If we add all the expressions associ 
ated with all the vertices in a particular diagram, the resulting 
sum contains the spin-orbit corrections to the diagram considered 

With diagram (d) the case is somewhat different. The potential 
arising from diagram (d) in the extreme adiabatic limit is the sum 
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of three terms, all of which can be obtained from any one by cyclic 
permutation. If we restrict our attention to one of these terms V2, 
we see that it depends only on the spins of the two nucleons 1, 2 
whose world lines contain no pairs. The spin-orbit corrections 
involve only the spin of the third nucleon. The spin-orbit correc 
tions of lowest order are contained in the expression 


(2M) *065: (Vai Vie) X pa t+6s- (Vs2Vi2) X ps | 
and its cyclic permutation 
In the case of all diagrams, except (d) and (f), V is a function 


Then 


only of |r—r, 
1 dV 
ri 


BL, 
ri; ari; 


p, 
which shows the spin-orbit coupling explicitly 
rhe level splittings between states of j=/—4 and states of 
j=1+4-4 of a single nucleon outside a closed shell can be estimated ,® 
This 
is an order of magnitude too small to fulfill the requirements of 
the shell model. Moreover, there 
consideration of many-nucleon forces involving more than three 
nucleons, or and three-nucleon forces of 
high order in the coupling constant, will supply the spin-orbit 
It should be pointed 


and are of the order of 1 Mev or smaller, and of both signs.’ 
seem to be no indications that 


consideration of two 
interaction postulated by the shell model 
out that divergent diagrams have been consistently neglected in 
\lso, many spin-dependent terms which are 
not of the form of spin-orbit potentials have been discarded 


this investigation 


These factors may possibly affect the level splitting significantly. 


Kor example, effects of the tensor force, corresponding to certain 
reducible diagrams and arising from second and higher orders in 
ordinary perturbation theory, may be responsible for the split 
ting.’ The approximate equality of the splittings due to diagrams 
(a), (b), (d), (e), (f), 


and casts doubt on the validity of the whole procedure 


and (g) raises the question of convergence® 


It is a pleasure for the author to acknowledge his gratitude to 
Dr. F. Rohrlich for suggesting this problem, and for many inter 
esting and stimulating discussions. His thanks are also due Dr 
A. Klein for a copy of his unpublished manuscript, and for an 


interesting correspondence. 


1M. M. Lévy, Phys. Rev. 88, 72, 725 (1952) 

2A. Klein, Phy Rev. (to be published) 

§ This author has independently calculated the uncorrected three-nucleon 
potentials arising from diagram 1 e), and (tf) by the Tamm.-Dancoff 
method. The results agree with those of Klein, reference 2. 

4M. M. Lévy ivate 

‘We use units of A 1 

6 For the purpose of numerical estimates we choose G2/4x =10 

7 The level splitting vanishes f diagram (d) on account of it 
dependence 

® A. Feingold, Ph.D. the Princeton University (unpublished). 
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Radioactive Charging through a Dielectric 
Medium* 


kK. G. LinpER AND P, RAPPAPORI 
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A STUDY has been made of a process of electrostatic charging 
in which charged particles pass from a radioactive emitter 
Particular attention has been 


through a dielectric to a collector 


1 he process of ¢ harging 
i-g 


given to the role played by the dielectric. 
through a vacuum has been discussed in previous publications 

If a layer of dielectric 7 
electrode S, emitting beta-rays, and an electrode P, 
from S will 


(in Fig. 1) is sandwiched between an 
acting as a 
pass through F and charge P 


collector, radiation 


negatively, leaving S positive. A voltage will be developed across 
terminals :7°. Such a device may be represented by an equivalent 
circuit consisting of a constant current source of output Zo, repre- 
senting the radioactive material, in parallel with the capacitance 
C of the device, and in parallel with its internal resistance and 
any other resistance which might be connected across terminals 


>DITOR 





7 





=P 





kia. 1. Schematic wing radioactive source S, dielectric 


and collector P 


liagram shov s€ parator 


7. The initial rate of charge is i9/C. The final equilibrium voltage 
is Rio. These relations have been verified experimentally. Sr90 
Y90 sources of effectively 2 millicuries and 54 millicuries were 
used. The dielectric was polystyrene 

Current-voltage characteristics, made with a 10" ampere 
charging current indicated that a maximum voltage of about 3700 
could be reached. The internal resistance was found to correspond 
to a specific resistance for polystyrene of 7X 10'® ohm-cm. Un 
bombarded values are given in the literature ranging from 10'* to 
10”, This decrease is attributed to bombardment-induced con 
ductivity of the polystyrene. With a 2.5 10~ ampere charging 
current the maximum voltage was determined to be about 6600, 
and the corresponding specific resistance 0.5 105 ohm-cm, a de 
crease by a factor of 14 from the former value. 

Measurements of the effect of varying the dielectric thickness 
showed an optimum thickness which yielded maximum charging 
rate. Charge soakage effects were observed, the charge rate and 
voltage developed being affected by previous radioactive charging. 
Backscattering of electrons was found to reduce the charging 
current. From this reduction backscattering coefficients were 
calculated as follows: 0.49 for lead, 0.31 for tin, 0.25 for silver, 
0.17 for copper, 0.09 for aluminum, and 0.04 for carbon. These 
are in satisfactory agreement with values found by Trump and 
Van de Graaff.! A discussion of the experiments and their results 
will be published in detail at a later date. 

The apparatus and techniques used in this study seem to offer 
a new and simple method of studying such effects as bombard 
ment-induced conductivity, secondary emission, charge soakage, 
radiation absorption, and other effects of radiation on solids. 

The work described here was suggested by the possibility of 
making a radioactive voltage or current source. Such a source 
could possess the advantages of long life, stability, and simplicity 
of construction. It is believed that it might find considerable 
applic ation in the electronics field. 

Appreciation is expressed to Dr. M. J 
tories and to Professor M. G. White of Princeton University for 
many valuable discussions. 
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Origin of the “‘Strong-Focusing”’ Principle* 
kK. D M. S. Livincston,t H 
AND J. P. BLEWET1 
Brookhaven National Laboratory, Upton, New York 
Received April 27, 1953) 


COURANT S. SNYDER, 


TER our proposal for strong-focusing accelerators? had 

been published, our attention was called to an unpublished 
manuscript by N. Christophilos, entitled “Focussing System for 
Ions and Electrons and Application in Magnetic Resonance Par- 
ticle Accelerators.” In this paper Christophilos proposes an ac 
celerator which incorporates strong focusing, using a sinusoidal 
variation of the field gradient with azimuth rather than the step 
wise variation considered by us. He points out, as did we, that 
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by this method the size of the magnet for the accelerator can be 
reduced very considerably as compared to constant-gradient 
focusing. He also discusses the change in the mechanism of phase 
stability mentioned in our paper and the possibility of using this 
focusing method in linear systems. 

Since Christophilos’ manuscript is known to have been pre 
pared in early 1950, it is obvious that his propesal antedates ours 
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by over two vears. We are, therefore, happy to acknowledge his 
priority. 
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MINUTES OF THE 1953 March MEETING HELD 


T DURHAM AND CHAPEI 


Hitt, NortTH CAROLINA, 


MARCH 26-27-28, 1953 


(Corresponding to Bulletin of the American Physical Society, Volume 28, No. 2) 


HE 1953 March meeting of the American 

Physical Society was held on Thursday, 
Friday, and Saturday, March 26, 27, and 28, in 
North Carolina: on Thursday and Friday in the 
buildings of Duke University at Durham, 
Saturday in those of the University of North 
Carolina at Chapel Hill. Nine hundred people 
registered, making this the largest March meeting 
in the history of the Society as well as one of the 
most pleasant. The Division of High-Polymer 
Physics and the Division of Solid-State Physics 
made this the annual meeting of each, and arranged 
for it a considerable number of symposia and of in- 
vited papers separate from the symposia. The 
Southeastern Section of the Society made this its 
1953 Meeting, providing a symposium and gather- 
ing a large number of ten-minute papers: it should 
be also mentioned that the ten-minute papers in 
high-polymer physics were collected by the Divi- 
sion of that name. The Division of Chemical 
Physics organized a symposium. The predominance 
of nonnuclear physics was attenuated by ten- 
minute papers in nuclear physics contributed 
spontaneously and by invited papers solicited in 
the main from Southeastern laboratories. 

The weather was ideal during the meeting, but 
those who flew from the Northeast on the preceding 
night found it otherwise. One is accustomed to 
laborious and efficient Local Committees, but the 
aides of the North Carolina Committee set an all- 
time record in self-sacrifice: three ladies sat up all 
of the Wednesday night in the lobby of the Wash- 
ington-Duke Hotel at Durham to make sure that 
those who arrived in the small hours by belated 
planes should find accommodations waiting for 


on 


them! The size of the attendance made it necessary 
to open dormitories of Duke University to our 
members. Buses were provided to take our members 
and guests between Durham and Chapel Hill on 
all of the days of the meeting, and even between 


the hotels and the University in Durham. The 
members of the Local Committee were Eugene 
Greuling (Chairman), H. W. Lewis and W. Fair- 
bank of Duke University, and W. A. Bowers and 
J. W. Straley of the University of North Carolina. 
The nanies of all of those who helped them would 
prov Holy cover an entire page. 

The Dang set of the Society was held on Friday 
evening ‘2 the Duke Union, with an attendance of 
nearly five hundred. The program 
was offered in the Page Auditorium and consisted 
of speeches by Vice-President P. M. Gross of Duke 
University and our colleagues T. J. Killian, R. J. 
and W. Shockley. The 
which were a part of Mr. Shockley’s talk continued 
all-time 
after-dinnet 


after-dinner 


Seeger, demonstrations 


until past eleven, setting probably an 
record for the duration of an 
gramme of the Society. Nobody left beforehand. 

The Council met briefly on Thursday morning. 
It elected to Fellowship twenty-four candidates 
and to Membership one hundred and seventy-four 
candidates: their names follow. 


pro- 


Elected To Fellow ship: G. C. Baldwin, H. P. Broida, J. K. 
Bragg, F. P. Bundy, E. F. Cox, F. L. Friedman, P. F. Gast, 
M.L. Herlin, J. P. Howe, Henry Hurwitz, R.S. Jessup, W. L. 
Kraushaar, E. Maxwell, H. M. Parker, J. R. Pellam, W. R. 
Perret, H. F. Schiefer, R. B. Scott, M. W. P. Strandberg, 
David Turnbull, R. T. Weidmer, F. E. Williams, R. E. 
Wilson, and B. H. Zimm 

Elected to Membership: Robert S. Allgaier, Nissim Almeleh, 

Anderson, Yasusi Ataka, Richard EK. Azuma, 
Sabb, Michel Bader, *Alan H. Barrett, Bernhard E 
Bartels, Joseph J. Becker, Richard L. Becker, Robert R. 
Berlot, Anne L. Blevins, Maurice E. Blevins, *Richard | 
Blume, William L. Briscoe, Allen Brodsky, Sybrand Broersma, 
Glenn L. Brown, Paul P. Budenstein, Paolo Budini, William 
R. Busing, Guy H. Cain, Jr., Helen D. Callaway, *Frans A. 
Cerulus, William E. Claxton, Russell L. Collins, Joseph F. 
Colwell, Charles J. Cook, Robert P. Cox, Thomas D. Crumley, 
Basil Curnutte, Jr., Emlyn B. Davies, Charles F. Davis, Jr., 
Joseph FE. Davis, Joseph M. Denney, James P. Dietz, Paul L 
Donoho, William T. Doyle, Richard E. Durand, “Thomas G. 
Eck, John O. Erkman, *Marshall P. Ernstene, Leonard R. 


Kinsey A 
David D 
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Fabian, *Donald W. Feldman, Gaelen L. Felt, 
‘Eldon E. Ferguson, Jerome W. Finnigan, Paul G. Fischer, 
*Herbert Flicker, William M. Frank, Oliver StC. Franklin, 
Si C. Fung, James S. Geiger, Harold A. Gersch, Charles S 
Godfrey, Paul N. Goodwin, William T, Gray, Robert J 
Graydon, *Carsten M. Haaland, Willy Haeberli, James C 
Haire, |r., Stuart M. Hauser, Daniel T. Hedden, Michael 
Hoch, Michael W. Holm, John G. Holt, William E. Horn, 
Samuel S. Humphrey, Chiaki Ihara, *Jasper A. Jackson, Jr., 
David D. Jacobus, Clare P. Johnson, Jr., Orland E. Johnson, 
Paul O. Johnson, Jr., Robert D. Johnson, ‘John W. Jones, 
William H Robert E. Kansas, Jerome I. Kaplan, 
Sheldon B. Kaufman, Deveneux L. Kavanagh, Hazimu 
Kawamura, *Gerald L. Keech, Donald D. Kerlee, Taro 
Kihara, John C. Kinzel, Daniel Klein, Jules Z. Klose, Robert 
G. Kouyoumjian, J. Laurence Kulp, Jeanne Laberrigue- 
Frolow, John J. Lambe, *Leon F. Landovitz, Issai Lefkowitz, 
*Jack Leitner, Abraham R. Liboff, Clifford C. Little, Robert J. 
Lockhart, Hans R. Loeliger, Joseph W. Londeree, Jr., Edwin 
H. Lougher, Wesley Love, Cecil Kk. Lubitz, Robert H. Lynch, 
Robert FE. Maringer, “William C. Martin, Jr., Raymond D. 
McCurdy, Marcus T. McEllistrem, Robert E. McMillan, 
Norman J. Michaud, Stanley L. Miller, Robert L. Morgan, 
Samuel V. Nablo, *Daniel A. Naymik, George C. Neilson, 
Charles H. Ness, Gene D. Nutter, Florian R. Nykiel, Peter L. 


Etter, Otto W 


Jones, 


PHYSICAL 


SOCIETY 


Ostapkovich, Sol Pearlstein, James F. Perkins, *Charles C. 
Peterson, Charles L. Peyrou, John Puzzini, Arthur R. Quinton, 
William P. Raney, Ebbe Rasmussen, Jeanne D. Richmond, 
Arthur J. Roach, Carol Robinson, *Kenneth C. Rogers, 
William D. Rowe, Peter S. Rudman, Richard M. Sanders, 
Aurelius Sandor, Francis W. Schuller, Edward J. Seppi, 
Irving Siegel, Richard C. Sill, William F. Sjoborg, Jr., Alan 
W. Smith, Andrew N. Smith, Jack Sokoloff, Alfred W. 
Solbrig, Jr., Frank T. Solmitz, Roger H. Soulmagnon, George 
P. Stefun, Walter R. Steiger, Derald A. Stuart, Robert A. 
Sulit, James C. Swihart, Raymond E. Szupillo, Mathew P. 
Thekaekara, “Tibor Tompa, *Carroll C. Trail, Jack R. Turkel- 
taub, Walter R. Van Antwerp, Joseph T. Vanderslice, Robert 
L. Varwig, *James Ira Vette, Richard L. Wakefield, Sylvan 
Wallach, Alford L. Ward, Irving Weinberg, Leo H. Weinberg, 
William M. Whitney, Everett E. Wicker, Max Wolfsberg, 
Robert M. Wood, Herbert H. Yoshikawa, Benjamin Zeidman, 
and *Robert J. Zollweg. 


KaArL K. DArRow, Secretary 
American Physical Society 
Columbia University 

New York 27, New York 
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Errata Pertaining to Papers G5, P10, and P11 


G5, Instead of “Irwin Graham, David Pomeroy, W. C. 
McGarvey, and John G. Randall,"’ the byline should read 
“Irven C David Pomeroy, W. C. McGarvey, and 
John G Vedical Research Laboratory, Fort 
Knox." 

P10, by Richard | 
read 


Graham 
Randall, Army 


Petritz. The displayed equation should 


1h 7 ( bed) 2 ewe 4 (s-8”) 


Gp(Al,,?) = : 
; R, L(e+s*)(s+2*+1) 


In line 8 delete the sentence beginning “For w7'p < | the ex- 


pression . . 

P11, by Frances L. Lummis and Richard L. Petritz. In line 
13 instead of ‘(see abstract No. P11)” read “(see abstract No. 
P10)."’ In line 18 instead of “whole adequately” read ‘while 


adequately.”’ 





PROGRAMME 


THURSDAY MORNING AT 10:00 
Chemistry 116 


(CHARLES S. SMITH presiding) 


Division of Solid-State Physics 


Symposium on Plasticity and Dislocations 


Al. The Phenomena of Plastic Flow. R. SmoLUCHOWSKI, Carnegie Institute of Technology. (45 min.) 

A2. Recent Advances in Dislocation Theory. W. T. Reap, Bell Telephone Laboratories. (45 min.) 

A3. Applications of Dislocation Theory to Plastic Deformation. J. C. FisHer, General Electric Re- 
search Laboratory. (45 min.) 


THURSDAY MORNING AT 10:00 
Engineering 125 


(J. E. GOLDMAN presiding) 


Ferromagnetism; Magnetic Resonance 


Bl. A Quantum Statistical Mechanics of Ferromagnetism.* 
Ryoicur Kikucut, Af.J.7.—Heisenberg’s model was treated 
extending the author’s treatment of the Ising model. The 
entropy is approximated as a function of parameters appear- 
ing in the density matrix, and the free energy is minimized. 
The first approximation becomes identical with Yvon's treat- 
ment.! The second approximations make only three-dimen- 
sional lattices ferromagnetic. The high temperature expansion 
of the partition function gives the first few coefficients of 
Opechowski's rigorous expansion. Anti-Curie point such as 
occurred in Weiss’ theory does not appear, but the treatment 
has difficulties near the absolute zero. The above model was 
extended following Slater’s idea? so that the overlap integrals 
can be taken into account. Only one orbital of s type was 
assumed to be available at each lattice point. Orthogonalized 
atomic orbitals are used and ionized states are included. The 
first approximation was formulated and was checked for the 
simple cubic lattice, in which no ferromagnetic state occurs, 
confirming Slater’s argument. 

* Supported by the U. S. Office of Naval Research. \s 
1J. Yvon, J. phys. et radium 13, 488 (1952) 
2 J. C. Slater, Quarterly Progress Report, M.I.T., January 15, 1953, p. 1; 


H. Statz, ibid., p. 23; see abstract of Slater, Statz, and Koster, Bull. Am. 
Phys. Soc. 28, No. 2, B2 (1953). 


B2. A Two-Electron Example of Ferromagnetism.* J. C. 
SLATER, H. Statz, AND G. F. Kostert, M./.7.—We examine 
the problem of two holes in an otherwise filled band, or two 
electrons in an empty band, by the method of configuration 
interaction, using Wannier functions, asking which state lies 
lower, the triplet or singlet. If the triplet lies lower, it would 
indicate that the spins set themselves parallel, favoring ferro- 
magnetism. We find that if the band is nondegenerate, the 
singlet will always lie lower, so that ferromagnetism requires 
a degenerate band, such as the five-fold degenerate d band. 
With a degenerate band ferromagnetism results, provided 
the band is not too broad. The cause of the ferromagnetism is 
an intra-atomic exchange effect, causing the two electrons or 
holes to prefer to align themselves with parallel spin when 
they happen to lie on the same atom. The model leads to a 
treatment of correlation, showing that with increasing inter- 
atomic distance the likelihood of finding the two electrons or 


holes on the same atom decreases, vanishing at infinite inter- 
nuclear distance. The ferromagnetic interaction depends on 
the product of the intra-atomic exchange integral, which 
persists to infinite distance, multiplied by the probability of 
finding the electrons or holes on the same atom, which van- 
ishes in the limit. 

* Supported in part by the U. S. Office of Naval Research, in part by the 


Army, Navy, and Air Force. 
+ Staff member, Lincoln Laboratory, M.I.T. 


B3. Electronic Interactions in Ferromagnetic Metals. Sox E. 
HARRISON, Remington Rand, Inc., AND HERBERT B. CALLEN, 
University of Pennsylvania.—The coupling between d-shells in 
ferromagnetic metals occurs by direct d—d interaction and 
also indirectly through the intermediate agency of conduction 
electrons. Whatever the nature of the direct coupling, the 
indirect coupling favors ferromagnetic alignment of the 
d-shells..? We here propose a model for this indirect inter- 
action with particular reference to nickel. Eight electrons per 
atom are assumed to be in low-lying d-shells. Above these 
shells is a broad band of mixed s—d character, containing 
two conduction electrons per atom and composed of two over- 
lapping sub-bands of opposed spin, The fractional admixture 
of d-state in each sub-band is governed by the orientation of 
the low-lying d-shells. The larger admixture, and consequent 
low energy, occurs for the sub-band with spin opposed to the 
net magnetization of the low-lying d-shells. Thus the coupling 
between low-lying d and conduction electrons is antiferro- 
magnetic. The net spin of the conduction electrons is —1.4 
magnetons per atom at 7=0. The predictions of this model 
with respect to the temperature and magnetization depend- 
ence of the resistivity are in good agreement with experi- 
mental observations. 


1C. Zener, Phys. Rev. 81, 440 (1951). 
2 J. C. Slater, Quarterly Progress Report, M.I.T., January 15, 1953. 


B4. Measurement of the Particle Size of Ultrafine Ferro- 
magnetic Powders.* A. D. FRANKLIN, R. B. CAMPBELL, AND 
J. A. WEINMAN, Franklin Institute Laboratories.—The particle 
size distributions for several ferromagnetic powders with 
particles in the diameter range from 200 to 800A have been 
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measured using three techniques. The complete distributions 
were obtained with the electron microscope. From these dis- 
tributions the appropriate average sizes, corresponding to the 
broadening of x-ray diffraction lines and the surface area per 
gram as measured by nitrogen adsorption, were calculated 
and compared to the experimental data obtained by these 
latter techniques was found between the 
electron microscope and x-ray data, while the nitrogen ad- 
sorption method gave somewhat higher values. The over-all 
agreement obtained supports the validity of the electron 


Good agreement 


microscope distributions 


* This work was supported by the U.S. Office of Naval Research 

BS. The Approach to Saturation in Diluted Ferromagnetic 
Powders.* A. E. BerKowitz AND A. D. FRANKLIN, Franklin 
Institute Laboratories.—As a part of the study of the mag- 
netization processes occurring in ferromagnetic particles dis- 
persed in nonmagnetic media, the approach to saturation of 
a series of increasingly dilute samples has been measured. 
The samples were pressed from mixtures of 2 micron carbonyl 
iron! and 50A silicic acid powders, bonded with a suitable 
resin. At high concentrations of the iron powder, the approach 
to saturation data agrees with Neel's? theory for soft magnetic 
materials. As the concentration decreases, increasingly large 
deviations occur. At the extremely dilute end, the main fea- 
tures of the magnetization be accounted for in 
terms of simple domain theory for weakly interacting particles. 


curve Can 


* This work was S. Office of Naval Research 

! The carbonyl iron powder used was an experimental material 
furnished by the General Aniline and Film Corporation. 

1L. Neel, J. phys. et radium 9, 185 (1948) 


upported by the I 


kindly 


Bo. On Dipolar Anisotropy in Cubic Ferromagnetic Crystals. 
FREDERIC Kerrer, University of Pittsburgh.—The dipolar 
anisotropy in a cubic ferromagnetic crystal may be obtained 
from the spin-wave approximation of Holstein and Primakoff.! 
This anisotropy comes from the total spin-wave energy, in- 
cluding zero-point energy, when summed over all values of 
No contribution to this anisotropy 
from k Hence, in a ferromagnetic 
resonance experiment, if only k=0 spin-waves were excited, 
the resonant energy required would be independent of the 
dipolar anisotropy, in contradiction to the macroscopic theory 
of Kittel.2 Terms dropped in the Holstein-Primakoff approxi- 
mation cause a mixing of spin-waves such that other than 
k=0 waves are excited in resonance experiments. This mixing 
contributes to spin-spin relaxation’ and modifies the resonant 
dipolar anisotropy field were 


spin-wave number &. 


comes Q spin-waves 


energy as if a macroscopic 


present. 


Phys. Rev. 58, 1098 (1940). 
1948 


(1952). 


'T. Holstein and H. Primakoff 
*C. Kittel, Phys. Rev. 73, 155 
' KF. Keffer, Phys. Rev. 88, 686 


B7. Thermomagnetic Investigations of Nickel Ferrite- 
Aluminates.* L. R. MAxwe.t, S. J. PICKART, AND R. W. 
Hat, U.S. Naval Ordnance Laboratory.—Trivalent aluminum 
has been substituted for trivalent iron in nickel ferrite 
NiO-Fe,O; to give the system NiO-Fe.—2)Al,O3, where x 
goes from 0 to 2. The material, annealed and prepared in a 
powdered form, is a homogeneous spinel with the size of the 
unit cell (ao) decreasing linearly from 8.315A to 8.030A as x 
goes from 0 to 2. The saturation magnetization (o,) decreases 
linearly with increasing x to a minimum at about x=0.7; for 
further increase in x, o, increases to a maximum at about 
x= 1.0, beyond which it decreases again to zero at x = 2. Sub- 
stitution of Al**? for Fett? at first reduces the resultant mo- 
ment of the magnetic ions on the B sites (Néel’s notation) so 
that the net moment (¢,)s—(o,)4 decreases and tends toward 
zero. Upon further increase in x the net moment apparently 
changes sign and increases because of the predominance of 
(o,)4 over (o,)g. Gorter and Herbschleb' have also recently 
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found essentially the same effect for the same type of material. 
The Curie temperature decreases from 560°C to ca 50°C as 
x goes from 0 to 1.5 


* Supported in part by the U. S. Office of Naval Research. 
1K. W. Gorter (private communication, January, 1953). 


B8. Magnetic Resonance Absorption in Nickel Ferrite- 
Aluminates.* T. R. McGuire, U.S. Naval Ordnance Labora- 
tory.— Magnetic resonance measurements were made on small 
spherical specimens of the nickel ferrite-aluminate compounds 
at a frequency of 9340 Mc over a temperature range — 196°C 
to +250°C. At 196°C, using the resonance condition! hw 
=pBH, the following g values have been calculated: x=0, 
g=2.3; x=0.25, g=2.7; x=0.5, g=6.9; x=0.63, g=3.8; 
x =0.75, g=15; x=1.50, g=1.5; where x is the number of Al 
atoms per molecule NiOFe2_,Al,O;. The values are seen to 
shift from g>2 to g<2 at x approximately 0.7, It is at this 
same composition that the dominant magnetic moment shifts 
from the B to the A sites. For samples x=0.5 through x=1 
the g values decrease with increasing temperature. At com- 
position x=1.75 and —196°C two resonant peaks were ob- 
served, one with g=1.4 and a new peak with g=4.0. Nickel 
aluminate (x=2) showed no resonance absorption. In most 
cases the peak heights of the resonance absorption fall off 
sharply above the Curie temperatures while at low tempera- 
tures broadening of the resonance curves was found 


* Supported in part by the U. S, Office of Naval Research 
'C, Kittel, Phys. Rev. 73, 155 (1948) 


B9. g Values of the Nickel Ferrite-Aluminates.* RoaLp K 
Wancsness, U. S. Nav&l Ordnance Laboratory.—The reso- 
nance frequencies of a system containing two magnetic sub- 
lattices having different gyromagnetic ratios y; and y2 have 
been calculated. The resonance condition applicable to a ferri- 
magnetic sphere is w= yl/l+ 3d(y2Mi+71M2)+{6H[S6H—d 
X (y2My —y1M2) 1+ 4°72 +71.M2)?}), where y=4(11+72), 
6=4(y1—Y2), ¥ is the molecular field coefficient (>>demag- 
netizing factor), M,, M2 are the magnetizations of the sub- 

g:8. In first approximation, the resonance 
verti,’ whe re 


[(Mi/11)+(M2 


lattices, and yh 
frequency is w 


vert = (Mi +Ms 


Ye ¥2 ] 1, 

There is semiquantitative agreement between g values re- 
ported in the previous abstract and the calculated values of 
Zere With respect to their dependence upon the composition 
of the nickel ferrite-aluminates. 


* Supported in part by the U. S. Office of Naval Research. 
1See N suya, Prog. Theoret. Phys. 7, 263 (1952) 


B10. Nuclear Resonance Line Shapes at High RF Fields.* 
W. D. Knicutr, University of California, Berkeley —The nu- 
clear magnetic resonance absorption and dispersion have been 
studied in metallic copper for rf fields ranging in magnitude 
from about 10~¢ to one oersted. At low values of the rf field 
the line width is primarily dipolar,! except for a small spin- 
lattice relaxation broadening,? and the shape is approximately 
Gaussian. As the value of the rf field is increased toward one 
oersted, which is about twice the value necessary to make the 
saturation parameter equal to unity, the line width between 
maximum slope of the absorption curve increases from 6.5 to 
7.5 oersteds. The dispersion curve broadens in a similar 
fashion. From the saturation of the absorption and a measure- 
ment of the rf field, a spin-lattice relaxation time of approxi- 
mately one millisecond is calculated. This agrees reasonably 
with an extrapolation of Bloembergen’s result to room tem- 
perature, and also with the result obtained from Korringa’s 
formula and the measured line shift.2 The shapes of the curves 
during saturation will be discussed. We wish to thank Dr. 
Carson D. Jeffries for making his nuclear induction spec- 
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trometer with rf field calibration available for use in these 
studies. 

* Supported in part by the U. S. Office of Naval Research 

1H. S. Gutowsky and B. R. McGarvey, J. Chem. Phys. 20, 1472 (1952). 


2N. Bloembergen, Physica 15, 588 (1949); J. Korringa, Physica 16, 601 
(1950). 


B11. Saturation of the Paramagnetic Resonance from Color 
Centers in Alkali Halides.* A. M. Portis Anp A. F. Kip, 
Universtiy of California, Berkeley.—Saturation of the para- 
magnetic resonance signal in dilute samples of additively 
colored KCi and KBr has been observed in the 9000 Mc/s 
region. We find that over a range of 20 db in microwave field, 
x’ is essentially constant but x” is inversely proportional to 
the magnitude of the microwave field. To within the accuracy 
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of our measurements we observe no change in the width of the 
absorption or dispersion. We are unable to account for this 
saturation behavior on the basis of a simple two-level model 
for the resonance absorption where the width of the levels is 
ascribed to dipole-dipole interaction. However, if we assume 
that the over-all resonance line is a superposition of much 
narrower lines dispersed by an interaction external to the 
spin system, such as hyperfine interaction, we can account for 
the observed saturation behavior. A saturation in which only 
the absorption is affected would seem to be in conflict with the 
Kramers-Kronig relations: However, as will be shown, the 
Kramers-Kronig relations in their usual form are valid only 
in the absence of saturation. 


* Supported in part by the U, S. Office of Naval Research. 


THURSDAY MORNING AT 10:00 


Page Auditorium 


(R. G. BRECKENRIDGE presiding) 


Semiconductors, I. 


Cl. Radiationless Trapping of Charge Carriers in Solids. 
GREGORY H. WANNIER, Bell Telephone Laboratories.—It is 
well known that transitions arising from coupling with the 
sound field are generally more probable for electrons and 
holes in solids than radiative transitions. Thus, electrons are 
trapped in a region of negative potential energy probably by 
phonon emission. If this is true, then we may tentatively define 
the trapping probability as the probability of emitting a 
phonon of such a type as to bring the electron into a negative 
energy state. This definition yields a trapping cross section 
which varies violently with electron energy. If the electron 
moves with twice the velocity of sound, the cross section is 
essentially infinite, while, for thermal electrons, the cross 
section is 107'® cm? or less. In view of this we may calculate 
an upper limit for the trapping rate by assuming that all slow 
electrons are trapped and that the process is limited by the 
rate at which thermal electrons are slowed down to the speed 
of sound. For Si this rate comes out to be 10° sec™! at room 
temperature and varying as 7~4. For Ge it is smaller; this 
may be one of the reasons why it is harder to observe trapping 
in germanium than in silicon. 


C2. Carrier Contribution to the Dielectric Constant of 
Germanium. T. S. BENEDICT AND W. Saock ey, Bell Tele- 
phone Laboratories—The dielectric constant of germanium 
(9p =5—40 ohm cm) was measured as a function of tempera- 
ture using 1.24-cm microwaves.'! The results were compared 
with the following formula (M.K.S.): 
pine eom*[1+ (wr)? ] 
which is obtained essentially by the method used in the 
Drude-Zener theory? assuming an effective mass m* and unique 
relaxation time 7 for the carriers. Since the de conductivity 
and mobility? are known m* and +r may be deduced. Pre- 
liminary results show that m*™~0.6m» for n type and 1.1 mo 
for p type germanium. The relaxation time is then given by 
6.6X 10-97! for n type and 6.6% 10-77-?* for p type ger- 
manium in the temperature range 160°K to 298°K. 


measurements have recently been made on germanium at 
Goldey and S. C. Brown, 


1 Dielectric 
room temperature using 10-cm microwaves. [J 
Bull. Am. Phys. Soc. 28, Ne. 1, A7 (1953)] 

2 See for example F. Seitz, Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), Sec. 147 

4 Drift mobilities of holes and electrons in germanium have recently been 
measured by M. B. Prince. These values were used in the interpretation of 
the results. 


C3. Diffusion Currents in the Hall Effect in Semiconductors. 
Ro_tr LANDAUER AND JOHN Swanson, /.B.M.—The usual 
Hall effect equation for eRc=(p 
(p+nb)*, holds if the concentration of carriers is undisturbed 
In a magnetic field, however, holes and electrons are swept to 
the same side of the conductor. A gradient of carrier concen- 
trations is thereby established, giving rise to diffusion currents 
across the sample. The magnitude of the diffusion currents 
depends on the recombination velocity at the surface and on 
the lifetime of excess carriers in the interior. When recombina- 
tion is rapid, departures from equilibrium concentrations are 
small, and the ordinary formula applies. When recombination 
is absent, the correct equation becomes eRe=(p—bn)/ 
(n+-p)(nb+p). Fowler! has derived the latter formula, and 
Welker? has treated another special case. It is desirable, how- 
ever, to have more general formulas, since discrepancies in 
the Hall effect for samples having identical carrier concentra- 
tions may then be correlated with the lifetimes for these 
samples. Accordingly, the dependence of the Hall voltage on 
lifetime has been calculated for several geometries 


semiconductors, nb?) 


'R. H. Fowler, Statistical Mechanics (Cambridge University Press, 


Cambridge, England, 1936). 
2H. Welker, Z. Naturforsch 


6a, 184 (1951). 

C4. Current Carrier Mobility Ratio in Semiconductors. 
L. P. Hunter, /.B.M.—tThe ratio of the electronic mobility 
to the hole mobility in germanium has been reported by many 
workers. The value 1.5 is reported by those deducing the ratio 
from Hall effect measurements, while those using drift tech- 
niques find the value 2.0.1 In both cases the ratio reported is 
usually obtained by measurements on two different samples of 
different conductivity types. The method suggested here 
deduces the mobility ratio from resistivity measurements 
made on a single sample. An accurate plot of resistivity as a 
function of temperature is made. The extrinsic and intrinsic 
branches of this curve are extrapolated to their intersection. 
If r is defined as the ratio of the resistivity of this intersection 
point to the measured resistivity at the same temperature, the 
r] gives the mobility ratio for P type 
Values ob 


quantity [(1/r—1) 
samples, and its reciprocal for N type samples. 
tained by Dr. Huibregtse of this laboratory using this method 
agree well with the value 2.0 obtained by drift measurements 
near room temperature 


Van Nostrand 


and Holes in Semiconductors (D 


3.37 


W. Shockley, Electro) 
Company, Inc., New York, 1950), p 
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CS. Current Carrier Lifetimes Deduced from Hall Coeffi- 
cient and Resistivity Measurements. E. J. HUIBREGTSE AND 
L. P. Hunter, J.B.M.—As a result of the theory of R. Land- 
auer and J. Swanson,! a family of curves, having carrier life- 
time as parameter, may be calculated to relate certain Hall 
coefficient and resistivity measurements to the current carrier 
mobility ratio. A convenient function to use for this purpose 
is the ratio of the intrinsic Hall mobility to the extrinsic Hall 
mobility extrapolated to a common temperature. With such a 
set of parametric curves the lifetime is determined if the two 
coordinates (Hall mobility ratio and carrier mobility ratio) 
are known. On a single sample both resistivity and Hall co- 
efficient may be measured simultaneously as functions of 
temperature. The Hall mobility ratio may be calculated 
directly, and the mobility ratio may be determined from the 
resistivity curve as outlined by L. P. Hunter.? In this way, 
current carrier lifetimes may be measured without recourse to 
carrier injection techniques. 

Am. Phys. Soc. 28, No. 2, C3 (1953). 


1R. Landauer and |. Swanson, Bull 
28, No. 2, C4 (1953). 


2L. P. Hunter, Bull. Am. Phys. Soc. 


C6. Temperature Variation of Drift Mobilities of Minority 
Carriers in Semiconductors. M. B. Prince, Bell Telephone 
Laboratories.—Experimental data of drift mobilities of elec- 
trons in p type germanium and silicon are brought into agree- 
ment with theoretical predictions by distinguishing between 
group velocity and particle velocity of a pulse of minority 
carriers. Corrected high temperature measurements of elec- 
tron drift mobility are consistent with the theoretical predic- 
tion »=A7~!. The experimentally determined values of A are 

2.0 107 cm? deg!/volt-see for germanium 
and 
0.62 X 107 cm? deg!/volt-sec for silicon. 
Corrected high temperature measurements of hole drift mo- 
bility are consistent with the equation 4 = B7~*4, The experi- 
mentally determined values of B are 
9.1 108 cm? deg? */volt-sec for germanium 


and 
2.5 108 cm? deg? 4/volt-sec for silicon. 


At present there is no explanation for the anomalous value of 
2.3 in the experimental equation for the hole drift mobility. 


C7. Mobilities of Carriers in Crystalline Boron. Wm. C. 
Suaw, D. E. Hupson, anp G. C. DANnieLson, Jowa State 
College.—Microscopic single crystals of boron have been 
studied using procedures previously described.! Conductivity, 
Hall, and thermoelectric measurements were made on two 
low resistivity m type specimens and one high resistivity p type 
specimen. A statistical treatment allowed determination of 
small Hall voltages superimposed on noise fluctuations. An 
n type crystal having a resistivity of (61412) ohm-cm at 
25°C had a Hall coefficient of about —400 cm*/coulomb in- 
dicating an electron mobility near 7 cm*/volt sec. The Hall 
coefficient of this crystal changed sign at higher temperatures. 
Another crystal, which exhibited at 25°C properties char- 
acteristic of an intrinsic semiconductor, had a resistivity of 
(1.740.3) 108 ohm-cm at 25°C. Its Hall coefficient was 
approximately +3 10** cm*/coulomb. These data indicate 
that the mobility of holes slightly exceeds that of electrons. 
One low resistivity crystal had a thermoelectric power of 
about —300 microvolts/degree near room temperature; the 
thermoelectric power changed sign at about 265°C and finally 
reached the order of 500 microvolts/degree near 600°C. This 
change of sign indicates that the hole mobility exceeds the 
electron mobility, in agreement with the results of the Hall 
measurements, 


' Shaw, Hudson, and Danielson, Phys. Rev. 89, 900 (A) (1953). 
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C8. Hall Effect and Conductivity of Germanium Containing 
Arsenic or Gallium as Impurities. PETER P. DEBYE,* Bell 
Telephone Laboratories.—Samples of highly purified ger- 
manium to which varying amounts of arsenic or gallium had 
been added were measured by a dc method from 11 to 300 
degrees absolute. Room temperature conductivities ranged 
from 200 to 0.024 (ohm cm)~! for samples containing arsenic 
and from 110 to 0.033 (ohm cm)~ for those containing gallium. 
For low concentrations, donor as well as acceptor impurities 
showed ionization energies of approximately 0.01 electron 
volts. The Hall mobility at 300 degrees absolute in high re- 
sistivity samples was found to be 4400 cm?/volt sec for elec- 
trons and 3500 cm?/volt sec for holes. 


* Now at Raytheon Manufacturing Company, Waltham, Massachusetts. 


C9. Electrical Properties of n type Germanium.* EsTHER M. 
CONWELL,t Sylvania Electric Products Inc.—Experimental re- 
sults for carrier concentration and Hall mobility obtained by 
P. P. Debye for a set of m type germanium samples have been 
compared with theory. Plots of Hall mobility vs resistivity at 
constant temperature were used to check the theoretical for- 
mulas for ionized and neutral impurity scattering and, in 
particular, to obtain approximate values for the effective mass 
at various temperatures. An over-all value in the neighborhood 
of one-quarter the free electron mass is indicated, but this 
may vary considerably with temperature in this range. The 
effect of electron-electron collisions on the mobility was con- 
sidered and in a qualitative way included in the analysis. 
Curves of log, of carrier concentration vs the reciprocal of 
absolute temperature were fitted to obtain values of the ac- 
tivation energy and concentration of acceptors in these sam- 
ples. The latter are compared with the values computed from 
the 11.5°K values of the mobility. 


* Work done partly at Bell Telephone Laboratories 
t On leave from Brooklyn College. 


C10. Acceptor States of Gold in Germanium. W. C. 
DuNLAP, JR., General Electric Research Laboratory.—A number 
of single-crystal ingots of germanium, doped with high purity 
gold from three separate sources, have been prepared. It was 
found in most cases that addition of gold increased the re- 
sistivity of m type material, and in several cases the gold- 
doped portions were p type. Hall effect measurements were 
made between 77°K and 400°K. Many of the samples were 
intrinsic at temperatures as low as 0°C, whereas adjacent 
wafers from the “undoped” portion were usually in the range 
1-20 ohm cm at room temperature. At 77°K most samples 
had resistivities of the order of 10° ohm cm. The carriers, for 
n type samples, had activation energies about 0.18 ev; for p 
type samples, about 0.15 ev. It is suggested that gold produces 
acceptor states at various levels in the forbidden region, the 
highest being 0.18 ev from the conduction band, the lowest 
about the same distance from the filled band. The properties 
of the germanium, including type, resistivity, and observed 
activation energy, are determined by the relative concentra- 
tions of the gold-levels and ordinary impurity states. 


Cll. Broadening of Impurity Levels in Silicon. M. Lax, 
Syracuse University, AND E. BuRSTEIN, Naval Research Labora- 
tory.—Electrons or holes trapped at an impurity center in a 
homopolar material move in hydrogen-like orbits that are dis- 
turbed by lattice vibrations. Using the Franck-Condon prin- 
ciple, the broadening of the absorption spectrum can be 
calculated if the energy of the trapped electron is known as a 
function of the nuclear coordinates.! An estimate of the elec- 
tron energy dependence on lattice coordinates can be made by 
treating the electron-lattice interaction as a small perturbing 
energy. The unperturbed electronic state is expressed as a 
linear superposition of orthogonalized atomic orbitals. By 
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reformulating the latter in terms of Block orbitals, the first- 
order perturbation expression for the energy can be re-expressed 
in terms of the usual matrix elements that occur in the theory 
of electrical conductivity. The form of these matrix elements 
is known approximately from the Bardeen-Shockley deforma- 
tion potential method. The normalizing multiplicative con- 
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stant is determined by the experimental high temperature 
mobility. Thus a prediction of the broadening of the absorp- 
tion spectrum as a function of temperature is made from first 
principles. A comparison between theory and experiment will 
be given. 

1M. Lax, J. Chem. Phys. 20, 752 (1952). 


THURSDAY MORNING AT 10:00 
Biology 113 
(W. M. NIELSEN presiding) 


Invited Papers 


D1. One-to-Two-Millimeter Wave Spectroscopy. W. M. Gorpy, Duke University. (30 min.) 
D2. Some Recent Developments in Microwave Spectroscopy. C. H. Townes, Columbia Uni- 


versity. (30 min.) 


D3. On the Theory of Liquid Helium. Fritz Lonpon, Duke University. (30 min.) 
D4. Thermodynamics of Stationary Helium Films. O. K. Rice, University of North Carolina. 


(30 min.) 


DS. Negative Ions in the Gaseous Phase. H. E. Carr, Alabama Polytechnic Institute. (30 min.) 


THURSDAY MORNING AT 10:00 


Physics 114 


(C. K. Beck presiding) 


Nuclear Physics and Cosmic Rays 


Contributed Papers 


DAI. The Hyperfine Structure and Nuclear Moment 
Ratios of the Stable Bromine Isotopes.* J. G. KING AND 
V. Jaccarino, M.J.T.—The hyperfine structure of the *P4 
state of atomic Br7* and Br® has been investigated by the 
atomic-beam magnetic-resonance method. The ratio of the 
magnetic dipole interaction constants a*/a™ is 1.07794 
+0.00001, and the ratio of the electric quadrupole interaction 
constants 679/b*! is 1.19707 +0.00003. Applying the results of 
recent theoretical calculations by Sternheimer,! Koster,? and 
Feld, the following values of nuclear quadrupole moments were 
computed : 


Q7=0.335 X10 cm? = Q%!=0.280« 10-* cm?. 


* This work was supported in part by the Signal Corps, the Air Materiel 
Command, and the U. S. Office of Naval Research. 

1R. Sternheimer, Phys. Rev. 86, 316 (1952). 

2G. F. Koster, Phys. Rev. 86, 148 (1952). 


DA2. Alpha-Particle Straggling in Thin Foils.* P. T. 
PORTER AND J. I. Hopkins, Vanderbilt University.—Alpha- 
particles of 5.3 Mev from Po were used to bombard various 
thicknesses of aluminum, copper, and gold foil. The energy 
spectra of the emergent alpha-particles were then determined 
with a scintillation spectrometer using anthracene as the 
detection crystal. Differential curves of counting rate versus 
energy give the well-known Gaussian distribution; however, 
a very pronounced tail is found toward the lower energies. 
The presence of the tail is explained by the fact that a large 
fraction of the particle’s energy can be lost in a single collision. 
The extent to which the shape and size of this tail is dependent 
upon the most probable energy of the emergent particles is 
investigated according to the method developed by Lewis.! 


How the energy distributions differ from a Gaussian for the 
different absorbers and absorber thicknesses will be discussed. 


* Work supported by U.S. Atomic Energy Commission. 
1H. W. Lewis. Phys. Rev. 85, 20 (1952). 


DA3. Neutron Resonances in Bi, Tl, and Pb. J. H. Grspons 
AND Henry W. Newson, Duke University.—Li(p, n) neutrons 
emerging at an angle of 120° to the proton beam have been 
used to measure the total cross sections of the heaviest stable 
nuclides. The resolving power is about 1 kev at 10 kev and 
somewhat poorer at lower and higher energies. The pre- 
viously reported resonance in Bi at 2.5 kev has been con- 
firmed, and six more typical scattering resonances have been 
found at 13, 16, 34, 46, 60, and 68 kev. These numbers are 
subject to revision after recalibration of the magnetic analyzer. 
The transmission curve shows evidence for many more poorly 
and partially resolved resonances. The average level separa- 
tion appears to be considerably less than 10 kev. Our resolving 
power has been insufficient so far to find a well-resolved res- 
onance in Tl, but nonstatistical fluctuations in the trans- 
mission curve indicate weak resonances spaced about 1 kev 
apart. The results on Pb are similar to those on Tl. These 
elements will be investigated with higher resolving power. 


DA4. A Ranger Study of the Po-Be Neutron Spectrum.* 
HERBERT GURSKY, BARBARA WINNEMORE, AND D. A. Cowan, 
Vanderbilt University.—The Ranger,' a variable absorption, 
proportional counter arrangement for the counting of heavy 
particles of selected species and energies, has been applied to 
study the neutron spectrum of a homogeneously mixed Po-Be 
source. For the measurement the source, which had an initial 
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intensity of 3.28107 neutrons per second, was suspended 
four inches from a paraffin radiator and the spectrum meas- 
ured over an energy range from 2.6 to 8.6 Mev. Individual 
points in the spectrum have been determined with a statistical 
accuracy of about one percent. The detector, an aluminum 
foi) of 7.15 mg/cm? thickness, gave a resolution of about 0.5 
Mev. The spectrum presents broad maxima at 3.2 and 5.5 Mev 
and a sharp peak at 4.6 Mev with an average neutron energy 
of 4.68 Mev. These results are consistent with data published 
by Whitmore and Baker.? 
* Work supported by the U. S. Atomic Energy Commission 


' David L. Hill, U. S. Atomic Energy Commission Report AECD, 1945. 
2B. G. Whitmore and W. BK. Baker, Phys. Rev. 78, 799 (1950). 


DAS. The Average Energy of the Beta-Rays of P® and Ag""’. 
J. M. Brasant,* L. W. Cocuran, ann R. S. CAasweELt,* 
University of Kentucky.—Utilizing an extrapolation ionization 
chamber and 4% methane-flow proportional counter technique, 
the average energy per disintegration E of the beta-rays of 
P® and Ag! has been measured. The extrapolation chamber 
is used to determine the energy liberated per gram per second 
E, of the beta-radioactive medium, and the 4m counter is used 
to determine the disintegration rate per gram n of the medium. 
Then £ is found from the relation, E=E,/n. The P® deter- 
minations indicate 4 =0.6944-0.025 Mev per disintegration, 
a value in good agreement with previous results. The value, 
EF =0.3764-0.014 Mev per disintegration, obtained for Ag! 
includes a correction for the gamma-radiation present. A 
numerical and graphical evaluation of the theoretically ex- 
pected value for the branched spectra of Ag! gives B =0.382 
Mev per disintegration, a value in close agreement with the 
observed value. Both experimental determinations include a 
correction for bremsstrahlung 


* Now at the National Bureau of Standards, Washington, D. C. 


DAO. Beta-Ray Spectra of C'* and Ni®*.t J. P. Mize ANpD 
D. J. ZAFFARANO, Jowa State College.—The beta-ray spectra 
of C' and Ni® have been investigated with a 4x geometry 
proportional counter spectrometer! using internal solid radio- 
active sources. A C source of high specific activity was 
prepared in the form of a-hydroxyglutaric acid, Cs*Hs0s, 
uniformly labeled. A Ni® source of considerably lower specific 
activity was prepared from Ni*Cl,. The estimated average 
surface densities of these two water soluble sources were: C', 
11 wg/em? and Ni®, 50 ye/cm*?. The end point of C was in 
good agreement with previous measurements.? but the Fermi 
plot of the data was concave toward the energy axis below 50 
kev. The end point of Ni® was in good agreement with a 
previous measurement ;°> however, the Fermi plot was concave 
toward the energy axis below 30 kev. The negatron distribu- 
tions of these nuclides will be presented and compared with 
the spectra of S** and Pm"? as measured with our spectrom 
eter, which yielded linear Fermi plots to 10 and 15 kev, 
respectively. 

t This work was performed in.the Ames Laboratory of the U. S. Atomic 
Energy Commission 

1]. P. Mize and D, J 


2S. D. Warshaw, Phys. Rev 
1H. M. Wilson and S. C. Curran 


Zaffarano, Phys. Rev. 89, 902(A) (1953). 
80, 111 (1950). 
Phil. Mag. 40, 63 (1949), 


DA7. Angular Distribution of 12 Mev Gamma-Rays from 
the Proton Bombardment of Boron.* G. L. Jenkins, L. W. 
Cocuran, H. H. Givin, J. L. Ryan, T. M. Hann, ano B. D 
KERN, University of Kentucky.—The angular distribution of 
the 12 Mev gamma-rays from proton bombardment of thick 
boron targets has been obtained in the energy region between 
200 kev and 800 kev. Results indicate an angular distribution 
with respect to the proton beam of the form ¥(0@)=1+A cosé 
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+B cos?6. A =0 at 180 kev, and A =0.10+0.02 in the energy 

region between 300 kev and 800 kev. B=0.25+0.03 at 180 
kev and 300 kev, and B=0.05+0.02 in the energy region 
between 400 kev and 800 kev. The cos@ term implies inter- 
ference between levels of opposite parity. 


* Supported by Office of Ordnance Research, Army Ordnance Corps. 


DA8. Fission Cross Section of Uranium-234. R. W. 
LAMPHERE, Oak Ridge National Laboratory.—The neutron- 
induced fission cross section of U-234 has been measured from 
threshold to 4-Mev neutron energy, using the 7(p, m) reaction 
with a tritium gas target, and the Oak Ridge 5-Mev Van de 
Graaff. The curve rises from threshold at 350 kev to 1.33 barns 
at 4 Mev. There is a minimum at 1.08 Mev and another at 
2.30 Mev. The shape of the curve is believed to be good to 
3 percent; but the ordinate scale factor is in doubt to 14 per- 
cent because of uncertainty in the weight of material on the 
foils. Enough counts were taken in the region of the two 
minima to establish their reality to a probability of a billion 
to one relative to a “best fit’’ curve with no extremes. 


DA9. Phenomenological Interpretation of «* Meson Pro- 
duction by Protons on Carbon. M. M. BLock, Duke University, 
S. PASSMAN, Hughes Research and Development Laboratories, 
AND W. W. Havens, JR., Columbia University —A phenom- 
enological calculation of «+ meson production by protons 
on carbon, at various laboratory angles and proton bombard- 
ing energies, has been carried out under the following assump- 
tions: (1) meson production occurs in nucleon-nucleon col- 
lisions; (2) the w* meson is produced with the maximum 
possible kinetic energy in the center-of-mass system; (3) the 
internal momentum distribution of the nucleons before 
collision is Gaussian, corresponding to an average energy of 
19.3 Mev; (4) the excitation for «+ production in a nucleon- 
nucleon collision in a heavy nucleus is the same excitation 
function as for the reaction p+p—-+r*t+d. The excitation 
function employed for meson production in an elementary 
collision was taken from experiment! and is essentially given 
by a 7? law, where 7 is the maximum meson energy in the 
center-of-mass system. The results will be applied to recent 
experimental results.'? 

1 Passman, Block, and Havens, Phys. Rev. 88, 1247 (1952). 

2W. F. Dudziak, Bull. Am. Phys. Soc. 28, No. 1, D4 (1953). 


DA10. Star Clustering in Nuclear Emulsions. FRANK B. 
Brown, Jrk., AND A. V. Masket.—A study has been made of 
the distribution of nuclear stars in photographic emulsions 
which were exposed for 6} hours at 84 000 feet. The number 
of close pairs of stars has been found to exceed greatly the 
number which would be predicted on the basis of a random 
distribution. All possible spurious effects which might cause 
this anomaly to appear have been eliminated or taken into 
consideration. The effect is shown to depend upon the larger 
stars of six or more prongs. A tentative explanation of the 
above effect is given, which involves the passage through 
the emulsion of narrow showers of high energy particles. 
These particles create large stars in the emulsions in a non- 
random array, and it is this array, superimposed on a back- 
ground of randomly placed stars, which produces a statistical 
surplus of close pairs. Corroborative evidence for this mech- 
anism is (a) the relative surplus of larger stars found on the 
plates, (b) the collimation of incident particles for star 
“clusters’’ which are assumed to be shower produced, and 
(c) the greater number of tracks which are observed in the 
vicinity of such a “cluster,’’ compared with the number 
found in an isolated region. 


Invited Paper 


DA11. Ionization Energy Losses of Mu-Mesons in Gases. FE. I) 


Carolina. (30 min.) 


PALMATIER, University of North 
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Social Science 117 


(L. A. Woop presiding) 


Division of High-Polymer Physics 


Invited Paper 


DB1. The Reinforcement of Silicone Rubber. A. M. BuEcue, General Electric Research Labora- 


tory. (20 min.) 


Contributed Papers 


DB2. Sedimentation Rates in Dilute and Moderately 
Concentrated Polymer Solutions. M. WALEs (introduced by 
S. G. Weissberg).—This work is the initial step in an effort to 
correlate sedimentation rates of chain polymers on a general 
basis as a function of concentration, solvent, and molecular 
weight. It is hoped that the conclusions so obtained can be 
used to deduce information about chain configuration in con- 
centrated solutions. Darcy constants! of polystyrene solutions 
up to 10 percent by weight have been obtained as a function 
of concentration for polystyrene fractions in butanone and 
toluene. Empirical equations, which represent the sedimenta- 
tion behavior over the whole range studied have been devised. 
The constant K,, which describes the dependence of sedimen- 
tation constant on concentration in dilute solutions, has been 
found to be 1.7 times the intrinsic viscosity. This relationship 
is valid with good precision for polystyrene in chloroform, 
butanone, and toluene, for polyisobutylene in cyclohexane, 
and for polymethylmethacrylate in acetone. These systems 
comprise all the data examined, from the literature, and from 
this work. This proportionality was first noticed experi- 
mentally for polystyrene in a number of solvents by Newman 
and Eirich.? It is apparently more generally valid than was 
originally supposed. 

1R. Signer and H. Egli, Rec. Trav. Chim. 64, 45 (1950). 

2S. Newman and F. Eirich, J. Colloid Sci. 5, 541 (1950). 


DB3. Nucleoprotein Monolayers. ApoLpH B. AMSTER* AND 
QUENTIN VAN WINKLE, The Ohio State University.—A sensi- 
tive Wilhelmy apparatus for the study of nucleoprotein 
monolayers has been constructed. Film pressures may be 
read to 0.12 dyne/cm and estimated to 0.003 dyne/cm. It was 
found that rabbit appendix nucleoprotein spread as a gaseous 
film upon aqueous substrates of pH 5 to 9 and ionic strength 
0.14 and 1.00. The extent of spreading and the number- 
average molecular weight were found to be a function of the 
mass of material spread. From these results it was found that 
the cross section per molecule was 4.4 10‘ sq A. The molec- 
ular weight varied from 2.66108 at an initial spreading 
concentration of 4.27 mg/meter? to 0.2410® at an initial 
spreading concentration of 0.458 mg/meter.? Certain apparent 
anomalies in the low pressure region are explained. An hy- 
pothesis is offered to explain the variations of molecular weight 
with spreading concentration, coupled with the invariant 
cross section. The nucleoprotein dissociates and unfolds in a 
manner dependent upon the surface concentration. This 
process appears to be irreversible and unchanging. 


* Present address: National Bureau of Standards. 


DB4. The Dependence of the Photoelastic Properties of 
GR-S on the Degree of Cross Linking.* G. R. TAYLOR AND 
S. R. Darin, Mellon Institute (introduced by R. S. Marvin).— 
The birefringence vs stress relationship for decamethylene 
dis-methylazodicarboxylate vulcanizates of GR-S has been 
determined as a function of the degree of cross linking. The 
experimental results show a systematic deviation from 


Brewster’s law (stress proportional to birefringence) at 
stresses greater than 30 kg/cm?, the deviations becoming more 
pronounced as the degree of cross linking is decreased. While 
most of the measurements were taken during stress relaxation, 
in the cases where it was possible to obtain approximately 
equilibrium conditions, it was found that the stress-bire- 
fringence ratio was essentially independent of the state of 
relaxation of the material, i.e., relaxation occurs along the 
equilibrium stress-birefringence curve. In the light of these 
results, the applicability of W. Kuhn's! expression for bire- 
fringence/stress is discussed, and reasons for its failure in light 
vulcanizates are suggested. 


* This work was supported by the Office of Synthetic Rubber, Recon 


struction Finance Corporation 


1W. Kuhn and F. Grtin, J. Polymer Sci. 1, 183 (1946) 


DBS. Stress Crazing Thresholds of Methyl Methacrylate 
Polymers. T. F. ProtzMan, J. J. Gouza, AND W. F, BARTOER, 
Rohm & Haas Company.—Time-deformation studies have 
been made on cantilever beams of polymethyl 
methacrylate. The first incidence of crazing on each beam was 
observed. From the deformation a measure of the strain in the 
outer fibers of the cantilever beam is calculated at the time of 
incidence of crazing. It is found that the crazing threshold 
strain is a linear function of the applied stress. This contrasts 
with the results obtained by Maxwell and Rahm,! who found 
that polystyrene crazes at a fixed strain. The results of those 
measurements are interpreted qualitatively on a basis of 
polymer rheology. 


stressed 


1B. Maxwell and L. F. Rahm, Princeton University, Plastics Laboratory 
Technical Report 11B, September 21, 1948. 


DB6. Values of Diffusion Coefficients for Some Chain Poly- 
mers Computed from Anomalous Osmotic Pressure Data. 
T. A. Barr, Jr., University of Georgia.—In order to explain 
the anomalous osmotic pressures reported by Matthews! and 
the author,? it was necessary to establish a model osmometer 
into which the solvent flowed under a pressure difference equal 
to the difference between the theoretical osmotic pressure 
and observed osmotic pressure, and out of which the solute 
diffused by virtue of the concentration gradient across the 
osmometer membrane. Under the condition that the volume of 
solution be held constant in the model osmometer, an equation 
has been established which relates the theoretical osmotic 
pressure, the observed osmotic pressure, and the diffusion 
coefficient for the solute. The evaluation of a series of diffusion 
coefficients for a “family” of chain polymers has been made, 
and a comparison given between these values and those 
obtained by other observers for the free diffusion of various 
chain polymers, and for computed values of the diffusion 
coefficients for prolate spheroids 

1D. E. Matthews, “A study of the semipermeability of silver mem 
branes” (unpublished Ph.D. dissertation, Department of Physics, Vander 
bile University, 1951 

2 A. Barr, “Anomalous osmotic pre 


measured in a metal membrane osmometer” 
Southeastern Section Meeting, 1952). 


ures of polymer solutions as 
paper presented at the APS 
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2:00 


Engineering 125 


(C. G. SHULL presiding) 


Magnetism and Ferroelectricity 


El. Magnetic Properties of Pyrrhotite. Ropert R. HEIKEs, 
Westinghouse Research Laboratories.—An explanation of the 
unusual magnetic properties of Fe-S has recently been given 
by L. Néel.! He proposes that the off-stoichiometric com- 
pounds (sulfur rich) are really ferrimagnetic. An alternate 
explanation will be offered in which the dominant interaction 
is assumed to be the double exchange of Zener.? The present 
model is also able to account for the unusual properties of 
Cr-S, a compound with the same structure as Fe-S, whereas 
the picture presented by Néel apparently fails. 


1L. Néel, Washington Magnetism Conference (1952). 
2C. Zener, Phys. Rev. 82, 403 (1951) 


E2. Field and Temperature Dependence of the De Haas- 
Van Alphen Effect in Zinc Alloy Single Crystals.* F. J. 
DoONAHOE, University of Pennsylvania.t—The differential 
magnetic susceptibilities of zinc alloy single crystals have 
been measured by a torsion method in uniform magnetic 
fields in the range 2000-9500 oersteds at temperatures be- 
tween 1.5 and 20.4°K. The results have been compared with 
a function of the form given by the theory of the diamag- 
netism of free electrons! using the electron mass m*, Fermi 
level ¢, and the mean free time r+ between electron collisions 
as adjustable parameters: 


* = espe 
x (uo* fH) Quph? 


mt fe (223) ( rh ) 
rt sinh —— Jexp| —— 
wot) \ aot 
The approximate form of the first term of the series expansion 
is a poor fit. Harmonic terms are important at high fields. 
Satisfactory agreement is found for the temperature de- 
pendence. Discrepancies in the field dependence suggest that 
the exponent of the factor 1/H which multiplies the series is 
5/2 rather than 3/2 as predicted by the free electron theory. 


* 
on } ( 1)" cos(rx”™” )sin( 22% _ :) 
pork7 ‘( 2m ) = m po*H 4 


poll 


1D. Shoenberg, Proc. Roy. Soc. (London) A170, 341 (1939). 

1 E. H. Sondheimer and A. H. Wilson, Proc. Roy. Soc. (London) A208, 173 
(1951). 

*R. B. Dingle, Proc. Roy. Soc. (London) A211, 500 (1952). 

4M. C, Steele, Phys. Rev. 88, 451 (1952). 

* Supported by the U. S. Atomic Energy Commission. 

t Now at The Franklin Institute Laboratories. 


E3. The de Haas-van Alphen Effect in Sn-Sb Alloys.* 
GeorGeE T. Crorrt AND Foster C. Nix, University of Penn- 
sylvania.—The de Haas-van Alphen effect has been observed 
in tin and in tin antimony alloys at field strengths less than 
10 (kg). Particular care was taken to control the composition 
and thermal equilibrium state of the alloys. The electronic 
parameters, 8 and ¢, associated with the long period oscilla- 
tions are not affected, within the limits of experimental error 
(+10 percent), by the addition of Sb into the Sn lattice. The 
collision broadening parameter, X, increases linearly with 
atomic percent of solute atoms. X for pure Sn (%0.1°K) is a 
factor of 10 less than values quoted by Shoenberg.! This is 
attributed to the careful handling and heat treatment given 
the samples. A marked angular dependence of XY was noted in 
two of the alloy samples. The results indicate that XY increases 
with the angle between the tetragonal axis and the field. 
There is evidence that the dependence of the amplitude on 
H is actually given by a higher power of H~ than §. These 
data were obtained using a new technique, which eaables one 


to measure continuously the torque on a sample as a function 
of the field. 

* Supported by the U. S. Atomic Energy Commission. 

t Now at the Edison Laboratory, Thomas A. Edison, Inc., West Orange, 


New Jersey. 
1D. Shoenberg, Proc. 


Roy. Soc. (London) A245, 1-57 (1952). 

E4. Eigenfunctions of S* by a Spin-Operator Method.* 
G. W. Pratt, Jr.,f M./.7.—A new spin-operator has been 
found which when operating on a single determinant of space- 
spin orbitals generates a state of definite multiplicity. This 
spin operator O commutes with S? and the Hamiltonian H of 
a many particle system. The operator O is Hermitian and 
O*?=0O. By application of this operator in the proper manner, 
one can write down all of the linearly independent and or- 
thogonal singlet states for an N electron problem. This spin- 
operator method of generating states of a definite multiplicity 
from a single determinant can be used to effectively reduce the 
labor involved in a configuration interaction treatment of an 
N electron system. The method is being applied to the con- 
figuration interaction treatment of the Mnt+—O7—Mntt 
system which has previously been considered by Anderson 
in regard to superexchange and its relation to the theory of 
antiferromagnetism. 


* Supported jointly by the Army, Navy, and Air Force. 
t Staff member, Lincoln Laboratory, M.I.T 


ES. Phase Transitions in Antiferrolelectric PbHfO;.* GEN 
SHIRANET AND Ray Pepinsky, The Pennsylvania State College. 
—Phase transitions in ceramic PbHfO; have been studied by 
dielectric and structural measurements. The dielectric con- 
stant vs temperature curve shows two anomalies, at 160°C 
and 210°C. Between —170°C and 300°C the P—E relation is 
almost linear, showing no ferroelectric hysteresis loops. At 
room temperature PbHfO; has a tetragonal lattice of pe- 
rovskite type with a=4.136A and c/a=0.991, and a powder 
photograph shows some superstructure lines which have 
essentially the same character as those of PbZrO3. This shows 
that PbHfO, is an antiferroelectric of the PbZrO; type below 
160°C. The crystal structure between 160°C and 210°C has 
turned out to be also a tetragonal lattice as is the lowest 
phase, but the axial ratio c/a is much nearer to unity, 0.997, 
and the observed superstructure lines are different from 
those of the lowest phase. This indicates that the intermediate 
phase is another antiferroelectric phase which has a different 
type of dipole arrangement from that of the lowest phase. 
At 210°C, it becomes paraelectric, accompanied by a struc- 
tural change to a cubic lattice. 

* Development supported by Wright Air Development Center and 


U. S. Office of Naval Research Acoustics Branch. 
t On leave from Tokyo Institute of Technology, Tokyo, Japan. 


E6. A Phase Transition in CsH,AsO,.* B. C. FRAzErR, 
Brookhaven National Laboratory, AND RAY PEPINSKy, Penn- 
sylvania State College.—Ferroelectricity has been reported for 
all of the tetragonal dihydrogen phosphates and arsenates of 
K, Rb, and Cs except for CsH2AsO,. A Curie point of 143°K 
has been found for this crystal by dielectric constant measure- 
ments on a capacity bridge. Typical ferroelectric hysteresis 
loops were observed below the transition temperature. This 
study was undertaken primarily for the purpose of completing 
the series so that ferroelectric properties of its members could 
be viewed from the standpoint of their crystal chemistry. One 
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finds that the larger the alkali cations are, relative to the size 
of the XO, groups, the higher the Curie points. While com- 
plete data are lacking, the dielectric constants seem to vary 
also in a more or leseé predictable way: the larger the alkali 
cations relative to the XO, groups, the smaller the dielectric 
constants. These observations bear an interesting relation to 
the x-ray analysis of the KH.,PO, transition, in which the 
largest ionic displacement occurred in the case of K. As with 
their dielectric properties, the ammonium salts are excep- 
tions: increasing the relative size of the NH,* ion, by replacing 
As by P, decreases the transition temperature. This may prove 
to be of some significance in relation to the presumed anti- 
ferroelectricity of these salts 


* Research carried out under the auspices of the U. S. Atomic Energy 


Commission. 


E7. Threshold Field and Free Energy for the Antiferro- 
electric-Ferroelectric Phase Transition in Lead Zirconate. 
A. DEBRETTEVILLE, JR., Squier Signal Laboratory.—Sawaguchi 
and Kittaka' obtained the threshold field of PbZrO,;—that 
necessary to change the antiferroelectric to the ferroelectric 


F, AND G 


phase, below the Curie temperature. The free energy difference 
between the two phases is obtained by integrating the area 
between the dielectric displacement (ordinate) and the field 
strength (abscissa) or the hysteresis loop in the ferroelectric 
phase. An expression for free energy has been obtained as a 
function of voltage, by eliminating the temperature parameter. 
This experimental relationship is compared with the author's 
theoretical expression—one that involves the product of 
twice the constant spontaneous polarization? (6 microcou- 
lombs/cm? jin the ferroelectric phase), the threshold voltage, 
and the molar volume (42 cm‘); the free energy so calculated 
is small—of the order of 3 calories/mole at 25 kv/cm. The 
agreement between experimental and theoretical values is 
good. Equations are also given for calculating the threshold 
field strength and free energy difference as functions of tem- 
perature. The equation for threshold field strength resembles 
the Clapeyron-Clausius equation, with field strength analo- 
gous to pressure and spontaneous polarization analogous to 
volume. 


1 E. Sawguchi and T. Kittaka, J. Phys. Soc. Japan 7, 336-337 (1952). 
? Shirane, Sawguchi, and Takagi, Phys. Rev. 84, 476-481 (1951). 


THURSDAY AFTERNOON AT 2:00 
Page Auditorium 


(JOHN BARDEEN presiding) 


Division of Solid-State Physics 


Symposium on Semiconductors 


Fl. Transistor Experiments on Binary Lead Compounds. H. K. Henisca, University of Reading. 
(30 min.) 

F2. Electrons and Holes in Electric and Magnetic Fields. WILLIAM Snock.Ley, Bell Telephone 
Laboratories. (30 min.) 

F3. Infrared Absorption in Elementary Semiconductors, H. Y. FAN, Purdue University. (30 min.) 

F4. Infrared Absorption and Photoconductivity in Tellurium. P. H. MILLER, University of Penn- 
sylvania. (30 min.) 

F5. Optical and Photoconductive Investigations of Impurity Levels in Germanium and Silicon. 
E. Burstetn, Naval Research Laboratory. (30 min.) 


THURSDAY AFTERNOON AT 2:00 
Chemistry 116 


(OTTO STUHLMANN presiding) 


General Physics 


Gl. Effect of a Centrifugal Force Field on the Response of 
a Vibrating Mass-Spring System. W. A. WILDHACK AND 
R. O. Smitn, National Bureau of Standards.—The earth's 
gravitational field furnishes a convenient sinusoidal forcing 
function for a vibrating system (e.g., an accelerometer) ro- 
tating in a vertical plane. The centrifugal field decreases the 
restoring force on the vibrating mass. Resonance occurs at 
lower frequencies and with greater amplitudes than in the 
case of excitation by linear vibration. The response ratio 
(vibration amplitude/static displacement caused by gravity) 
is greater than unity for all damping ratios up to unity. The 
resonant frequency for zero damping occurs at 0.707 times the 
natural undamped frequency. From measurements of the 


maximum response ratio, and of the frequency at which this 
ratio decreases to unity, one may determine both the damping 
ratio and the undamped natural frequency of any system 
whose damping ratio is less than unity. The response to the 
centrifugal field is infinite at a rate of rotation equal to the 
natural undamped frequency, although the response to the 
sinusoidal field decreases asymptotically towards zero at 
higher rotational frequencies. 


G2. The Motion of Ions in Perpendicular HF Electric Fields. 
M. S. McCay anv J. H. CouLiiette, University of Chat- 
tanooga.—lon motion studies, usually limited to the cases of 
(a) magnetic, (b) electric, and (c) electric and magnetic 
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fields at arbitrary angles, have been extended to the case of 
(d) oscillating electric fields at right angles. With the ion in- 
jection axis perpendicular to the crossed electric fields, which 
are operated under circular-sweep phase conditions, excellent 
isotopic separation is indicated, with defocusing interaction 
between adjacent beams reduced to a minimum by the rotary- 
sweep motion. 


G3. A Study with a Nal Scintillation Spectrometer of 
Methods of Estimating I'" Contained in the Human Thyroid. 
Ropert J. Kerr, SHERwoop K. Haynes, AND GEORGE R. 
MENEELY, Thayer Veterans Administration Hospital and 
Vanderbilt: University.—External gamma-counting of [I in 
the human thyroid, widely used in medical diagnosis, is sub- 
ject to errors due to scattered radiation. A Nal(TI) scintilla- 
tion spectrometer was used to investigate the spectrum of I"! 
in the thyroids of two patients to evaluate methods of cor- 
recting these errors. Spectra were also taken of a point source, 
a 100 ml volumetric ‘‘duplicate” source and a phantom made 
by immersing this flask in a two-liter beaker of water. These 
measurements were also made through a }-in. Pb filter. Dif- 
ferences in each of these spectra were observed and will be 
presented. Computed integral spectra show that either a bare 
duplicate or a bare phantom may yield errors of +7 percent 
for the best discriminator setting (~250 kev) and much larger 
errors for lower discriminator settings. A }-in. Pb filter gave 
consistent values for the two patients independent of dis- 
criminator setting, although in each case the estimated con- 
tent was 6 to 10 percent low. These inconsistencies would be 
exaggerated by Geiger counters which are most sensitive at 
Therefore, of the methods tested, accurate 
made with a properly designed 


“a 


low energies. 
measurements can only be 
phantom and a Pb filter 


G4. Spectrographic Analysis of Human Tissue. Isanev H. 
lipton, W. D. FoLanp, FRANKLIN C. Boss, AND W. C. 
McCorke, The University of Tennessee.—Over 200 specimens 
of normal human tissue from 42 individuals from Boston, 
Massachusetts; Columbus, Ohio; Memphis, Tennessee; and 
Birmingham, Alabama have been analyzed semiquantitatively 
for 23 elements. The tissue spectra were compared visually 
with the spectra of 10 standards of synthetic tissue ash com- 
posed of a matrix of potassium di-hydrogen phosphate, sodium 
chloride, magnesium oxide, calcium carbonate, and iron oxide 
with twenty-three elements added in concentrations of 1000, 
100, 200, 100, 40, 20, 10, 4, 2, and 1 ppm. Certain elements 
such as manganese and copper were found in nearly the same 
concentration in all samples of a certain tissue whereas others, 
such as boron, chromium, and nickel occurred in widely vary- 
ing concentrations. The most startling discovery was the 
appearance of more than 1000 ppm of cadmium in every 
kidney specimen 


GS. Biophysical Study of Burns. IRwIN GRAHAM, Davip 
Pomeroy, W. C. McGarvey, AND JoHn G. RANDALL.—Rats 
were irradiated so as to produce local burns of varying severity. 
The gross appearance of the different stages leading to lesions 
with the subsequent healing process was correlated with 
histological analysis. The physical irradiation conditions were 
varied so as to investigate the influence of wavelength and 
spectral energy composition changes on the topical reactions. 
These experiments extended earlier work performed in this 
lab.! In conformity with the pioneering ideas of Selye? for a 
unified theory of medicine, burn studies were made also on 
adrenalectomized and hypophysectomized rats. Results in- 
dicated that vesicles form with greatest difficulty in the case 
of the adrenalectomized rats and that the healing time is 
also least for those rats. Rats which have had their pituitary 
glands removed develop vesicles with the same readiness as 
intact rats, but the degree of edema appears to be less, and the 
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resorption is easier. Duplication of the course of the burns was 
obtained with varying success by administration of specially 
selected substances. 

1K. Schocken et al., October, 1952 (unpublished 

2? Hans Sleye, Stress, a Treatise Based on the Concept of the General-Adapt- 


alion-Syndrome and the Diseases of Adaptation (Acta Inc., Medical Pub- 
lishers, Montreal, Canada. 1950). 


G6. A Report on the Measurement of the Thickness of 
Thin Films by Employing Electron Microscope Shadowcasting 
Technique. GEORGE W. CRrAwrorp, Clemson Agricultural 
College (introduced by L. D. Huff).—In studying the proper- 
ties of thin films (thicknesses less than 500A) using the elec- 
tron microscope, it became necessary to find a method of 
accurately determining the thickness of very thin films. Such 
a method was found by applying electron microscope shadow- 
casting technique to the problem. When the film is first pre- 
pared by evaporation, care is taken to obtain an edge whose 
top is level with the rest of the film and which has a vertical 
cliff. This edge is then shadowcast and a picture of the edge 
of the cliff and its shadow is taken using the electron micro- 
scope. The length of the shadow on the negative is then meas- 
ured using a traveling microscope and knowing both the 
angle at which the shadow was cast and the magnification 
factor for that negative, the thickness of the film is calculated. 


G7. Polarization in Liquids of Intermediate Conductivity.* 
Joun A. Riper, Louisiana State University (introduced by 
Lloyd W. Morris).—-This investigation was undertaken in 
order to test the application of the Jaffé theory of conductance 
in polarizable media! to liquids having a range of conductance 
which has received little attention from the standpoint of 
polarization. This is the range between electrolytic solutions 
of conductance K <10~* ohm™ cm™ and dielectric liquids of 
conductance K >10~7 ohm-cm™!.4 Measurements have been 
made on hexane, isopropyl ether, and dibromobenzene in 
varying degrees of purity. 

* Work supported in part by U. S. Office of Naval Research, 

1G. Jaffé, Ann. phys. 16, 217, 249 (1933). 

2G. Jaffé and J. A. Rider, J. Chem. Phys 20, 1077-1087 (1952). This 
paper contains a complete listing of earlier electrolytic work. 


3G. Jaffé and C. LeMay, J. Chem. Phys. (to be published). This paper 
will contain a listing of earlier dielectric work. 


G8. A General Method for Predicting the Molar Activity Co- 
efficients of Electrolytes from Conductivity Data.* HENrRy P. 
MARSHALL AND ERNEST GRUNWALD, Florida State University. 
—We have obtained an expression for the molar activity co- 
efficients of uni-univalent electrolytes which applies whenever 
the electrolyte exists partly as free ions and partly as short- 
range ion pairs. The derivation is based on the approach of 
Bjerrum and postulates the existence of a quasi-equilibrium 
between the free ions and the ion pairs. The interionic free 
energy of the free ions is calculated by applying the methods 
of Debye and Hiickel to our model. The quasi-equilibrium 
constant for the ion pair dissociation is obtained from con- 
ductivity data by a method similar to that of Fuoss and 
Kraus but consistent with our model. The equations are 
tested by means of the data for hydrochloric acid in solvents 
ranging in dielectric constant from 40 to 10. In this range, the 
quasi-dissociation constant of the ion pairs is the only con- 
stant contained in our equations which is characteristic of 
the electrolyte. The conductivity data therefore uniquely 
prescribe the molar activity coefficients, and our predicted 
values agree well within 2 percent with those determined from 
emf measurements up to electrolyte concentrations of the 
order of 0.01M. 


* This work was done in collaboration with the Office of Ordnance 
Research. 


Conduction at Metal-Semiconductor and 
HunG-Cut CHANG, Loutsiana 
Lloyd W. Morris).—The 


G9. Electric 
Metal-Solution Interfaces. 
State University (introduced by 
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_ generalized Jaffé theory of polarization for electrolytic solu- 
tions, dielectric liquids and semiconductors! is further ex- 
tended so as to include an intermediate layer of high insula- 
tion between the metal and the polarization layer. This thin 
layer may be either the Helmholtz monolayer, or one formed 
electrochemically. Its thickness is treated as current dependent 
and is therefore a function of the applied potential, frequency, 
and concentration. The calculation of the equivalent parallel 
resistance and capacitance has been carried to the second 
order of approximation. The introduction of this intermediate 
layer affords an explanation of the increase in capacitance ob- 
served at low frequencies, a; well as the long time required 
for the chanrging current to reach steady state in dielectric 
liquids. These phenomena have been explained by the Jaffé 
theory on the basis of slow ions. The present theory provides 
an alternative interpretation of these phenomena. In addition 
the inductive character of the action at the interface observed 
under some conditions of bias can be predicted qualitatively 


' Hung-Chi Chang and George Jaffé, J Chem. Phys. 20, 1071 (1952). 


G10. A Continuous Flow Cell for the Investigation of 
Polarization at Metal-Solution Interface. L. W. Morris AnD 
HunG-Cu1t CHAnG, Louisiana State University.—It is well 
known that the reproducibility of measurements on electro- 
lytic polarization is rather poor, since the polarization effects 
depend strongly on surface conditions which are difficult to 
control, especially when chemical reactions occur at the elec- 
trode surface. A continuous flow cell has been developed, 
which consists of a pair of demountable electrodes with a 
fixed separation of 0.318 cm and an effective area of 7.92 cm’. 
The solution moves steadily past the electrodes isolated from 
contact with the unfiltered atmosphere. To give an instance 
of the reproducibility obtained for one specimen of water, at 
frequency of 1000 cps, the resistance was measured as 24 720 


AND GA 215 
ohms and the capacitance as 0.172 mfd. At a time 28.5 hours 
later the measurements yielded 24 710 ohms and 0.171 mfd. 
This continuous flow cell has been used for studying electro- 
lytic rectification with aluminum as electrodes and ammonium 
borate as electrolytes. The series capacitance and resistance 
of this cell were measured over a range of frequencies from 18 
cps to 18 kcps. Measurements were made at 0.0001, 0.001, and 
0.01 M concentrations and after forming at voltages of 22.5, 
45, 90, 135, and 180 v. The results are discussed according to 
the generalized Jaffé theory described in Paper No. G9. 


G1l. The Solubility of Solids in Gases. A. H. Ewatp 
(introduced by W. G. Schneider).—In a system consisting of 
a pure solid in equilibrium with a nonreacting compressed gas, 
the mole-concentration x, of the solid component in the gas 
phase can be expressed by! 


x2 VsolidP 2Bi2 3 Cie 4Diit, 
mx, RI Vn 2 Ve? 3 Veet 


where x,° is the concentration corresponding to the normal 
vapor pressure of the solid. The first term represents the 
Poynting pressure effect while the remaining terms represent 
the interactions of single solute molecules with gas molecules. 
The mixed virial coefficient Bi, may be calculated from the 
properties of the pure components by the principle of corre- 
sponding states, while this method leads to only a first approxi- 
mation for the higher coefficients. Values calculated by the 
equation are in fair agreement with experiments. Solubilities 
measured at moderate pressures may be used to determine Bj. 
A radioactive tracer method has been used to measure the 
solubility of p-chloroiodobenzene in compressed ethylene? 

1 Ewald, Jepson, and Rowlinson, “Equilibrium properties of non-electro- 


lytes and non-electrolyte solutions,’ Faraday Soc. Disc. (to be published). 
2A Ewald, Ph.D. thesis, Manchester, 1952 (to be published 
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(Fr1TZ LONDON presiding) 


Cryogenics 


GAl1. Atomic Heat of Germanium below 4°K. P. H. 
KEESOM AND N. PEARLMAN, Purdue University.-The Debye 
6 of pure Ge has been reported as 278°K, from measurements 
below 4°K of the atomic heat of crushed Ge in a Cu calo- 
rimeter.!. We found, however, 369°K for Ge in the form of 
ingots.? We have now also measured the atomic heat of pure 
crushed Ge. Above 3°K the results agree with the previous 
ingot measurements. Below this temperature, there is a small 
additional heat capacity which decreases when the amount of 
He exchange gas in the calorimeter is reduced. This can be 
accounted for by desorption of exchange gas from the small 
Ge particles (0.1-3 mm). We conclude from measurements on 
seven ingots of various sizes and shapes and the crushed 
sample that below 3°K (the upper limit of the true 7? region) 
0 is (364+3)°K, in agreement with Parkinson's estimate from 
atomic heat data’ and the value, 375°K, which we calculate 
from elastic constants.‘ 


1], Estermann and S. A. Friedberg, Phys. Rev. 85, 715 (1952). 

?P. H. Keesom and N. Pearlman, Phys. Rev. 85, 730 (1952). 

+R. W. Hill and D. H. Parkinson, Phil. Mag. 43, 309 (1952). 

‘ Bond, Mason, McSkimin, Olsen, and Teal, Phys. Rev. 78, 176 (1950) 


GA2. Low Temperature “Breakdown” Effect in Ger- 
manium. N. ScLar, E. Burstern, W. J. TURNER, AND J. W. 
Davisson, Naval Research Laboratory.—Current-voltage meas- 


urements on germanium at liquid helium temperatures using 
de and microsecond pulses have revealed the existence of a 
reversible, nondestructive, “breakdown” effect for low applied 
voltages. The “breakdown,” which manifests itself as a sharp 
increase in current of several orders of magnitude over a small 
range in voltage, takes place in both “n’’ and “p"’ type 
germanium. Exposure of the specimen to room temperature 
background radiation increases the current in the pre-break- 
down region but does not effect the current at higher voltages. 
The effects of room temperature radiation, which are due to the 
photoionization of neutral impurities, imply that the charge 
carrier density in the breakdown region is markedly greater 
than in the pre-breakdown region. It is suggested that the 
“breakdown” effect is the result of charge carrier multiplica- 
tion by impact ionization of neutral impurities in which the 
free charge carriers gain the necessary energy from the applied 
field. The relatively low voltage required for ‘breakdown’ 
is accordingly attributed to the high mobility of the charge 
carriers in germanium at low temperatures. 


GA3. Method for Measuring Magnetic Moments of Super- 
conductors. Trp G. BERLINCOURT AND M. C. STEELE, Naval 
Research Laboratory.—A torsion balance has been 
measure the couple acting on a small tin cylinder placed in a 


used to 
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homogeneous magnetic field with its axis making an angle 
of approximately 30° with the field. The method, which is 
also applicable for very nearly transverse or longitudinal 
fields, differs from that used by Alekseyevsky! in that very 
small deflections are utilized so that the specimen orientation 
is not appreciably altered even at maximum moment. The 
observed magnetization curves are strictly linear in the super- 
conducting region. In some cases a discontinuity was observed 
as the specimen entered the intermediate state, which is 
qualitatively in accord with current theories of the inter- 
mediate state.2* The method should be applicable to magnetic 
moment measurements on superconductors in the adiabatic 
demagnetization temperature range. 
IN. E. Alekseyevsky, J. Phys. (U.S.S.R.) 4, 401 (1941). 


?L. D. Landau, J. Phys. (U.S.S.R.) 7, 99 (1943). 
*C. G. Kuper, Phil. Mag. 42, 961 (1951). 


GA4. Adiabatic Magnetization of a Superconducting 
Sphere. R. L. Dotecex, Naval Research Laboratory.— 
Temperature changes accompanying suppression of the super- 
conductivity of a lead sphere by adiabatic magnetization have 
been investigated. Measurements were taken of the cooling 
produced by adiabatic magnetization and the heating produced 
by adiabatic demagnetization. The magnetic fields were 
applied and removed as step functions of time and allowance 
was made for the resulting eddy current heating. Observations 
were made in the temperature range 2.2°K to 5.0°K for fields 
in the range. 1.18>h>0.77 where h is the ratio of applied 
field to critical magnetic field. This range of magnetic fields 
corresponds to 0.3<x<1.0 where x is the fraction of the 
lead sphere that becomes normal when the sphere is subjected 
to a magnetic field sufficient to produce the intermediate 
state, viz., {4<h<1.0. Temperature changes observed on 
magnetization and demagnetization are in quantitative agree- 
ment with values predicted from calorimetric data and thus 
confirm the gross aspects of current interpretation of the 
entropy of a superconductor in the intermediate state. 


GAS. Search for the Hall Effect in a Superconductor. 
H. W. Lewis, Bell Telephone Laboratories.—Since the first 
experiments of Kamerlingh Onnes and Hof, ia 1914, it has 
been widely believed that there is no Hall effect in the super- 
conducting state. However, these first experiments were per- 
formed on samples that must have been, in fact, in the inter- 
mediate state (which was not, of course, known at the time) 
so that the experimental question must be considered still 
open. A search has been made, by a new method, on a specimen 
of superconducting vanadium, and the preliminary result is 
negative, with an upper limit of about twenty to thirty percent 
of the normal expected Hall coefficient. The theoretical im- 
plications will be discussed. 


GA6. Theory of Pressure Effects on Superconducting 
Transition Temperatures. PauL M. Marcus, Carnegie Insti- 
tute of Technology.—Measurements! of effects of hydrostatic 
pressure, ~, on superconducting transition temperatures, 7., 
show in general a decrease of 7,. The magnitude of the effect is 
understandable by a treatment like that given the isotope 
shift by the lattice vibration interaction theory? and consti- 
tutes another test of that theory. In both cases the single 
electron interaction energy, A, is assumed proportional to the 
mean-square lattice vibration amplitude, (g*)a, in the zero- 
point oscillation. For isotopes (g*)ay decreases as lattice mass 
increases; here it decreases because the force constant in- 
creases as the lattice is compressed. Change of force constant 
or, equivalently, of frequency with lattice size is estimated 
from Gruneisen's constant y. Since A is proportional to kT, 
as follows easily from a model of the second-order transition, 
such as the two fluid model, we obtain (dln7./dp) = — Va/Cy 
with volume expansivity a, molar volume V, molar heat 
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capacity Cy. This gives for indium, the best case, d7T./dp 
= —2.110-"' °K dyne™! cm? vs measured value —4.7 KX 107". 


1 Kan, Sudovstov, and Lasarew, J. Exptl. Theoret Phys. U.S.S.R. 18, 


825 (1948). 

? J. Bardeen, Phys. Rev. 80, 567 (1950) 

GA7. The Superconducting Transition in Aluminum.* 
D. E. MAPOTHER AND J. F. Cocuran, University of Illinois.— 
The superconducting transition in aluminum has been studied 
down to about 0.75°K using a cryostat in which the cooling 
is produced by pumping over liquid helium. Measurements 
are made at constant temperature in a dc magnetic field whose 
value is changed in a stepwise manner by increments of the 
order of a few tenths of an oersted. The resulting changes in 
the flux through the sample are detected by a ballistic induc- 
tion method. Measurements have been made on a single 
crystal sample of aluminum (purity 99.997 percent) which 
was cast in an accurate ellipsoidal shape. The transitions ob- 
served are quite sharp being of the order of 0.5 oersted when 
going from the superconducting to the normal state. The 
transition from the normal to the superconducting state occurs 
with complete abruptness since the supercooling characteristic 
of aluminum! is very pronounced. The ratio of the field for the 
supercooled transition to the critical field is about 0.60 at the 
lowest temperatures measured and decreases with increasing 
temperature. The Meissner effect for this sample appears to 
be better than 97 percent complete. 


* Supported in part by the U. S. Office of Ordnance Research and the 


U. S. Office of Naval Research 

1D. Shoenberg, Proc. Cambridge Phil. Soc. 36, 84 (1940). 

GA8. Helium II: Bose-Einstein Condensation and Two- 
Fluid Model. P. R. ZitseL, University of Connecticut.*— 
Imposing a total momentum on a Boltzmann or Fermi-Dirac 
gas shifts the equilibrium distribution as a whole in momentum 
space, but does not change its character. However, for some 
forms of the energy spectrum in the case of a degenerate Bose 
gas, the condensed state does not participate in the imposed 
motion, and a relative velocity v results between the condensed 
state and the center of mass of the excited states. The total 
momentum is P= M,v (M,=effective mass of the excited 
part). For the energy E’ in the rest system of the condensate 
one then has dE’=7dS—PdV+v-d(M,v), which leads to 
the same two-fluid equations of motion derived previously 
from a variational principle.' The “rigidity” of the condensate 
in momentum space plays the same role as the rigidity of the 
superconducting electrons on imposition of a magnetic field 
in the London theory. The state of relative motion between 
the condensate and the excited particles is macroscopically 
metastable. 

* Assisted by a Research Corporation grant. 

1P. R. Zilsel, Phys. Rev. 79, 309 (1950). 

GA9. An Apparatus for Magnetic Measurements at Low 
Temperatures. R. A. Erickson, University of Tennessee, AND 
L. D. Roperts, Oak Ridge National Laboratory.—A cryostat 
and Hawtshorn type mutual inductance bridge have been 
built for the measurement of the magnetic properties of anti- 
ferromagnetic and paramagnetic compounds continuously 
over the temperature region from 80°K down to the tempera- 
tures obtained by magnetic cooling (~0.01°K). This apparatus 
is an improvement on previous designs in that a somewhat 
higher usable sensitivity (210~* henry) has been obtained 
over a larger frequency range of approximately 0-10 kc. These 
improvements result from winding all coils in such a way as to 
reduce internal capacities; in connecting the variable mutual 
coils through reversing switches so that the calibration of the 
variable mutual inductance can be quickly and easily checked ; 
and through the use of a twin T feed back amplifier in the 
CRO detection circuit which gives a Q of ~100 and a sensi- 
tivity of 10-8 volt. Data on manganous ammonium sulfate 
will be presented. 


Post-Deadline Papers, if Any 
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Physics 114 


(R. S. MARVIN presiding) 


Division of High-Polymer Physics 


Mechanical and Electrical Properties 


GB1. Rheology of Polyisobutylene III. Approximation 
Methods in Linear Viscoelasticity Theory: Wiechert Func- 
tion Calculations.* HERBERT LEADERMAN, National Bureau 
of Standards.—In connection with previously reported re- 
tarded elastic behavior of low molecular weight polyisobuty- 
lene,! a study has been made of the validity of approximation 
methods in the calculation of the retardation time function 
Li(|nr/ro) and of dynamic response from creep data obtained 
from a Wiechert “model” retardation time function with 
b=0.4. First and second approximations for L(Inz/7o) are 
calculated by the methods of Alfrey and Schwarzl.? Second 
approximations are also obtained by differentiating J’(wro) 
calculated by Marvin's difference function’ and by a new suc- 
cessive approximation method. Alfrey’s and Schwarzl’s ap- 
proximations were obtained also by fitting retarded elasticity 
data (from the ‘model’ function) to a Kohlrausch type 
function. Marvin's difference function method appears to be 
the best way of computing J’(w7o) from creep data. J’’(wro) 
has been computed from J’(wro) (a) by an approximate 
method using a difference function and (b) exactly by a 
Kronig-Kramers integral. 

* Supported by the U. S. Office of Naval Research and Office of the 
Quartermaster General. 

1H. Leaderman and R. G. Smith, Phys. Rev. 81, 303 (1951). 


2F. Schwarzl and A. J. Staverman, Physica 18, 791 (1952). 
3R.S. Marvin, Phys. Rev. 86, 644 (1952). 


GB2. Dynamic Mechanical Properties of Polyisobutylene. 
Epwin R. FitzGeraLp,* Lester D. GRANDINE, JR.,f AND 
Joun D. Ferry, University of Wisconsin.—Values of complex 
shear compliance (and rigidity) have been obtained for a 
sample of polyisobutylene of viscosity-average molecular 
weight 1.35 10°, distributed by the National Bureau of 
Standards, at 22 temperatures from —45 to 100°C and at 
about 20 frequencies from 30 to 5000 cps. Measurements were 
made by means of the transducer method of Fitzgerald and 
Ferry with a precision of +2 percent and are estimated to be 
accurate to within +3 percent as evidenced by agreement ob- 
tained between 7 different samples of widely varying dimen- 
sions. Values of the real part of the complex shear compliance, 
J’, vary from 3.11077 cm?/dyne at 99.9°C to 1.0X10-" 
cm?/dyne at —44.6°C. The frequency dependence of the loss 
tangent J’’/J’ indicates the presence of a low, broad maximum 
of 1.7 at —10 to —5°C and a second, smaller maximum or 
plateau at lower temperatures. This second maximum is also 
evident in a plot of J’’/J’ at a fixed frequency against tem- 
perature. The wide temperature and frequency ranges of the 
measurements have provided an essentially complete experi- 
mental description of the dispersion region in polyisobutylene 
corresponding to the transition from a rubber-like elasticity 
to that of a hard glass. 


* Present address: Pennsylvania State College. 
t Present address: E. I. du Pont de Nemours and Company. 


GB3. The Relaxation Distribution Function of Polyiso- 
butylene in the Transition from Rubberlike to Glasslike 
Behavior and its Dependence on Temperature. Jonn D. 
Ferry, Lester D. GRANDINE, JR.,* AND Epwin R. Fitz- 
GERALD, University of Wisconsin.—The steady flow viscosity 
of a sample of polyisobutylene of viscosity-average molecular 
weight 1.35 10° (distributed by the the National Bureau of 


Standards) has been measured from 15° to 97°C; its logarithm 
is a linear function of 1/7%. The complex compliance of this 
material, J/’—iJ’’, as reported previously from —45° to 100° 
and from 30 to 5000 cps, has been analyzed by the method of 
reduced variables modified! to account for the glasslike com- 
pliance; it yields single composite curves for J’ and J'’. The 
values of ar, the temperature reduction factor, are slightly but 
significantly larger than those derived directly from the 
viscosity; the latter, however, agree with those derived from 
stress relaxation measurements of Tobolsky and McLoughlin.? 
The reduced loss tangent, J,’’/J,’, as a function of reduced 
frequency is broader than in other polymers and shows the 
secondary plateau apparent in the original data. The dis- 
tribution functions of relaxation and retardation times are 
similar in shape to those of other polymers in the transition 
from rubberlike to glasslike behavior. 

* Present address: E. I. du Pont de Nemours and Company. 

+ Present address: Pennsylvania State College. 


1 Fitzgerald and Ferry, J. Colloid Sci. (to be published). 
2 Tobolsky and McLoughlin, J. Polymer Sci. 8, 543 (1952). 


GB4. Dynamic Properties of Unvulcanized GR-S.* L. J. 
ZapPas, S. L. SHUFLER, AND T. W. DeWitt, Mellon Institute 
(introduced by R. S. Marvin).—Dynamic moduli and loss 
factors have been measured on a sample of unvulcanized GR-S 
at temperatures between —68°C and +63°C. The frequencies 
employed ranged from about 5X 10~ cps to 3 cps. This range 
of frequencies and temperatures was sufficient to include 
nearly the whole of the glassy transition region where the shear 
modulus drops abruptly from about 1X10" dynes/cm? to 
about 1107 dynes/cm? where there is a suggestion of a 
plateau. At higher temperatures, the modulus drops off 
gradually and continuously, presumably to zero. The lowest 
measured value was about 3X 108 dynes/cm*. When plotted 
in terms of reduced variables, the data cover a considerable 
section of the useful mechanical frequency spectrum for this 
sample of GR-S. The data are compared with stress relaxation 
measurements reported in the literature 


* This work was supported by the Office of Synthetic Rubber, Recon- 
struction Finance Corporation. 


GBS. Dynamic Properties of Concentrated Polymer Solu- 
tions.* F. J. PappEN, H. Markovitz, AND T. W. DeWitt, 
Mellon Institute—The dynamic rigidities and viscosities of 
a variety of solutions of polyisobutylene in decalin have been 
determined in the neighborhood of room temperature and at 
frequencies between 10 and 100 cycles per second. Zero shear 
viscosities of these solutions have been measured by both 
falling ball and capillary methods. Concentration and molecu- 
lar weight of the solute were the main variables and ranged 
from a 5 percent solution of a sample of molecular weight 
2.5108 to a 40 percent solution of a sample of molecular 
weight 1.5108 When reduced variables that take into ac- 
count concentration and temperature are used, superposition 
of data from samples of different molecular weights is not 
achieved. A scale shift that is equivalent to treating molecular 
weight semiquantitatively as an inverse concentration 
achieves reasonable superposition and suggests that the im- 
portant variable is the number of chains per unit volume The 
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results are compared with some previously obtained on low 
molecular weight oils and on whole polymer. 


_* This work was supported by the Office of Synthetic Rubber, Reconstruc- 
tion Finance Corporation 


GB6. Calculation of Extrusion Behavior of Viscoelastic 
Materials from the Relaxation Distribution Function. THor L. 
SMiTH, Hercules Powder Company (introduced by R. S. 
Marvin).—A_ viscoelastic material when extruded rapidly 
through a short capillary or spinneret may exhibit an effective 
viscosity which is smaller by a factor of several hundred than 
the viscosity as usually measured at low shear rates. An 
equation is derived which expresses the effective viscosity as a 
function of the time the material spends in the spinneret 
(transit time) and the distribution function of Maxwellian 
relaxation times. In the derivation it is assumed that the 
mechanical properties of the material may be represented by a 
generalized Maxwell model. Effective viscosities observed 
when a 25 percent cellulose acetate solution is extruded 
through a spinneret with radius 0.006 cm and effective length 
0.0186 cm are given. The relaxation distribution function for 
the solution is calculated from the published dynamic vis- 
cosity data of Philippoff. From the distribution function and 
values of the transit time, effective viscosities are calculated 
and found to agree with the experimental values to within 
factors of 1.2 to 3.1. This agreement is considered satisfactory 
in view of the fact that all nonlinear effects (non-Newtonian 
and non-Hookean) are neglected in the calculations and the 
effective viscosities are smaller than the usual flow viscosity by 
factors of 150 to 10 


GB7. Dielectric Relaxation in a Styrene-Acrylonitrile Co- 
polymer during and after its Polymerization.* P. Eurticu 
AND N. J. DeLouuts, National Bureau of Standards (introduced 
by P. J. Franklin).—Dielectric relaxation in a plasticized 
copolymer of styrene and acrylonitrile during its polymeriza- 
tion and in the fully polymerized resin is studied by means of 
dielectric and loss tangent at 


measurements of constant 
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frequencies from 10? to 10° cps. Drastic changes in dielectric 
constant and loss occur during the polymerization. These are 
interpreted as resulting from the relaxation of the nitrile 
groups at a rate which depends strongly on the extent of the 
polymerization. There is a striking parallelism between the 
electrical properties of the fully polymerized copolymer as 
observed at elevated temperatures and those of the partly 
polymerized reaction system at an early stage of the reaction 
and at a lower temperature: values of the loss factor are similar 
at equal average relaxation times and in each case there is a 
similar broadening of the relaxation distribution function as 
cross links are introduced. Values of the heats and entropies 
of activation are consistent with the picture of dipole 
relaxation 


* Supported by Chief of Ordnance 


GB8. Dielectric Dispersion of Polar Polymers at Micro- 
wave Frequencies. T. M. Suaw AND J. J. WINDLE, Western 
Regional Research Laboratory.—The dielectric properties of 
wool and mohair have been investigated at frequencies of 
3000 Mc and 10000 Mc by means of a cavity resonator 
method. The resonator previously described! was provided 
with a slot parallel to the direction of current flow in the cavity, 
which allows the use of taut fiber specimens. Fibers are 
mounted on a frame which, when inserted in the slot in the 
cavity, positions the fibers precisely on the cavity axis. It was 
found that the dielectric constant, e, at 25°C, of oven-dry 
wool is the same, within experimental error, as that of oven- 
dry mohair. For wool e= 3.70+0.04 at 3000 Mc and 3.54+0.04 
at 10000 Mc. These values are significantly smaller than the 
value «= 4.2+2 percent reported by Errera and Sack? for lower 
frequencies and are large compared to the square of the index 
of refraction for visible light, n?~2.4. In a survey of the 
dielectric properties of other hydrogen-bonded polymers, large 
differences between the dielectric constant for frequencies in 
the microwave range and n? were also found. 


(1950). 


1T. M. Shaw and J. J. Windle, J. Appl. Phys. 21, 956 
2 (1943 


?J. Errera and H. S. Sack, Ind. Eng. Chem. 35, 712 
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H1. Current Status of the F-Center Problem in Alkali Halides. F. Seitz, University of Illinois. 


(50 min.) 


H2. Z-Centers in Alkali Halides.* D. R. WeESTERVELT, 
North American Aviation, Inc.—The secondary absorption 
band resulting from heat treatment of crystals containing 
F-centers differs in several respects from the well-known 
bands produced by F-light bleaching. This band, which has 
been isolated in additively colored crystals by Scott and 
Smith,' and in electron bombarded crystals by the writer,’ 


is produced also in crystals heavily darkened by x-rays; hence 
it is not peculiar to any coloring method. The earliest system- 
atic study of the effects of thermal annealing on heavily 
colored crystals appears to be due to Przibram’ and his co- 
workers, and it is suggested that their appropriate term 
Zwischenzentren be adopted to designate the absorption 
centers resulting from heat treatment. The room temperature 
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absorption peak of the Z-band lies at 580, 765, and 825 mu 
in NaCl, KCl, and KBr, respectively. It is independent, in 
additively colored crystals, of the metal added. The location, 
height, and width of the Z-band are relatively, but not com- 
pletely, insensitive to temperature, in contrast to these 
properties of the F, /, R, N, and K-bands, which are strongly 
affected. The growth rate of the R-bands during F-light 
irradiation is independent of the presence of Z-centers. 

* This report is based on studies conducted for the U. S. Atomic Energy 
Commission under contract AT-11-1-GEN-8. 

' A. B. Scott and W. A. Smith, Phys. Rev. 83, 982 (1951). 

2D. R. Westervelt, Phys. Rev. 86, 643 (1952), Bull. Am. Phys. Soc. 27, 


9 (1952) 
4K. Przibram, Z. Physik 130, 269 (1951), summarizes much of this work 


H3. Bleaching Properties of F-Centers in KBr at 5°K.* 
J. J. MarkxuaM, R. T. Piatt, Jr., AnD I. L. Mapor, The 
Johns Hopkins University——The bleaching properties of 
F-centers in KBr have been investigated experimentally at 
5°K and 78°K. A Beckman spectrophotometer was used for 
measuring the absorption spectra and for bleaching the 
crystals. The stability of F-centers towards bleaching at 5°K 
and at 78°K is dependent on the mode of formation. Those 
produced by additive coloration are stable; those produced 
at room temperature by x-rays bleach slightly ; those produced 
at 78°K by x-radiation show some bleaching; while those 
produced at 5°K by x-radiation show a large initial instability. 
The properties of F-centers made by a pointed cathode by 
excitons or by electron bombardment have not been explored 
Some tentative theoretical conclusions will be made. 


* This research was supported by the U. S. Navy Bureau of Ordnance 

H4. The Band Width of F-Centers in KBr.* I. L. Manor, 
J. J. Markuam, AND R. I. Piatt, Jr., The Johns Hopkins 
University.—The absorption spectra of color centers in alkali 
halides may be characterized by the wavelength of maximum 
absorption and the half-width (difference between the wave- 
lengths where the absorption is half the maximum value.) 
Previous measurements'? indicate that the half-width may 
not be a unique property of a crystal, but may vary from 
sample to sample. The comparison of data from various ex- 
perimenters is not valid because of uncertainty in spectral 
slit widths employed. A series of measurements have been 
made on F-centers in KBr at 5°K and at 78°K. The centers 
were formed by x-radiation at various temperatures and by 
additive coloration with excess potassium. The data on half- 
widths and wavelength maxima will be presented. 


* This research was supported by the U. S. Navy Bureau of Ordnance. 


1A. Smakula, Z. Physik 59, 603 (1930 


2W.H. Duerig and J. J. Markham, Phys. Rev. 88, 1043 (1952) 


HS. Production of ¥’-, M-, and R-Centers in NaCl at Room 
Temperature.* R. T. Piatt, Jr., I. L. Mapor, anp J. J. 
MARKHAM, Zhe Johns Hopkins University.—One may produce 
a variety of absorption centers to the long wavelength side of 
the F-band. The ones most carefully studied are the F’-, Ri-, 
R,-, and M-bands. In NaCl at room temperature, the R-bands 
overlap and resemble the F’-band; indeed, it is not possible 
to tell if the ‘‘erregt’’ state, so extensively studied by the 
workers in Gottingen, is due to R- or F’-centers. An experi- 
mental study of these bands has been made. It indicates that 
during x-radiation the F-, F’-, and M-band form. Since the 
lifetime of the F’-band at 300°K is several minutes it dissoci- 
ates during the course of the usual absorption measurement. 
To obtain reliable growth rate of the F-band during x-radia- 
tion the contribution of the F’-band must be taken into ac- 
count. The R-bands are formed primarily by optical bleaching 
of the F-band. The experiments show that the “erregt’’ state 
at room temperature is due to the presence of the R-bands, 
not the F’-band. The coagulation of vacancies will be con- 
sidered 


* This research was supported by the U. S. Navy Bureau of Ordnance 
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Ho. Electronic Structure of F-Centers. C. Kirtet, Unti- 
versity of California, Berkeley.—Observations by Hutchison 
and Kip on the width of the microwave spin resonance ab- 
sorption line associated with F-centers in KCI colored with 
excess K may be accounted for with the molecular orbital 
model of an F-center previously shown! to account for the 
g-value of the resonance. The observed line is Gaussian with 
width 57 oersteds, practically independent of concentration 
and quenching procedure. The theory of dipolar broadening? 
in randomly populated crystals leads to a Lorentzian line of 
width about 0.01 oersted. Interactions with nuclear spins on 
the usual central field model of an F-center gives ~1 oersted. 
The LCAO model! gives a width which may be calculated 
from the hyperfine interaction of the 4s state in the K atom. 
Taking the electron as shared among the six Kt ions bounding 
the anion vacancy, there are 4096 hyperfine components dis- 
tributed among 19 lines. The envelope is approximately 
Gaussian; the calculated width is ~50 oersteds and inde- 
pendent of concentration. The agreement with experiment 
therefore appears to be satisfactory 


89, 315 (1953) 


'A. H. Kahn and C. Kittel, Phys. Rev 
(to be published) 


2C. Kittel and E. Abrahams, Phys. Rev 


H7. A Calculation of Electron Energy Levels in F-Centers.* 
WILLIAM A, SMITH AND ALLEN B. Scott, Oregon State College 
(introduced by Harvey Brooks).—The methods of Simpson! 
have been extended to the calculation of the energies of the 
ls and 2p levels for electrons in F-centers of NaCl, KCl, 
KBr, KI, and of KCl at —194°. The use of a different value 
of the dielectric constant for NaCl and a more precise evalua- 
tion of the parameters A and 8 resulted in somewhat better 
agreement between the observed and calculated energies of 
maximum absorption than in cases previously reported. The 
calculations fail to predict a shift of absorption maximum 
with temperature for KCI, but the observed shift is only 0.08 
ev between 20° and —194° and the calculated results generally 
disagree with observed values by this amount or more. The 
thermal activation energies necessary to raise electrons from 
the 2p level to the conduction band were calculated for the 
four crystals, and ranged from 0.01 ev for KCI to 0.29 for KI. 
The behavior of F-centers in the four crystals during illumina- 
tion may be qualitatively correlated with these values. 


* This work was supported by the U.S. Office of Naval Research 
1 J. H. Simpson, Proc. Roy. Soc. (London) A197, 269 (1949) 


H8. Photoconductivity and V-Centers.* K. TEEGARDEN 
AND R. J. Maurer, University of Illinois.—Irradiation of 
alkali halide crystals with x-rays at — 185°C produces a series 
of absorption bands (V-bands) in the ultraviolet region of the 
spectrum.'? The V; band which occurs at 3600A in KCI and 
at 4100A in KBr is thermally unstable at higher temperatures. 
The thermal bleaching of this band is accompanied by the 
appearance of free charge within the crystal.’ The V; band is 
also bleached by absorption of radiation at liquid N» tempera- 
ture.‘ Absorption of radiation by the V; band is observed to 
yield negligible photoconductive current at —185°C. Photo- 
conductivity is observed in KBr upon irradiation in the wave- 
length region between 2500A and 3200A where the V2, V4, 
and V7 bands occur. KCI shows similar behavior. 

* Partially supported by a National Science Foundation Grant 

1 Casler, Pringsheim, and Yuster, J. Chem. Phys. 18, 887 (1950) 

2H. Dorendorf, Z. Physik 129, 317 (1951) 


3 Dutton, Heller, and Maurer, Phys. Rev. 84, 363 (1951) 
‘ Casler, Pringsheim, and Yuster, J. Chem. Phys. 18, 1564 (1950) 


H9. The Storage of Energy in Silver Activated Potassium 
Chloride.* C. E. MANDEVILLE AND H. O. ALBRecut, Bartol 
Research Foundation.—The fluorescence, phosphorescence, and 
energy storage properties of KCl-Ag have been investigated 
by noting the behavior of the ultraviolet emission band under 
alpha-particle bombardment and x-ray irradiation. Particular 
emphasis is given the study of the release of stored energy by 
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irradiation with long wave light. The release of the “stored 
ultraviolet” by photostimulation can be observed only while 
the stimulating light is on (stimulated fluorescence). There is 
very little stimulated phosphorescence from KCl-Ag. The 
storage characteristics of KCl-Ag have been compared with 
those of NaCl-Ay. The stimulated fluorescence of NaCl-Ag is 
shown to be much greater than its stimulated plosphores- 
cence, in terms of photons per second. The dosimetric aspects 
of the data will be discussed. 


* Assisted by the joint program of the U. S. Office Naval Research and 


the U. S. Atomic Energy Commission 


H10. Reversible Bleaching of an Absorption Band of 
Diamond. PETER PRINGSHEIM, Argonne National Labora- 
tory.—When diamonds which show the absorption band in 
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the near ultraviolet, a characteristic of blue fluorescing sam- 
ples, are exposed to neutron bombardment, a continuous 
absorption slowly rising toward shorter wavelength is super- 
imposed upon the band. Heating such a diamond to tempera- 
tures between 300° and 600°C decreases the continuous ab- 
sorption and the structure of the band becomes appreciably 
sharper. Subsequent exposure to light greatly reduces the 
height of individual peaks in the band, while the continuous 
absorption at shorter wavelengths is increased. Renewed 
heating restores the sharp structure of the band and the cycle 
can be repeated at will. Heating the crystal to 750°C brings 
the crystal very nearly back into the state before neutron 
bombardment in which the reversible bleaching cannot be 
observed. A possible mechanism for this phenomenon will be 
discussed. 


AT 10:00 


Engineering 125 


(R. SMOLUCHOWSKI presiding) 


Metals 


Il. Electron Density in Sodium Tungsten Bronze. W. R. 
GARDNER AND G. C. Dante_son, Jowa State College.-—The 
electrical resistivity and Hall coefficient measurements of 
Huibregtse, Barker, and Danielson! have been extended to 
include single crystals of Na,WQO; having x values from 
x =0.58 to x =0.90. The sodium coricentration was determined 
by comparing the lattice constant with a known lattice con- 
stant versus concentration curve. A minimum in the resistivity 
as a function of x was found at x=0.75, where p=2.2X1075 
ohm-cm, in fair agreement with the results of Brown and 
Banks.2® The Hall coefficient was found to vary inversely 
with sodium concentration from Ry =5.85 X 1074 cm’/coulomb 
at x=0.584 to Ry =3.9210" cm'’/coulomb at x=0.897. 
These results indicate that each sodium atom contributes 
one conduction electron at any sodium concentration over 
the entire concentration range. Hence, the anomalous maxi- 
mum in conductivity at x=0.75 must be attributed solely to 
an anomalous maximum in mobility of the electrons. 

! Huibregtse, Barker, and Danielson, Phys. Rev. 84, 142 (1951). 


2B. W. Brown and E. Banks, Phys. Rev. 84, 609 (1951). 
tH. J. Juretschke, Phys. Rev. 86, 124 (1952). 


I2. Thermoelectric Power and Electrical Resistivity of 
Dilute Solid Solution of Silicon in Copper.* C. A. DoMENICALI 
AND B,. A. Boyp, Franklin Institute Laboratories—We have 
measured the thermoelectric force against pure copper and 
the electrical resistivity of Cu-Si alloy wires from —190°C to 
+600°C, the silicon content varying from 0.1 to 3.9 wt. per- 
cent. The relative thermoelectric power against pure copper 
was always negative and when plotted against Si content has 
a temperature-dependent minimum of the order of several 
microvolts/C° at about 1 percent Si at all temperatures within 
the measured range. The electrical resistivity increases almost 
linearly with silicon content at all temperatures in the meas- 
ured range. Matthiessen’s rule is fairly well satisfied, the 
quantity of dp/dt increasing from 0.67 X10~§ ohm cm/C° for 
pure copper to approximately 1.2X107§ ohm cm/C® for 3.9 
percent Si. Chemical analysis of the first set of alloys meas- 
ured indicated the presence of rather large impurities. A 
second set was therefore prepared by a completely different 
technique. The results obtained with the second set agree 
quite well with those of the first set, considering the smallness 
of the thermoelectric effects in these alloys; and both agree 


with the room temperature resistivities found by Norbury 
in 1926. 


* This work was supported by the Signal Corps. 


I3. The Debye Temperature of Cu;Au.* Dwain B. Bowen, 
North American Aviation, Inc.—The resistivity of disordered 
AuCu; alloy has been measured from 4.2°K to room tempera- 
ture. From these measurements the Debye temperature has 
been computed using Gruneisen’s formula. There is consider- 
able variation with temperature, but a representative value 
is 175°. The difference in Debye temperature between this 
disordered sample, and one partially ordered (heated at 370°C 
for 50 hours) has been measured by a technique previously 
described.! The Debye temperature has increased on ordering 
(as might be expected from measurements of elastic con- 
stants?) by about 10°. Similar measurements will be made on 
more completely ordered samples. The influence of these 
Debye temperature changes on the ordering process will be 
discussed. 

* This report is based on studies conducted for the U. S. Atomic Energy 
Commission under contract AT-11-1-GEN-8. 

1D. B. Bowen and G. W. Rodeback, Bull. Am. Phys. Soc. 27, No. 6, G6 


(1952). 
2S. Siegel, Phys. Rev. 57, 537 (1940). 


14. Hall Effect in Ordered and Disordered Ni;Mn.* Simon 
FONER AND EMERSON M. PuGu, Carnegie Institute of Tech- 
nology.—The two ferromagnetic Hall coefficients,! Ro and a, 
have been measured in Ni;Mn for several states of order using 
fields up to 30 kilogauss. Both Ry and @ are negative in the 
completely ordered sample (4%M/,~9 kilogauss) and positive 
in the most disordered sample (4rM,~0.4 kilogauss). The 
significance of these data in relation to the band structure, 
d-band conduction, and electronic specific heat? will be 
discussed. 

* Supported by the Office of Naval Research. 

1 Albert I. Schindler and Emerson M. Pugh, Phys. Rev. 89, 295 (1953). 


?J. E. Goldman, Magnetism Conference, University of Maryland, 
September, 1952 |[Revs. Modern Phys. 25, 108 (1935)]. 


I5. A Dilatometric Study of the Order-Disorder Trans- 
formation in Cu-Au Alloys.* W. W. SANVILLE, Foster C. 
NIX, AND FRANK E. JAumor, JR., University of Pennsylvania.— 
The order-disorder transformation in Cu-Au alloys in the 
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composition range from 10 to 32.2 atomic percent Au has been 
studied by dilatometric means. The interferometric dila- 
tometer and the experimental technique used were similar to 
those used by Nix and MacNair.'? All samples containing 
greater than 17.5 atomic percent Au exhibit an anomalous 
peak in the curve of the coefficient of thermal expansion as a 
function of temperature. A plot of the critical ordering 
temperature, 7,, as a function of cemposition defines an 
ordered region about 25 atomic percent gold which is in agree- 
ment with that defined by resistivity. The coefficient of ther- 
mal expansion is rigorously constant above the ordering 
temperature (to 500°C). The data indicate that the volume 
expansion is sensitive to small changes in the degree of long- 
range order, since in all cases the region of anomalous ex- 
pansion begins at temperatures from 200° to 250°C 


* This work was supported by the Office of Air Research, U. S. A. F. 


'F. C. Nix and D. MacNair, Rev. Sci. Instr. 12, 66 (1941) 
2F. C. Nix and D. MacNair, Phys. Rev. 60, 320 (1941). 


I6. Short-Range-Order in a Cu-Au Alloy.* Cuaries H. 
SUTCLIFFE AND FRANK E, Jaumort, JR., University of Penn- 
sylvania.—-Short-range-order parameters have been measured 
using x-ray diffraction techniques, at three temperatures 
above the critical temperature of ordering, for a Cu-Au alloy 
containing 23 atomic percent gold. The experimental tech- 
nique used was similar to that employed by Cowley.' The 
diffuse scattered intensity was measured at approximately 900 
points within 3; of a unit cell, and corrected for the intensity 
due to factors other than short-range order. A three-dimen- 
sional Fourier analysis was made on the short-range order 
intensities. The Fourier coefficients are then interpreted as 
short-range order parameters.! The data indicate that an 
alloy containing less than 25 atomic percent Au exhibits a 
greater tendency to short-range order than does an alloy at 
the stoichiometric composition. The tendency to what Cowley 
has referred to as a “‘liquid-like” distribution about an origin 
atom in a Cus;Au alloy, although present, is considerably less 
in the 23 percent Au sample. 

* This work was supported by the Office of Air Research, U.S.A.F. 

1J. M. Cowley, J. Appl. Phys. 21, 24 (1950) 


I7. Ordering in the Alloy System Mg-Cd. C. A. Wert, 
University of Illinois.*—A part of the anelastic spectrum of 
the alloy system Mg-Cd has been investigated. One of the 
relaxations seen in some of the alloys is believed to be that of 
“pair-relaxation.’’ This relaxation is particularly interesting 
in the alloy MgCd, since its magnitude depends on the state 
of order in the alloy. The damping is small in a well-ordered 
specimen and relatively high in a disordered specimen. This 
behavior is consistent with Zener’s model for this relaxation. 
The kinetics of ordering have been studied using the magni- 
tude of the relaxation as a measure of the degree of order. 
Furthermore, the equilibrium amount of order at some tem- 
peratures has been determined, again with the damping as a 
measure. This technique has not yet been successfully applied 
to other ordering systems, although some attempts have been 
made. Indeed, in the system Au-Cu the pair-relaxation itself 
has not yet been positively identified. It is not yet clear 
whether this is caused by improper experimental technique or 
whether the relaxation is actually absent in this alloy system. 


* Work sponsored in part by the U. S. Office of Ordnance Research. 


I8. The Kinetics of the Disorder-Order Transformation in 
CusAu. NorMan W. Lorp, Columbia University.*—The 
isothermal order-dependent change in Young's modulus of a 
single crystal of Cu;Au is measured as a function of time at 
various temperatures in the range 279.3° to 384.3°C. These 
temperatures were reached by quenching rapidly from an 
equilibrium state 28.2°C above the critical temperature 
(386.0°C). The time variations of Young's modulus indicate 
two distinct stages of the disorder-order transformation. The 


initial stage starts immediately and is completed a few minutes 
after quenching, while the later stage requires a few minutes 
before starting and then proceeds very slowly toward an equi- 
librium state. ‘Relative relaxation times” are associated with 
each of them. In conformance with the work of Sykes and 
Evans and others, the initial stage is described as the forma- 
tion of contiguous antiphase ordered domains by means of 
normal atomic interdiffusion. The later stage consists of the 
coalescence of these domains, and requires at least two dif- 
ferent geometrically constrained diffusion processes. 


*Present address: Raytheon Manufacturing Company, Waltham, 


Massachusetts 


I9. The Decay of Vacancies Frozen into an Alloy by 
Quenching. A. S. Nowick anp A. E. Roswett, Vale Uni- 
versity.—Measurement of the relaxation time for 
induced ordering has been used in the study of atomic mobility 
in substitutional solid solutions both under equilibrium condi- 
tions! and in the presence of an excess of vacancies frozen in 
by quenching.? These investigations are continued for a silver- 
zinc solid solution containing 33 atomic percent Zn. Quench- 
ing wire of this alloy from 400°C into water traps a vacancy 
concentration of about 0.01 atom percent. Since relative 
values of the rate of relaxation, at a given temperature, meas- 
ure the relative concentration of vacancies present in the 
alloy, vacancy decay curves are readily obtained. Each plot 
of the logarithm of the relative vacancy concentration against 
time (as obtained at 50°, 60°, 70°, and 80°C) is very closely 
represented by a broken straight line, with a much lower 
decay rate below the knee or break in the curve. These results 
indicate that at least two types of imperfections, capable of 
producing diffusion, are frozen in by quenching. 


stress- 


1A. S. Nowick, Phys. Rev. 88, 925 (1952). 
2A. S. Nowick and R. J. Sladek, Acta Metallurgica 1 (1953) (to be 
published) 


110. Change of Optical Constants of Fresh Thin Copper 
and Silver Films on Exposure to Air. H. Y. Lon AND PETER 


Cueo,* Virginia Polytechnic Institute—Three optical con- 
stants, reflectivity, transmissivity, and absorptivity, of copper 
and silver films of various thicknesses have been measured in 
vacuum as soon as the film was made by evaporation on a 
glass substrate. It was observed that they remained constant 
in vacuum if undesirable vapor was kept out of the vacuum 
chamber. But they showed a rapid change immediately on 
exposure to air at atmospheric pressure. The rate of change 
decreased in a few minutes, and the later change as observed 
by Kuhn and Wilson! was a very slow one. Copper showed a 
rapid decrease in reflectivity at the time of exposure. Its 
transmissivity showed an increase but the change was more 
gradual than the change of reflectivity. For silver, both re- 
flectivity and transmissivity decreased a relatively small 
amount as compared with copper. Under low pressure (10~¢ 
mm or less) a slight amount of grease vapor was found to 
cause a tremendous change of the optical constants. 


* Now at the State University of lowa 


1H. Kuhn and B. A. Wilson, Proc. Phys. Soc. (London) B63, 745 (1950). 


Ill. The Effect of the Sputtering Rate on the Resistivity 
and “Aging” of Sputtered Silver Films.* Richard B. BeLser, 
Georgia Institute of Technology.—Data have been collected 
which shows a definite relation between sputtering rates and 
initial resistivities of sputtered silver films of 500-1500 ang- 
stroms thickness. In a residual argon atmosphere a sputtering 
current of ten ma gave an initial resistivity of 3.8 times the 
resistivity of bulk silver, and, for 60 ma, only 1.9 Py. By 
heating these films in an infrared oven the values of resistivity 
were reduced to 1.8 and 1.5 74, respectively. This latter value 
compares favorably with that of silver films deposited by 
vacuum evaporation and similarly aged. By plotting the ratio 
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P/P, of the films versus sputtering current, before and after 
aging, two curves are obtained which approach each other 
asymptotically in the region studied. There is evidence, at 
10 ma sputtering current 
the time 


that resistivity is reduced in 


accordance with the deposition is continued. It 


appears that heating during deposition, effected by rate or 
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time of sputtering, reduces the initial resistivity of the films. 
Further drops in resistivity, observed during external heating 
thereafter, are dependent on the heating occurring during 
deposition. An explanation is hereby offered for many results 
described as anomalous in the literature. 


* Supported by U.S. Army Signal Corps 


AT 10:00 


Chemistry 116 


(W. M. Gorpy presiding) 


Microwave Spectroscopy 


Jl. Microwave Spectrum of Trimethyl Chlorosilicane.* 
RicHARD C. MOCKLERTt AND WALTER Gorby, Duke Univer- 
sity.—Trimethyl chlorosilicane found to have a 
microwave rotational spectrum characteristic of a symmetric 
top, with By= 2197.31 Mc for (CH3);Si*Cl* and Bo = 2147.88 
Me for (CH,),SiCl". If tetrahedral angles are assumed with 
dow as in methane, the results yield dgic=1.871A and dgici 

2.029A. The split into several com- 
ponents by torsional oscillations or restricted internal rota- 
tions of the CH, groups. 


has been 


rotational lines are 


and De 
Present 


* Supported by Air Research 
t Texas Company Fellow 
Columbia University 


velopment Command. 


address: Department of Physics, 


J2. Microwave Spectrum and Structure of Trichloroger- 
mane.* PuTCHA VENKATESWARLU, RicHaRD C. MOCKLER,f 
AND WALTER Gorby, Duke University.—Several rotational 
lines of different isotopic combinations of HGeCl; have been 
observed. The B values so far obtained are 2165.78 Mc for 
HGe™C1,;**; 2169.18 Me for HGe®Cl,**; and 2172.69 Me for 
HGe”Cl,*®. Tentative values for the structural parameters are 
doec: = 2.115A and 7#CIGeCl=108°18’ with dae assumed to 
be 1.52A. 

* Supported by Air Research an 


t Texas Company Feliow. Pre 
Columbia University 


1 Development Command. 


ent address: Department of Physics, 


J3. On the Frequencies of the Microwave Absorption 
Lines of Oxygen.* MASATAKA MizusHIMA, Duke University. 
It is known! that the frequencies of the microwave absorption 
lines of oxygen do not fit well Schlapp’s formula.? Examining 
his theory we found two points to be improved. First we must 
consider the dependence of \ on N, where \ is the coupling 
constant of electronic spin and molecular axis and N is the 
quantum number of end-to-end rotation of molecule. This 
vs(N—1)+v_(N+1) dependent on N, 
which fit with experimental results, while in Schlapp’s original 
theory it is independent of N. Another point is that Schlapp 
made a mistake in taking the effect of magnetic interaction 
between spin and end-to-end rotation of molecule into account. 
It was found that the improved formula agrees well with the 
recent experimental data obtained at Duke University. The 
adopted value of the constants are: B=1.4372605 cm™, 
do = 1.984627 cm™, A, =0.000050 cm™, w= —0.008432 cm™ 
where Ay gives the slight dependence of \ on N. 


dependence makes 


* The work supported by 
1 Burkhalter, Anderson, Smith, 
2R. Schlapp, Phys. Rev. 51, 342 


Air Research and Development Command 
and Gordy, Phys. Rev. 79, 651 (1950). 


1937 


J4. Temperature Dependence of the Line Breadths of 
Oxygen.* Ropert M. Hitt anp WALTER Gorpy, Duke 
University.—Line breadths of several of the millimeter wave 
lines of O; have been measured at 7'= 300°, 195°, and 90°. The 


results indicate an average temperature dependence of 1/7 
for the line breadth. 


* This work supported by Air Research and Development Command. 


J5. Microwave Spectrum and Molecular Properties of 
Ozone.* R. TRAMBARULO,{ S. N. Guosn,t C. A. Burrus, JR.,§ 
AND W. Gorpy, Duke University.—Four low J rotational 
transitions of ozone have measured between 42 and 
118 kmc. These measurements show ozone to be an isosceles 
triangle with the apex angle of 116°49’+30’ and with the 
two equal internuclear distances 1.278+0.003A. The elec- 
tric dipole moment found from the Stark effect is 0.53 
+0.02 Debye. Zeeman studies show the molecular g factor 
to have a strong dependence upon rotational state. 


been 


* The work supported by Air Research and Development Command. 
+t Present address: Department of Physics, The Pennsylvania State 
College. 


jf leave from the University of Calcutta. 


Texas Company Fellow. 


J6. Zeeman Effect in the Microwave Spectra of Methyl 
Fluoride and Methyl Acetylene.* J]. T. Cox, P. B. PEyTon, JR., 
AND WALTER Gorpby, Duke University.—Zeeman splitting or 
rotational lines of methyl fluoride and methyl acetylene have 
been measured. The results show that the molecular magnetic 
field in CH3CCD is generated primarily by rotation about the 
symmetry axis (g¢ =0.31, gy +0), but that in CH;F a measur- 
able field is also generated by the end-over-end rotation 
(gy =0.08). 


* The work supported by the Air Research and Development Command. 


J7. The Microwave Spectrum of the Unstable Molecule 
Carbon Monosulfide. Greorcr R. Birp* AND RicHaArpD C. 
Mockter,t Columbia University.—The J =0-+1 transitions of 
C2 —S% and C#—S* were observed at 48 990.55+0.08 Mc 
and 48 207.038+0.020 Mc, respectively. The C—S_ was 
produced in an electrical discharge and continuously flowed 
through a conventional stark cell. Using values for @,, and 
D,, calculated from ultraviolet data! the following results were 
obtained: 


C2 —S B,=24 588.86+1 Mc, r.=1.5347A 

C#—S* B,=24 194.9041 Mc, r,=1.5347A. 
Mass ratio S/S = 1.06242.The valve of Be for C#S® deter- 
mined from ultraviolet spectra is in good agreement with the 
foregoing value. 


* National Research Council Post-Doctoral Fellow. 

+ Carbide and Carbon Company Post-Doctoral Fellow. 

1G. Herzberg, Spectra of Diatomic Molecules (D. Van Nostrand Company, 
Inc., New York, 1950), second edition 


J8. On the Quadrupole Moments of Mn**, Re", and Re'*’.* 
A. Javan, G. Sitvey, AND C. H. Townes, Columbia University, 
AND A. V. Grosse, Temple University —The quadrupole 
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coupling constant of Mn® has been measured! in MnO,F, but 
the Mn® quadrupole moment cannot easily be obtained from 
this coupling constant because of uncertainties in the structure 
of the Mn bonds in this molecule. The quadrupole coupling 
constants of Re' and Re'’? have now been measured in the 
structurally similar molecule ReO;Cl. Since the quadrupole 
moments of the Re isotopes have been measured from atomic 
spectra, their values can be used to deduce an approximate 
value for the quadrupole moment of Mn*® if it is assumed that 
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the bond structures of MnO;F and ReO,Cl are similar. The 
result is Q(Mn*®*)=0.5X10°%cm* This value should be 
correct in sign and in approximate magnitude. The measure- 
ments also confirm spins of § for Re and Re’? and give a 
ratio of the quadrupole moments Q(Re™)/Q(Re'’) = 1.06 
+0.05. The quadrupole coupling constant for Re in ReO,;Cl 
is 272+6 Me and for Cl® it is —4048 Me. 


Energy Commission 
87, 227 (1982) 


Atomic 


* Work supported by the U.S 
osse, Phys. Rev 


1A. Javan and A. V. Gr 


10:00 


Biology 113 


(PAUL SHEARIN presiding) 


Apparatus of Nuclear Physics 


JAl. A Van de Graaff Electrostatic Generator.* D. C. 
Swanson, University of Florida.—A Van de Graaff electro- 
static generator, pressure type, has been constructed at the 
University of Florida. Maximum proton energies of about 
1 Mev are expected. The generator has been operated up to 
about 0.8 Mev at 1 microampere proton beam. A horizontal 
tripod suspended from the fixed end of the tank supports the 
sphere, accelerating tube, and charging system. The tank may 
be rolled back for easy access to the generator for adjustments. 
The generator is to be used with other equipment now being 
developed for the study of elastic and inelastic scattering of 
protons and deuterons. 


*This work is being supported in part by the U. S. Atomic Energy 


Commission. 


JA2. 10 Megacycle Radiofrequency Ion Source.* E. W. 
McDonatpf AnD D. C. RALpu, Louisiana State University.— 
Several modifications of Thonemann! type rf ion sources have 
been employed on a 100-kv Cockcroft and Walton accelerator. 
The tube base design of Moak et al.2 has been followed. The 
effects of magnetic field and discharge tube geometry on 
operating frequency, pressure and power input will be dis- 
cussed. The discharge tube now in use is 5 cm in diameter and 
operates at a pressure of about 8 microns. The plate input 
power to the 10-mc oscillator is 300 to 400 watts. Ion beams of 
1.5 ma containing 85 percent monatomic ions are obtained, 
using either hydrogen or deuterium. 

* Supported in part by a grant from the Research Corporation. 

Now at Louisiana College, Pineville, Louisiana. 


1P. C. Thonemann, Nature 158, 61 (1946). 
? Moak, Reese, and Good, Phys. Rev. 83, 232(A) (1951). 


JA3. A High Current 120-Kev Positive” Ion’ Accelerator.* 
D. L. Larrerty, J. A. BicGerstarr, B. D. KERN, AND T. M. 
HAHN, University of Kentucky.—A high current 120-kev 
positive ion accelerator for fast neutron inelastic scattering 
studies has been constructed. High voltage is supplied by a 
Cockcroft-Walton type circuit. The horizontal accelerating 
tube consists of glass sections and 12 re-entrant aluminum 
electrodes, sealed together with Vinyl cement, and is 24 inches 
in length. The 2-inch glass sections for the accelerating tube 
were cut from 7-inch diameter, 32-inch wall thickness, Pyrex 
pipe. The ion source is of the radio-frequency type described 
by Moak et al.! A well-focused beam of currents up to 500 
microamperes and consisting of 90 percent monatomic hy- 
drogen has been obtained. 


* Supported by the Office of Ordnance Research, Army Ordnance Corps. 
1 Moak, Reese, and Good, Nucleonics 9, 3, 18 (1951). 


JA4. Performance of a 125-kv Accelerator and Spec- 
trometer. J. BERGSTEIN, Oak Ridge National Laboratory, AND 
R. D. BirkHorr, Oak Ridge National Laboratory and Uni- 
Particles are accelerated through volt- 
ages up to 125 kv by a conventional ion gun and Cockcroft- 
Walton tube assembly. A second identical tube is used to 
decelerate the particles through exactly the same potential by 
connecting the Faraday collector electrically to the 
cathode of the gun. Any energy lost in an absorber placed in 
the beam is replaced by running the cage at a slightly diflerent 
potential from the cathode. Differentiation of the current- 
voltage curve obtained by varying this potential gives the 
energy distribution of the electron beam. In use with no 
absorber and 43 kv applied, a distribution 0.2 volt wide at 
half maximum has been obtained giving a resolution of about 
5 parts per million. Experiments contemplated include an in- 
vestigation of the excitation and ionization produced in matter 
by the passage of electrons and positive ions, the measurement 
of W, the average energy required to create an ion pair in 
various gases for electrons and ions, and electron capture and 
loss phenomena for positive ions. 


versily of Tennessee. 


cage 


JAS. The Oak Ridge 44-Inch Cyclotron. Royce J. Jones, 
Oak Ridge National Laboratory (introduced by R. S. Livings- 
ton).—A description of the ORNL 44-inch experimental cyclo- 
tron will be presented. This proton accelerator is being used 
in the study of the transmission of ions in a fixed-frequency 
cyclotron. A discussion of beam composition and beam attenu- 
ation will be presented. The use of focusing grids at the enter- 
ing edges of the dees increases the ion beam current at small 
radii, but has little effect at the maximum radius. With proper 
shaping of the accelerating clectrode a focusing effect can be 
introduced in the ion source region which results in a 50 per- 
cent increase in beam current at the maximum radius. A pro- 
ton current of three milliamperes at 1.5 Mev has been obtained 
with the ion source described previously.* A deflected beam of 
380 microamperes has been measured. 


* Livingston, Jones, and Wright, Phys. Rev. 78, 329 (1950) 


JA6. Electromagnetic Shims for Focusing in a Fixed- 
Frequency Cyclotron. FarNo L. Green, Oak Ridge National 
Laboratory (introduced by R. S. Livingston) —-The conven- 
tional type of iron shims, used for focusing, in the ORNL 44- 
inch experimental cyclotron (Abstract JA5) has re- 
placed by electromagnetic shims for studies of magnetic 
focusing of the beam. Various magnetic field configurations 
and gradients are easily examined with a great saving of time 


been 
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and labor. The statement? that magnetic focusing is of little 
effect at small radii but is very effective at large radii was 
verified experimentally. It was shown that for 1.5-Mev protons 
a linear magnetic field drop-off of two percent along the me- 
dian plane, radially outward to maximum beam radius, gives 
optimum beam focusing as indicated by maximum beam in- 
tensity. This type of focusing shims has proved to be practical 
during many months of cyclotron operation. 


1M. E. Rose, Phys. Rev. 53, 392 (1938). 
2 Robert R. Wilson, Phys. Rev. 53, 408 (1938). 


JA7. Cyclotron Efficiency and Power Distribution Measure- 
ments. A. L. Bocu anp E. D. Hupson, Oak Ridge National 
Laboratory (introduced by R. S. Livingston).—The high beam 
power obtained with the ORNL 86-inch cyclotron prompted an 
experimental study of the power distribution and the effi- 
ciency of the machine. As measured calorimetrically, the power 
transmitted to the internal target by 22-Mev protons has ex- 
ceeded 60 kw. Power to the target is limited by thermal prop- 
erties of the target and the available power in the rf system; 
under off-resonance conditions, over 40 milliamperes of ions 
can be made to circulate in the dees at an average energy of 
approximately 2 Mev. The dec isolation of the dees has made 
it possible to determine the ion losses to the dees for both on- 
and off-resonance conditions; a power distribution method is 
used in obtaining the average energy of the ions. For proton 
currents exceeding 1500 microamperes the target power is 
over 10 percent of the power input to the oscillator, the ion 
transport efficiency approaches 15 percent, and the target 
power is over 50 percent of the total ion loading of the rf 
system. 


JA8. Radioisotope Production in the ORNL 86-Inch Cyclo- 
tron. J. A. Martin, Oak Ridge National Laboratory (intro- 
duced by R. S. Livingston).—A proton current in excess of 
one milliampere at an energy of 22 Mev is available on internal 
targets in the ORNL 86-inch cyclotron. Currents of this 
magnitude and at this energy make possible the relatively 
large-scale production of a number of radioisotopes which 
cannot be produced in nuclear reactors. The (p, ), (p, 2), 
and (p, pn) reactions give comparatively high yields. The 
yields for several radioisotopes are given. For example, Be? is 
produced by the (p, m) reaction on Li’ at a yield of 160 milli- 
curies per milliampere-hour ; lithium-coated targets have been 
developed which allow proton currents as high as 600 micro- 
amperes to be utilized. Ga® is obtained from both the (p, ) 
reaction on Zn® and the (p, 2m) reaction on Zn®; from a zinc 
target, in which the abundance of these two isotopes is 4.1 
percent and 18.6 percent, respectively, a yield of 600 milli- 
curies per milliampere-hour is obtained. 


JA9. A Measurement of the Neutron Energy Distribution 
in the ORNL Graphite Reactor. James B. Trick (introduced 
by J. H. Crawford, Jr.).—Analyses of many radiation damage 
experiments require that the energy distribution of the bom- 
barding neutrons be known. This can be accomplished in some 
cases by using nuclear threshold detectors to measure the energy 
distribution above one Mev and nuclear resonance detectors for 
lower (or epithermal) energies. Such a scheme has been used 
to examine the neutrons at a certain location in the ORNL 
graphite reactor. For the high energy component of the 
spectrum, the nuclear threshold detectors, together with their 
respective threshold energies are Cl“(n,a)P® at 0.5 Mev, 
P#(n, p)Si® at 2.4 Mev, Al??(n, p)Mg** at 4.6 Mev, and 
Al??7(n, a)Na® at 8.1 Mev. For the lower energy component of 
the spectrum an inverse dependence on energy (~1/E) was 
found using Mn® and Na®, which have (m, y) cross section 
resonances at 261 ev and 1710 ev, respectively. The neutron 
spectrum was thus found to consist of principally two com- 
ponents; a strong so-called “fission” group of neutrons in the 
energy interval 1 to 10 Mev and a group of lower energy 
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(epithermal) neutrons with an energy distribution inversely 
proportional to energy 


JA10. A Terphenyl-Boron Liquid Neutron Detector.* 
W. H. CamMpsBe i anv J. 1. Hopkins, Vanderbilt University.— 
The scintillation properties of various concentrations of 
p-terphenyl dissolved in p-toluene were studied for maximum 
pulse size response to conversion electrons with a view of 
possible use in conjunction with ethyl borate as an efficient 
neutron detector. A suitable cell with a plastic window above 
a 5819 photomultiplier tube was used with a single-channel 
ilyzer to obtain count-rate versus pulse-height 
data. The resyonse of the scintillation solutions to a Po-Be 
neutron flux was investigated before and after ethyl borate 
was added. The best response to date has been obtained by 
adding an 8 g/1 solution of p-terphenyl in p-toluene to an equal 
volume of ethyl borate. The results thus far for this neutron 
detector indicate that the count-rate versus pulse height can 
be represented by an equation of the form 


Cre Cl PH) 7 


S. Atomic Energy Commission. 


pulse-height a 


(n/t)=C,[1- 


* Work supported by the | 


JAI1. A Differential Pulse-Height Discriminator.* R. C. 
SHRECKENGOsT, D. C. SWANSON, AND J. W. FLowers, Uni- 
versity of Florida.—A relatively simple differential pulse- 
height discriminator designed to operate with pulses in the 
order of one microsecond in length and to one hundred volts 
in amplitude has been developed for use in scintillation 
spectroscopy. The discriminator employs differentially biased 
blocking oscillators with window widths to ten volts. The 
minimum amplitude bias and window widths can be easily 
adjusted to 0.1 percent of their respective ranges. 


* This work Atomic Energy 


Commission 


was supported in part by the U_ S&S. 


JA12. The Characteristics of an Allen Type Electron 
Multiplier. C. F. BarNerr, Oak Ridge National Laboratory. 
In experiments being conducted at Oak Ridge National 
Laboratory it is necessary to have a particle detecting instru- 
ment sensitive to positive ions of various masses (1 <A <40) 
and energies in the 3-200 kev range which can be used either 
as a single particle counter or a current measuring device for 
input currents up to 10° ampere. The characteristics of an 
Allen type electron multiplier have been studied to determine 
the feasibility of its use for this purpose. Results will be 
presented giving the gain of the multiplier as a function of 
input current, pressure, and multiplier voltage. Also, the 
gain as a function of mass and energy will be discussed, as 
well as the stability of the gain with time. With the first 
dynode at a potential of negative 5 kv the gain increases 
practically linearly for H,* ions with energy in the range 3-10 
kev. At an energy of 5 kev the secondary emission produced 
at the first dynode by molecular ion (e.g., N2*) is larger than 
that produced by atomic ions of comparable masses (e.g., 
Net). It has been concluded that the stability and gain of 
the electron multiplier is sufficient to justify its use as a 
quantitative ion detector. 


JA13. Gradation Development Method for Nuclear Emul- 
sions. H. G. pDECARVALHO, V. Davis, AND W. TEsu, North 
Carolina State College-—A method is described for the tech- 
nique of critical development of emulsions in which it is de- 
sired to identify ionizing particles. A test strip is first de- 
veloped with a solution of graded concentration. From this 
strip the optimum concentration of developer is determined. 
The optimum concentration is then used with graded time to 
complete the development. Using plates loaded with boron 
and lithium and exposed to neutron flux, one is able to dis- 
criminate between alpha-triton and alpha-lithium tracks and 
to measure their lengths readily. 





SESSIONS K AND L 


FRIDAY MORNING AT 10:00 


Physics 114 


(TURNER ALFREY, JR., presiding) 


Division of High-Polymer Physics 


Symposium on Crystallization in Polymers 


K1. Opening Remarks. TurNeER ALFREY, JR., Dow Chemical Company. (20 min.) 

K2. Equilibrium Theory of Crystallization. P. J. FLory, Cornell University (30 min.) 

K3. Kinetics of Crystallization. Leo MANDELKERN, National Bureau of Standards. (30 min.) 

K4. Recent Work on the Structures of Crystalline Polymers. C. W. BuNN, Imperial Chemical 


Industries. (30 min.) 


FRIDAY AFTERNOON AT 2:00 


Physics 114 


(TURNER ALFREY, JR., presiding) 


Division of High-Polymer Physics 


Symposium continued from Session K 


L1. X-Ray and Infrared Studies on the Extent of Crystallization. J. B. Nicuoi_s, Du Pont Experi- 


mental Station. (30 min.) 


L2. Relations Between Crystallization and Second-Order Transition. R. F. Boyer, Dow Chemical 


Company. (30 min.) 


L3. Molecular Structure and the Crystallizability of Polymers. C. W. BuNN, Imperial Chemical 


Industries. (30 min.) 


(R. F. Boyer presiding) 


Contributed Papers 


L4. Orientation in Polymeric Films by Infrared and X-Ray 
Techniques. W. H. Coss, JR., S. B. CoLe, AND R. L. Burton, 
E. I. du Pont de Nemours & Company (introduced by W. E. 
Mochel).—Methods have been evolved for quantitative esti- 
mation of degree of orientation of polymeric films by a 
Weissenberg x-ray technique and by absorption of polarized 
infrared light. Both axial orientation and uniplanar orienta- 
tion may be determined in each method. The results from the 
x-ray method apply only to the crystalline part of the poly- 
mer, whereas those from infrared include in addition to a 
crystalline part a contribution from the amorphous regions. 
Results from both methods are in general agreement; in cer- 
tain cases differences can be interpreted in terms of the relative 
importance of the crystalline and amorphous portions in 
oriented polymeric materials. 


LS. Crystallization in Butadiene-Styrene Copolymers.* 
LawrRENCE A. Woop, National Bureau of Standards.— 
Butadiene-styrene copolymers contain the following units: 
trans-1,4-polybutadiene, cis-1,4-polybutadiene, 1,2-polybuta- 
diene, and polystyrene. Of these the first is the only type which 
has been shown by x-ray evidence to form crystals. An ex- 
amination is made of the consequence of the hypothesis that 
crystallization in these copolymers in a given time at the opti- 
mum temperature requires a certain minimum content of 
trans-1,4 units, independent of the relative amounts of the 
other three types. Lines of constant trans-1,4 content are 
plotted on a graph with the content of polystyrene units as 
abscissa and the proportion of trans-1,4 units with respect to 


total polybutadiene content as ordinate. A similar family of 
curves can be plotted with the temperature of polymerization 
as ordinate. According to the hypothesis one of the curves 
will mark the boundary between the region of possible crystal- 
lization and the region in which crystallization will not be 
noted in the given time. Dilatometric and calorimetric studies 
of the crystallization within about 3 hours at —45°C yield 
experimental points which conform quite well to the curve 
for a trans-1,4 content of about 58 percent. The fact that the 
points fall on a single curve appears to give substantial sup- 
port to the hypothesis. 


* Supported in part by the U. S. Office of Naval Research and the Office 


of the. Quartermaster General 


L6. The Melting Transition of Natural Rubber.* Dona.p FE. 
ROBERTS AND LEO MANDELKERN, National Bureau of Stand- 
ards.—The statistical thermodynamic theory! of semicrystal- 
line polymers has led to the concept of an equilibrium melting 
temperature, 7;,, the temperature at which crystallinity dis- 
appears completely. This temperature is characteristic of a 
given polymer and independent of previous thermal history. 
The well-known results for natural rubber? where the melting 
temperature is strongly dependent on the crystallization tem- 
perature are not in accord with these conclusions, and has 
been reinvestigated. The melting temperatures of two molecu- 
lar weight fractions and a third sample of purified rubber 
hydrocarbon were determined, as a function of crystallization 
temperature, using dilatometric techniques. After crystalliza- 
tion at —18°C, 0°C, and +8°C, on subsequent slow heating, 
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the melting temperatures all occurred in the range 22° to 
23°C, irrespective of the crystallization temperature. A slow 
heating rate is important in order to allow imperfect érystal- 
lites to reform into a more stable arrangement; if a fast heating 
rate is employed, results similar to those previously reported? 
are obtained. However, after crystallizing at +14°C and 
heating slowly, the melting temperatures occur in the range 
27° to 28°C. Thus, the effect of the crystallization tempera- 
ture on the melting temperature is considerably smaller in 


magnitude than previously thought. 
* Assisted by the U.S. Office of Naval Research and Office of the Quarter 
master General 
1P, J. Flory, J. Chem 
2L. A. Wood and N 
search Natl. Bur. Standards 


Phys. 17, 223 (1949) 
Bekkedahl, J. Appl. Phys. 17, 362 (1946); J. Re 
36, 489 (1946). 


L7. An Infrared Study of the Crystallization of Poly- 
ethylene. ALEXANDER BROWN AND F. P. REDING, Carbide 


M, AND N 

and Carbon Chemicals Company.—The melting points and the 
temperatures for the onset of crystallization of a series of 
polyethylene resins covering a variety of molecular weights 
and degrees of chain branching have been determined by ob- 
serving the 13.7-micron crystallinity band of the infrared 
spectrum. An increase in the amount of chain branching de- 
creases the melting point considerably whereas a decrease in 
the molecular weight, at least in the range studied, lowers the 
melting point only slightly. On the other hand an increase in 
chain branching decreases, but a decrease in molecular weight 
apparently increases, the temperature at which crystallization 
starts at any given rate of cooling. The rate of crystallization 
of polyethylene as a function of temperature, chain branching, 
and molecular weight will also be discussed. In the tempera- 
ture range studied the rate increases markedly with a de- 
crease in temperature and a decrease in the amount of chain 


branching. 


FRIDAY AFTERNOON AT 2:00 


Chemistry 116 


(W. G. POLLARD presiding) 


Invited Papers in Nuclear Physics 


M1. The Raleigh Research Reactor. C. K. Beck, North Carolina State College. (30 min.) 
M2. Progress in Reactor Physics and Reactor Technology. A. M. WEINBERG, Oak Ridge National 


Laboratory. (30 min.) 


M3. Polarized Photons. F. L. HEREFORD, University of Virginia. (30 min.) 
M4. Production of Polarized Particles in Nuclear Reactions. ALBERT Simon, Oak Ridge National 


Laboratory. (30 min.) 


M5. Nuclear Reactions with He’ Nuclei. W. M. Goon, Oak Ridge National Laboratory. (30 min.) 


FRIDAY AFTERNOON AT 


2:00 


Page Auditorium 


(W. M. Gorpy presiding) 


Southeastern Section of the American Physical Society 


Programme on the Teaching of Physics 


Invited Paper 


N1. Responsibilities and Training of Physics Teachers. T. H. OsGoop, Michigan State College. 


(30 min.) 


Contributed Papers 


N2. The Teaching of Biophysics. DAvip PoMEROY, Army 
Medical Research Laboratory, Fort Knox.—In a discussion on 
the present status of biophysics! the problem was considered 
largely from a thermodynamic standpoint. It must be con- 
ceded, however, that there is a large, growing need to adopt 
mathematical and physical methods also to problems of bio- 
logical effects of radiations. The subject may be classified 
under 3 headings. 1. Radioactivity —Natural and artificial 
radioactivity; the elementary particles; measurement of half- 
uses of radioisotopes in biology and 


lives; activity in curies; 
-lonization; 


medicine. 2. Passage of radiation through matter. 
range-energy relations; stopping power; photoelectric effect; 
Compton effect; pair production; neutron capture; the inter- 
mediate nucleus; nuclear disintegrations; methods for de- 


tection and counting of elementary particles; statistics of 
counting. 3. Action of radiation on living cells —Dosimetry as 
defined in different types of roentgens; modes of biological 
and chemical effects; target theory; inactivation of viruses, 
rickettsia and bacteria; mutations; carcinogenesis and treat- 
ment of cancer. 


1 Science 113, 617 (1951) 


N3. Sharp Shadows as “Images.” E. Scorr Barr, Uni- 
versity of Alabama.—A local eye specialist, Dr. Harvey B. 
Searcy, found that it is possible to show a patient a cataract 
or certain other defects of his eye very simply. The patient 
takes a converging lens of about 6 diopters and looks through 
it at a distant point source of light. The patient then sees his 
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cataract clearly imposed upon the bright field. The explana- 
tion lies in the fact that this procedure results in making the 
posterior focal point of the lens coincide with the anterior 
focal point of the eye. Consequently, the light is essentially 
parallel after entering the eye, and sharp shadows of any ob- 
structing areas are projected on the retina. The retinal re- 
sponse is such that these shadows are interpreted as images 
(inverted, of course). The confusion of sharp shadows with 
images may also arise in optical bench experiments when a 
bright point source (such as the Western Union arc) is used 
to illuminate a wire screen as an object. This may lead to the 
surprising effect that covering the top half of the lens results 
in the loss of the top half of the ‘‘image.” 


N4. An Experiment with Transistors for the Elementary 
Electronics Laboratory Course. F. H. MITCHELL, University 
of Alabama.—A simplified experiment using point-contact 
transistors is described. After the collector volt-ampere family 
of curves is obtained, a single-stage grounded-base amplifier 
is designed and built. Its band width and degree of distortion 
are measured, and the current gain calculated. Next, a sine- 
wave feedback oscillator of a type selected by the students is 
constructed, and its stability and range of adjustable audio 
frequencies is measured. Finally, an assignment is given to 
construct an amplifier or an oscillator of good quality using a 
minimum of components, weight, and space. The results ob- 
tained by the several groups of students in this miniaturiza- 
tion are compared, and a winner is chosen by vote of the entire 
class. A considerable rivalry is like to accompany this as- 
signment 


N5. A Classical Neutron Model. AktHuR E. Ruark, Uni- 
versity of Alabama.—Students sometimes inquire whether 
there is a convenient neutron model, a companion to the 
Lorentz surface-charged electron. The electrical potential 
Vo exp(—r*/a?) leads to such a model. It corresponds to a 
charge-density (Vo/42a?) (6 —4r?/a?) exp(—r*/a?). The total 
charge is zero. The electrostatic energy is Mc? = (97/512)4a Vo. 
This model usually incites lively arguments 


No. Electrolysis of Water: An Experiment in Atomic 
Physics. Cart C. Sartain, University of Alabama.—lIf one 
measures the current J and the time ¢ required to liberate a 
mass M of oxygen collected at pressure p and volume v and 
at absolute temperature 7, he can determine seven important 
physical constants. They are the Faraday F, the mass m of 
an oxygen atom, the mass of one atomic mass unit, Avo- 
gadro’s number No, Boltzmann’s constant k&, the universal 
gas constant R, and the volume V of one mole of gas at stand- 
ard conditions. One needs to have measured the charge on the 
electron (oil drop method) or be willing to accept the value 
of that charge. 
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N7. Is it Possible to Teach Physics to Humanities Stu- 
dents? N. Go_powsk1, Black Mountain College.—-During the 
years following the end of the war, physics gradually became 
a compulsory rather than an elective subject, not only for 
science students but also for those in liberal arts. The necessity 
of acquainting humanities students with physics was voiced 
by many, including this writer. The reason for teaching physics 
can be expressed by the saying: ‘‘man has to know the world 
he lives in.”” The understanding of the world seems to be based 
on the laws and concepts of physics. Teaching physics to 
mathematically virgin students became a problem, for which 
several solutions were offered. Essentially, most of them lead 
to teaching about physics, in order to avoid mathematics, the 
language of physics. It now appears questionable whether 
teaching about physics provides a knowledge of physics or an 
understanding of the underlying concepts. It is proposed to 
teach physics with emphasis on concepts but without trans- 
lating the language of physics—mathematics—into everyday 
language, so as to give the student “first hand” experience in 


science, 


N8. Graduate Training for High School Physics Teachers 
and Cooperation between College and High School Physics 
Departments. Donatp C. Martin, Marshall College.—A 
report of a study made, especially in the Southern states, to 
determine what is being done by colleges in the way of pro- 
viding graduate programs in physics for high school teachers, 
and also what colleges are doing in the matter of cooperating 
with high school physics departments such as loaning equip- 
ment, faculty members presenting demonstration lectures at 
high school assembly programs, giving assistance to science 
clubs, and discussing opportunities of a career in physics with 
high school seniors. 


N9. Incentive Grading for the Basic Laboratory Reports. 
Ray M. Morrison, Combustion Engineering Corporation, AND 
M.S. McCay, University of Chattanooga.—The success of in- 
centive wage systems in industrial operations suggests poten- 
tial benefits from a similar plan in the basic physics laboratory. 
Blind dependence upon vague, negative grading practices, 
such as “an average, complete report rates B,’’ can hardly be 
expected to develop student interest, initiative, accuracy, 
and thoroughness. On the other hand, nondiscriminating as- 
signment of high grades to all reports encourages carelessness 
and lack of respect for the course work. In view of the demand 
on modern colleges for finished products with superior quali- 
ties in laboratory (1) experimentation, (2) communication, 
and (3) initiative it would seem to be scientific to give more 
attention to quality control of the student product during 
the production process. Specifically, this study is concerned 
with the developing and testing of a check list of essential 
laboratory report features, which serves both as a positive 
system for determining report grades, and as a constructive 
guide to incentive-minded students. 
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Mostly about Crystals 


Ol. Vibration Spectrum of a Simple Cubic Lattice.* 
Gorpon F. NEweLL, University of Maryland.—Analytic ex- 
pressions are derived for the frequency distribution function 


g({) of a simple cubic monatomic lattice. Only nearest and 
next-nearest neighbor interactions are considered and the 


latter are assumed to be weak compared with the former. 
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The procedure is based upon considering the next-nearest 
neighbor interactions as a perturbation and the results are 
correct to the first power of a parameter 7 which is essentially 
a measure of strength of the next-nearest neighbor forces as 
compared with the nearest neighbor forces. It has been known 
for some time that the problem with nearest neighbor inter- 
actions only degenerates into the equivalent of three one- 
dimensional problems giving a nonzero g(f) for f=0 and an 
infinite value at the maximum frequency. If, however, one in- 
cludes even a small interaction between next-nearest neigh- 
bors, the behavior of g(f) near both ends of the spectrum 
changes considerably, in fact it vanishes at both ends. In 
between these points g(f) is continuous but has four analytic 
singularities with vertical tangents of the type predicted by 
van Hove for a quite general type of crystal. 

* Partially supported by the U. S. Office of Naval Research. 

O02. Dislocations and Edge States in the Diamond Crystal 
Structure. W. SHocktey, Bell Telephone Laboratories.— 
Dislocations in the diamond structure are somewhat more 
complicated than those usually considered: An edge, or 
Taylor's dislocation, with slip vector on a (111)-plane may 
have its extra half-plane of atoms terminate with broken 
bonds parallel either to [111 J-direction or at tetrahedral 
directions thereto. In the former case, separation into partial 
dislocations is impossible whereas in the latter it may occur 
at the expense of next-next neighbor distrubances only. At 
the edge of the extra half-plane there may be a one-dimen- 
sional band of ‘‘edge-states"’ analogous to two-dimensional 
surface state bands. As for surface states! there are conditions 
in which these edge states may be partially filled thus causing 
each dislocation to become a one-dimensional degenerate- 
electron-gas conductor. Depending upon ‘‘work function,” 
such dislocation arrays could form n- or p-type grain bounda- 
ries and make boundaries behave like surface states rather 
than extrinsic regions.? They might also contribute to the 
anomalously large nonlinear conductivities observed at very 
low temperatures.* 

1W. Shockley, Phys. Rev. 56, 317 (1939). 

2G. L. Pearson, Phys. Rev. 76, 459 (1949) and Taylor, Odell, and Fan, 


thid. 88, 867 (1952) 
*C.S. Hung and J. R. Gleissman, Phys. Rev. 79, 726-728 (1950); R. C. 


Fletcher (personal communication) 


O03. Electrical Breakdown Path Orientation in Alkali Halide 
Crystals. J. W. Davisson, Naval Research Laboratory. 
The general idea of a fast electron scattering mechanism in- 
volving Brillouin zone boundaries, conceived by A. von 
Hippel, has been used by E. L. Offenbacher and H. B. Callen! 
in a quantitative calculation of electrical breakdown path 
orientation. This calculation predicts a sequence of break- 
down directions in alkali halide crystals with increasing tem- 
perature consisting of (random:100:111:110 and 100: 100). 
The theoretical treatment does not include the xxy star 
paths which have now been observed in KF and NaCl as well 
as in the lithium halides.2 The data suggest that the star 
patterns appear when the probability for breakdown in 110 
and 111 is equal, or nearly so. Experimental observations give 
the sequences (random: 100:xxy*:110) for K and Rb halides, 
(random: 100*: 111:xxy*:110) for Na halides, and (xxy*:110: 
xxy:111:110) for the Li halides. The starred orientations 
above are unstable. 


1E, L. Offenbacher and H. B. Callen, Phys. Rev. 83, 227 (1951). 
2 J. W. Davisson, Phys. Rev. 70, 685 (1946) and 73, 1194 (1948). 


04. Electron Motion in Polar Crystals. E. P. Gross, 
M.1I.T.—The energy levels of the system consisting of an 
electron interacting with the longitudinal optical modes of 
frequency w in a polar crystal are studied in detail by the 
method of Fock configuration space.' For the lowest levels and 
for small coupling strengths the energy and effective mass 
agree with the linear dependence on coupling predicted by the 
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intermediate coupling theory.? Deviations in the direction of 
higher effective masses are found with increasing interaction 
strengths. For states of energy ~hw/2 above the ground state 
the effective mass is greater than it is for the lowest levels. 
The depression of the energy continuum of the levels which 
for zero coupling lies at an energy hw is computed as a func- 
tion of interaction strength. 


1E. P. Gross, Phys. Rev. 88, 153 (1952). 
2 T. D. Lee and D. Pines, Phys. Rev. 88, 960 (1952). 


O5. Electronic Energy States of Impurities in Nonmetallic 
Crystals. Kurt LEHOvVEC, Sprague Electric Company.—The 
potential around an impurity in a crystal can be divided into 
two parts: (1) Within a sphere with the radius of the impurity 
the potential approaches the core potential of the free im- 
purity (except of an additive constant), (2) outside of this 
sphere the potential is the periodic lattice potential with a 
superimposed Coulomb-like field determined by the effective 
charge of the impurity and the lattice polarization. Accord- 
ingly two types of wave functions for an electron attached to 
the impurity can be distinguished: (1) ¥ functions resembling 
orbitals of the impurity in free space and located nearly en- 
tirely within the sphere mentioned above; (2) yz functions 
resembling hydrogen-like orbitals, extending far beyond the 
sphere. A crude criterion on the existence of y, functions is 
based on (a) energy levels of the free impurity and lattice 
energy, or (b) on the radius of the free impurity and the 
space available in the lattice. y, functions do not exist in co- 
valent crystals [e.g., Ge(Sb) ], but may exist in ionic crystals 
[e.g., KCI(TI)]. ¥2 functions exist always. A y; function, if 
existing, represents the ground state, whereas 2 functions 
represent excited states. The significance of the (yi, ~2) state 
for a two-electron problem (ZnS with interstitial Cu) will be 
discussed. 


O06. Density Changes in Glass During Heat Treatment. 
H. N. RitLanp, Corning Glass Works.—The structure of glass 
is known from x-ray diffraction studies to have a random 
character similar to that possessed by liquids. In common 
with liquids, glass has an equilibrium structure that is a func- 
tion of temperature. At temperatures near the annealing 
point, about an hour is required for equilibrium to be reached ; 
the time increases rapidly as the temperature is lowered. This 
loosely defined range of temperature in which physical prop- 
erties can be observed to vary with time is called the trans- 
formation range; room temperature properties of glass are 
dependent on previous thermal history in the transformation 
range. The effect of heat treatment on the room temperature 
density and refractive index of a boro-silicate crown glass has 
been studied. Data will be presented on the variation of den- 
sity with length of treatment at a constant temperature in 
the transformation range and on the approach of the density 
to its asymptotic value during cooling through this range at a 
constant rate. These will be discussed in connection with the 
concept of fictive temperature, in which the state of the glass 
is characterized by the temperature in the transformation 
range at which that state would be in equilibrium. 


O7. Crystallite Size and Diamagnetic Susceptibility of 


Carbons.* H. T. Pinnick, University of Buffalo.—Single 
graphite crystals have an anomalously large susceptibility in 
the c-direction (principal axis), while the susceptibility in the 
aromatic plane is much smaller and of the same order of 
magnitude as for all hydrocarbons (including the condensed 
aromatic molecules). In order to get information about the 
nature of the changes occurring when condensed aromatic 
molecules grow and transform into graphite crystals, carbons 
with intermediate range of crystallite sizes were investigated. 
Purified carbon rods were heat-treated to different tempera- 
tures to get a wide variation in crystallite sizes. Furthermore, 
a number of carbon blacks with particle sizes from 50A to 
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3000A were all heat-treated to 3000°C; since the particle sur- 
faces limit the growth of crystallites a range of well defined 
sizes was obtained. The crystallite dimensions were deter- 
mined from the broadening of x-ray diffraction lines and the 
susceptibilities measured at room temperature using Gouy 
balance. When the gram susceptibilities are plotted as a 
function of the crystallite diameter d (‘‘2” direction), the ex- 
perimental points lie scattered around a single curve, in which 
almost all of the increase from x= —0.5X10-* to about 
—6X10~* occurs in the interval for d from 50A to 150A. The 
deviations from the average curve are probably caused by 
differences in origin and history of the individual samples. 


* Supported in part by the U. S. Office of Naval Research. 


O08. Computations of Three-Dimensional Structure Factors 
on S-FAC.* R. PEpINSKY AND P. F. ErLanp, The Pennsylvania 
State College.—S-FAC was constructed to compute structure 
factors corresponding to a two-dimensional array of twenty 
atoms in the asymmetric unit of a crystal cell. Five types of 
atoms (i.e., different f curves) can be accommodated at one 
time. The (x, x2) coordinates are established as desired 
by means of two potentiometers for each atom, the atomic 
centers appearing on the X-RAC ‘scope as movable marker 
pips; and the FH, H2 values appear as meter readings. Co- 
ordinates can be altered at will to permit instantaneous ex- 
amination of agreement between observed and calculated 
structure-factor amplitudes. A computation rate of ten FH, H2 
values per minute is readily attained. Three-dimensional fac- 
tors can be readily computed, while maintaining the mobility 
of trial atomic positions, by ganging an additional set of 
twenty potentiometers to produce dc outputs corresponding 
to cos2rH3x3 and sin27H3x;) values. These modulate the 
f, values to permit immediate computation of the function 


N sind 
FH\HiHy= > fo )Ccosde tes +H.xy")) cos2xHyxy™ 
1 


—sin2r(Hyx,™ +Hex.™) sin2rH 3x3 
+sin2r(Hix,™ +Hx.™) cos2rHyx; 
+cos2e(Hixi™ + Hox.) sin2wHgx3™ J. 
One layer-line (H3; value) at a time is computed, the Hyx;"") 
values being fed to the new set of potentiometers. 


* Development supported by the U. S. Office of Naval Research 


O9. An Iteration-Variation Calculation of the Electronic 
Structure of Diamond.* M. DANK AND H. B. CALLen, Uni- 
versity of Pennsylvania.—The integral iteration method! for 
obtaining the solutions of the Hartree-Fock equations has 
been improved by the incorporation of variational stages 
alternating with the iterations. The resulting rapidly con- 
vergent technique has been applied, for the purpose of testing 
its feasibility, to the calculation of the width of the valence 
band and of the gap width between the top of the filled band 
and the lowest s-state in the conduction band of diamond. 
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With only three iterations, these computed energies are re- 
spectively 27.9 ev and 17.8 ev. The experimental value for the 
former is approximately 18 ev, whereas the most reliable 
available value for the latter? is 14 ev. The method of succes- 
sive iteration and variation (SIAV) appears on this basis to 
be more convenient than the Wigner-Seitz method. 

* Research supported by the U. S. Office of Naval Research. 


1M. Dank and H. B. Callen, Phys. Rev. 86, 622(A) (1952). 
2F, Herman, Phys. Rev. 88, 1210(L) (1952). 


O10. Luminescent Effects in Chemically Pure ZnO.* 
T. Topp Resout, University of Pennsylvania.—Pills of ZnO, 
sintered from spectroscopically pure powder, have been ex- 
amined at various temperatures for luminescent properties 
when excited by x-rays. The 395 millimicron luminescent 
peak has a decay <10~® second at all temperatures between 
100°K and 300°K; the 510 millimicron peak which is about 
10 times more intense than the 395 peak at 100°K has a 
decay which changes from about 4X10~4 second at 125°K 
to a microsecond at room temperature. Thermoluminescence 
experiments show that only the 510 millimicron peak is 
emitted during the heating process and that its temperature 
of peak emission is not dependent on excitation but does de- 
pend upon heating rate going from 137°K at 1.6°K per minute 
to 154°K at 18°K per minute. From this heating rate-peak 
temperature data, the activation energy of the traps re- 
sponsible for the thermoluminescence is found to be 0.24 ev. 
It was not possible by examining the slope of the log decay 
time versus reciprocal temperature curve to find a value for 
activation energy consistent with the value found by the 
thermoluminescence experiments. 


* Supported by the U. S. Office of Naval Research. 


O1l. Adsorbed Oxygen in Zinc Oxide Photoconductivity.* 
DonaLp A. MELNICK AND LEO J. NEURINGER, University of 
Pennsylvania.—It is believed that adsorbed oxygen influences 
the photoconductivity of sintered zinc oxide. The oxygen atoms 
capture conduction electrons in the “necks” which connect the 
sintered grains. These necks, which account for most of the 
sample's resistance, have a surface to volume ratio suff- 
ciently high to make this electron capture significant. Studies 
have been made of the process of rise and decay for times up 
to 108 seconds, with a resolution of 4 second. (Over 95 percent 
of the change occurs in times greater than 4 second.) The plot 
of photoconductivity vs log time shows continuing changes 
over this entire period of time, and shows only gradual changes 
in slope. It is therefore impossible to resolve the process into a 
small number of discrete time constants, but rather it is 
suggested that there is only one process, which is presumably 
associated with the adsorption and desorption of oxygen. The 
rate of decay increases considerably with the pressure of the 
ambient air. It has been determined experimentally that the 
effective agent in air is oxygen. 


* This work supported by the U. S. Office of Naval Research 
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Semiconductors, II 


Pl. Deuteron Irradiation of Germanium Near Liquid 
Nitrogen Temperature.* J. H. Forster, H. Y. Fan, AND 
K. Lark-Horovitz, Purdue University—Bombardment by 
9.3-Mev deuterons (at about 100°K) converted an n-type 


germanium sample (1.62 mho-cm™) to p type (1.2 K 10-5 mho- 
cm”) and decreased the conductivities of two p-type samples 
(93.8and 10.5 mho-cm™) to7.75 X 10° *and 9.7 X 10°? mho-cm™!, 
respectively. At the beginning of bombardment the decrease 
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of holes per deuteron is 2.6 and 0.42 in the p-type samples. 
Mobilities measured at 90°K (about 10cm?*/volt-sec) are 
lower than values observed in any chemically doped p-type 
samples. When bombarded samples are raised to different 
temperatures 7, the resistivity p and the Hall cpefficient R 
change with time at a rate depending on T. For T7<141°K, R 
and p increase, whereas 7 >149°K they decrease. After some 
time at each 7, p, and R, curves can be taken reproducibly 
between 7 and 77°K. Most curves show two slopes in semi log 
plot against 1/7. It follows that defects produced by bom- 
bardment undergo changes at relatively low temperatures. 
The temperature changes after bombardment and the o(#) 
curves during bombardment are difficult to explain by changes 
in the concentration of introduced localized levels, without 
changing their distribution. A possible explanation is cluster- 
ing of defects 


* Supported by Signal Corps contract 


P2. Germanium Films II.* W. M. Becker ANb K. LarRk- 
Horovitz, Purdue University. —Germanium films 
posited on heated quartz plates by the thermal dissociation of 
GeH,. X-ray measurements indicate the normal diamond lat- 
tice, with particle sizes >2000A, far larger than the particle 
sizes found in evaporated films. Film thicknesses ranged from 
<0.1 Hall constant and resistivity 
were measured as a function of temperature. Log p and 
log|R| versus 10/7 curves differ from similar plots for 
bulk germanium. Mobilities are lower than usually found for 
bulk germanium. All of the films made by thermal dissociation 
of GeH, were p type at room temperature. A region of con- 
ductivity with an activation energy of 0.72 electron volts was 
found in one film at temperatures above 600°C. At this tem- 
perature the Hall effect drops sharply to zero, and the mobility 
varies as ~ 7°! in this temperature range. The magnetoresis- 
tance effect of these films was found to be much smaller than 
that of bulk germanium. At liquid nitrogen temperature, a 
change in resistance of only 0.01 percent was detectable using 
a field of 6700 gauss. 


were de- 


microns to 1.5 microns. 


* This work was supported by Signal Corps contract 


P3. Infrared Absorption in p-Type Germanium.* W 
Katser, R. J. Cottins, anD H. Y. Fan, Purdue University. 
The absorption in p-type germanium after subtracting the 
lattice bands does not show the same wavelength dependence 
as in n-type. At room temperature there are two weak ab- 
sorption peaks! at 2200 cm™! and 3500 cm™ and a sharp rise? 
at 1800cm™' to a high absorption which remains constant 
out to 310 cm™. The absorption is on the average an order of 
magnitude higher than that in n-type samples of comparable 
carrier concentration. Results for samples between 0.07 and 
0.85 ohm-cm can be normalized to a single curve. The absorp- 
tion is approximately proportional to the carrier concentration. 
At 77°K, instead of the two bands at 2200cm™ and 3500 
cm™!, one sharp band with a peak at 2700 cm™ was observed. 
The absorption at the peak is comparable with the two peaks 
observed at room temperature but falls to negligible values on 
either side. After the steep rise at 1800 cm™ the absorption 
exceeds the room temperature curve and reaches a maximum 
between 400 cm and 330cm™'. These observations suggest 
an overlapping of bands within the valence band. 

* Work supported by Signal Corps 

1H. B. Briggs and R. C. Fletcher, Phys. Rev. 87, 1130 (1952). 


2R. J. Collins and H, Y. Fan, Purdue Semiconductor Research Progress 
Report, June 30, 1952 


P4. Infrared Absorption in n-Type Germanium.* R. J. 


Cotuins AND H. Y. Fan, Purdue University.—Infrared ab- 
sorption in n-type germanium has been investigated in the 
region 2 to 110 microns.’ After subtracting the lattice bands? 
the absorption obtained increases with wavelength approxi- 
mately as \*. For samples ranging from 0.006 to 0.1 ohm-cm, 
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the absorption seems to be proportional to the carrier con- 
centration rather than to the ratio of carrier concentration to 
mobility as predicted by theory. The magnitude of absorption 
coefficient is two orders of magnitude higher than that given 
by theoretical calculation. For the temperature range where 
the carrier concentration remains essentially constant the 
absorption seems to vary as the reciprocal of the mobility. For 
the intrinsic range the shape of the absorption vs wavelength 
curve is qualitatively a superposition of n-type and p-type 
curves as expected. The data taken at different temperatures 
can be normalized to a single curve. The semilog plot of the 
normalization factor against 1/7 has a slope corresponding 
to a 0.71-ev energy gap. 

* Work supported by Signal Corps 

1} Measurements beyond 40 microns were made with the facilities at the 


University of Michigan through the courtesy of Dr. G. B. B. M. Sutherland. 
2R. J. Collins and H. Y. Fan, Phys. Rev. 86, 648 (1952). 


PS. Photoconductivity and Carrier Traps in Germanium.* 
H. A. Gesair, M. NiseNorr, AND H. Y. Fan, Purdue Uni- 
versity.—Photoconductivity in germanium has a maximum 
near the absorption edge. At room temperature results on 
both m- and p-type samples can be explained simply by excita- 
tion, recombination, and motion of electrons and holes. Good 
agreement is found for the values of minority carrier lifetime 
deduced from the variation of photoresponse with applied 
field and distance of illuminated area from electrodes, as well 
as from the time constant of rise and decay. For different 
samples the response is proportional to the lifetime. At 77°K 
the response can be divided into a fast and a slow component. 
The former varies linearly with radiation intensity, being 
faster and correspondingly smaller than the room temperature 
effect. This means a smaller lifetime at the lower temperature. 
The slow component saturates with increasing radiation in- 
tensity (J) according to //(/+-const). The rise becomes faster 
with increasing intensity while the decay remains unchanged. 
hese observations show the presence of traps for excited 
minority carriers, the concentration and energy levels of 
which have been determined. Normal electron-hole recom- 
bination cannot however be mainly determines by these traps. 


* Work supported by Signal Corps contract. 


P6. Dislocations in Low Angle Boundaries in Germanium 
Single Crystals. F. L. Voce_, W. G. PFann, H. E. Corey, 
AND E. E. Tuomas, Bell Telephone Laboratories —Convincing 
evidence that certain lineage boundaries in nearly perfect 
germanium single crystals consist of arrays of parallel edge 
dislocations has been obtained by microscopic and x-ray 
measurements. The boundaries are revealed by etching as a 
series of regularly-spaced conical pits when viewed in planes 
normal to the growth direction and are invisible when viewed 
in planes parallel to the growth direction. Precision x-ray 
measurements at individual that such 
boundaries separate highly perfect regions differing in orienta- 
tion by a rotation about the growth axis of the order of one 
minute. The measured pit-spacings agree well with the spacings 
D between dislocations calculated from the orientation dif- 
ferences @ on the basis of Burgers model' for a low angle 
boundary, in which D=5/06, where + is the lattice translation 
vector. These findings strongly suggest that the pits are sites 
of edge dislocations. 


boundaries show 


1 J. M. Burgers, Proc. Phys. Soc. (London) 52, 23 (1940 

P7. Theory of Thermoelectric Power in Semiconductors.* 
V. A. JOHNSON AND K. LarkK-Horovitz, Purdue University. 
The thermoelectric power Q of a classical semiconductor is 
found by obtaining the Thomson coefficient from electric and 
thermal current densities and integrating the Thomson rela- 


tion. For an energy independent mean free path, the result is 


Q= —(2k/e)tanhz+(1/eT)(¢+4E@) —(E@/2eT)tanhz, 
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where 2={/(kT) +E@/(2kT) +4 In(cm,§/m,!), ¢ denotes the 
Fermil level, Eg the forbidden band width, ¢ the ratio of 
electron to hole mobiiity, and m, and m, the electron and hole 
effective masses. This expression reduces to the special forms 
obtained earlier! The maximum error introduced by an 
approximation used in integration appears in the intrinsic 
range and is given by (3k/4e)In(m,/m,.) about 10 microvolts, 
deg in germanium. Information about the temperature de- 
pendence of Eg is obtained by applying this equation to high 
temperature Q data. At low temperatures the theory must be 
modified to consider energy dependence of mean free path, 
sample degeneracy, and breakdown of the Boltzmann-Lorentz 
development of the scattering process. Theoretical results will 
be compared with measurements.? 

gy ag by a Signal Corps contract 


A. Johnson and K. Lark-Horovitz, Phys. Rev. 69, 259 (1946). 
86, 674 (1952). 


2H. Pp. R. Frederikse, Phys. Rev 

P8. Electrical Conduction and Thermoelectric Power in 
Thorium Oxide Crystals. O. A. WEINREICH AND W. E. Dan- 
FORTH, Bartol Research Foundation.—The conductivity and 
thermoelectric power of homogeneous crystalline specimens 
f thorium oxide are being measured in different gas atmos- 
pheres and in vacuum. Conduction in hydrogen is relatively 
stable and is accompanied by electrolytic discoloration. In 
oxygen, conductivity is higher, increases markedly with flow 
of current and is not accompanied by visible electrolytic 
deposits. In all cases where a change is made from an oxygen 
atmosphere to a non-oxygen atmosphere (or vacuum) the 
conductivity decreases. One, therefore, speculates that the 
material is a p-type conductor when in oxygen and in the 
temperature range concerned (700°-1000°C). This is corrob- 
orated by the polarity of the Seebeck effect. In vacuum at 
higher temperatures evidence points to n-type conduction. 
Data regarding the variation of thermoelectric power with 
temperature in an oxygen atmosphere yield energy-gap valves 
in fair agreement with those obtained from electrical conduc- 
tivity. Using the simplest semiconductor theory with present 
data, the calculated density of impurity centers is unreason- 
ably high. However, it is to be expected that, under the 
circumstances, the impurity density will vary with tempera- 
ture. An attempt to take this into account mathematically is 
in progress. 


P9. Thick p—n Junctions in Germanium.*RALPH BRAY AND 
F. VAN DER MarsEN,f Purdue University.—In single crystal 
Ge samples, we have found p—n barrier regions of such thick- 
ness (~0.05cm) as to permit probe determination of the 
potential distribution at low reverse bias and operation of a 
rectifying point contact inside the barrier. From the potential 
distribution one may estimate the space charge in the barrier, 
its variation with reverse voltage, and consequently the 
capacitance. This capacitance and the barrier thickness are 
relatively insensitive to applied voltage for one such barrier. 
A new three-terminal device has been constructed involving 
the interaction of the biased p—n junction”and a separately 
biased, n-type rectifying point contact made inside the p—n 
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barrier. For instance, the point contact circuit may operate in 
a normal, low forward resistance state, or in a very high 
resistance state, depending on relative magnitudes of point 
contact forward voltage and reverse bias on p—m junction. 
The switching from one stage to the other is accompanied by 
a negative resistance region. The critical switching voltages 
are dependent on the position of the point inside the barrier 
and on illumination. 


* Work supported by Signal Corps contract. 
t Present address: Phillips Research Laboratory, Eindhoven, Holland 


P10. On Noise in p—n Junction Rectifiers and Transistors. 
I Theory. Ricuarp L. Perritz, U. S. Naval Ordnance 
Laboratory and Catholic University.—The problem of the noise 
resulting from concentration fluctuations of the minority 
carrier in p—n junction rectifiers and transistors, as formulated 
and solved with a lumped parameter approximation! has now 
been solved without this approximation. Our result for 
Gp(Al gs?) is 
s*-1 


ART |2|2fe~ WORT + (s+z*) | caVOlkT rapyst 


Ry \(2+2*)(¢+2*+1) pave Jo (l+y) 


where F=[exp(qVo/k7) —1], 2=(1+tw7,)#; other symbols 
are defined in reference 1. G,(AJ,,2) is of similar form. For 
wryp<1 the expression simplifies, and the available noise 
power is 2&7 for all bias values; clearing up an anomaly in 
our approximate solution (reference 1, Eq. 63). Further studies 
of the noise resulting from fluctuations in the local lattice 
temperature show that the parameter h, in Eqs. 6 and 8 of 
reference 2, is essentially an average diffusion length of the 


dy, 


G,(Al,,?) = 


minority carriers. 


1 Richard L. Petritz, Proc. Inst. Radio Engrs. 40, 1440 (1952) 
? Richard L. Petritz, Phys. Rev. 87, 535 (1952). 


P11. On Noise in p—n Junction Rectifiers. II Experiment. 
Frances IL. Lummis AND RicHarD L. Perritz, U. S. Naval 
Ordnance Laboratory.—Measurements of the absolute magni- 
tude and spectrum of noise in p—n junction rectifiers were 
made over the frequency range 15 cps to 600 keps with 
different values of reverse dc bias and load resistance (R,). 
The spectrum of the noise power across KR, can be fitted by an 
equation of the form G(e?, Ri) =A/[1+(2afr)*]+B/f. An 
attempt has been made to interpret these results in terms of 
the two mechanisms discussed in the above abstract. Accord- 
ing to the theory, the electronic noise corresponds to the term 
A/{1+(2xfr)?] and the lattice temperature noise to the B/f 
term, the parameters A, B, and 7 being evaluated by experi- 
ments not involving noise measurements (see abstract No. P11). 
We ‘find that the ,theoretical expression for electronic noise 
is in reasonably good agreement with the A/[1+(2afr)*] 
term, both in regard to absolute magnitude and spectrum 
over the range of bias and Ry, values used. However, the 
theoretical expression for lattice noise, whole adequately 
fitting a 1/f law, over the range of frequencies investigated, 
is not of sufficient magnitude to account for the experimental 
data. 


FRIDAY EVENING AT 7:00 


Main Dining Hall, Duke Union 


(G. B. PEGRAM presiding) 


Banquet of the Americal Physical Society 


After-dinner speakers: G. B. PEGRAM, P. M. Gross, R. J. SEEGER, W. SHOCKLEY, and T. J. KILUtAn. 





SESSIONS Q AND R 


SATURDAY MorRNING AT 10:00 
Howell Hall 


(HowARD REIss presiding) 


Division of Chemical Physics 


Symposium on Nucleation Theory 


Q1. Nucleation in Condensed Systems. Davip TURNBULL, General Electric Company. (30 min.) 
Q2. Nucleation of Solid-Solid Transitions. Joun Hossterrer, Bell Telephone Laboratories. (30 


min.) 
Q3. Role of Nucleation-Theory in Crystal Growth. N. Caprera, University of Virginia. (30 min.) 
Q4. Time Lag in Spontaneous Nucleation Due to Non-Steady-State Effects. F. C. CoLiins, Poly- 
technic Institute of Brooklyn. (30 min.) 


Division of High-Polymer Physics 


Invited Paper 


Q5. Statistical Mechanics of Polymer Chains in Solution. B. H. Zimm, General Electric Research 
Laboratory. (30 min.) 


SATURDAY MORNING AT 10:00 
Bingham Hall 


(V. A. JOHNSON presiding) 


Strain and Stress; Theoretical Solid-State Physics 


Rl. The Strength of Solid Solution Alloys.—Joun C. 
FisHer, General Electric Company.—Short range order in an 
alloy, by which is meant any short-range departure from 
randomness in the arrangement of atoms on lattice sites, must 
strengthen the alloy. The increment of strength due to short 
range order, or order-hardening as it will be called, results from 
the fact that the motion of a dislocation through such an 
ordered alloy changes the nearest-neighbor configuration of 
atoms across the slip plane, producing a more nearly random 
configuration of higher energy. If y is the mean energy in- 
crease per square centimeter of interface produced by the 
passage of a single dislocation, and if b is the magnitude of 
the Burgers vector for the dislocation, the order-hardening 
is given by the expression ro=y/b. For an interface with y ~ 20 
ergs/em? the order-hardening is ro*10® dynes/cm*, or 


15 000 psi. 


R2. Strain and Crystallite Size in Experimental Iron 
Powders.* FRANK E. JAuMoT, JR., AND LEONARD MULDAWER, 
Franklin Institute Laboratories —The strain and crystallite 
size present in an experimental iron powder produced by a 
carbonyl process (General Aniline and Film Company, desig- 
nated P818) has been determined. Electron microscopic ex- 
amination gave a mean particle diameter of about two 
microns. The method used to determine the strain and crystal- 
lite size has been described by Warren and Averbach."? Using 
a combination of Fe and Cu radiation, the shapes of five 
powder diffraction lines were obtained for the powder and for 
a well-annealed ‘‘standard.”’ From a Fourier analysis of these 
lines, a line profile due only to strain and crystallite broadening 
was obtained. A curve of the Fourier coefficients of this line 
profile as a function of the order of the diffraction lines gave 
the crystallite size and strain directly.2? The crystallite size 


given by the analysis was of the order of 120A, and the rms 
strain was computed to be approximately 10-*. These values 
are in reasonable agreement with those found by Taylor* by a 
different method, for a similarly prepared powder. 
* This work was supported in part by the U. S. Office of Naval Research. 
1B. E. Warren and B. L. Averbach, J. Appl. Phys. 21, 595 (1950). 


2B. E. Warren and B, L. Averbach, J. Appl. Phys. 23, 497 (1952). 
3A. Taylor, Pittsburgh Conference on Diffraction, November 7, 1952. 


R3. The Yield Point Strain. Epwarp W. Hart, General 
Electric Research Laboratory.—The yield point phenomenon in 
metals has been ascribed! to the anchoring of dislocations by 
solute atoms. The yield stress is that stress which produces 
appreciable thermal nucleation of free moving segments of 
dislocations from the regions in which they are anchored. A 
Frank-Read source,? initially anchored, can be activated to 
produce a dislocation burst’ even though its critical stress is 
greater than the applied stress, if the size of a critical nucleus 
is smaller than the length of the source. This latter condition 
is readily verified by use of a simplified model for anchoring, 
suggested by J. C. Fisher.‘ This process provides a basis for 
explanation of the size of the yield point strain, the apparently 
homogeneous nature of much of the yield strain, the subse- 
quent initial increase in hardening rate, and dependence of the 
strain on crystal size. 

1A. H. 
(1948). 

?F. C. Frank and W. T. Read, Phys. Rev. 79, 722 (1950). 


4 Fisher, Hart, and Pry, Phys. Rev. 87, 958 (1952). 
4 Private communication 


Cottrell, Rep. Conf. on Strength of Solids, Phys Soc. London 


R4. Change of Elastic Constants Resulting from Annealing 
of Cu and Al Cold Worked at — 196°C.* E. C. CRITTENDEN, JR., 
AND H. Dieckamp, North American Aviation, Inc.—The 
behavior of elastic constants after cold work or radiation 
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damage offers considerable promise as a tool for the identifica- 
tion of interstitial atoms in the presence of other imperfections. 
Interstitial atoms will probably increase the elastic moduli,! 
whereas vacancies and internal strain decrease the moduli. 
Preliminary observations have been made on Cu and Al wires 
treated so as to have a [111] fber texture with the [111] fiber 
axis parallel to the wire axis. Since the shear modulus is iso- 
tropic for all directions in the (111) plane for cubic crystals, 
the modulus measured by torsion of such wires is a single 
crystal property. Such wires, 10 to 20 mils in diameter, were 
cold worked by twisting at —196°C to a surface strain of 0.5 
and were then annealed by a series of 15-minute annealing 
pulses with a temperature increase of 25°C for each step up to 
room temperatures. All observations were made at —196°C 
between annealing pulses. The shear modulus can be observed 
to better than 5 parts in 10*. The behavior of Cu and Al is very 
similar. After cold work the shear modulus had decreased 
about 10 percent. On annealing, the modulus recovered steadily 
throughout the range of —196°C to room temperature except 
in the region of —125°C for Al and —75°C for Cu where the 
modulus showed a slight decrease. This decrease suggests the 
loss of interstitial atoms during annealing. 

* This report is based on studies conducted for the U. S. Atomic Energy 


Commission under contract AT-11-1-GEN-8. 
1G. J. Dienes, Phys. Rev. 87, 666 (1952). 


RS. Theory of Initial Stress Strain Curves in Face-Centered 
Metals. J. S. KOEHLER, University of Illinois.*—In an earlier 
paper! work-hardening by two mechanisms were considered: 
first, at small strains source hardening occurs, i.e., the longest 
free lengths of a dislocation generate and produce glide until 
they are locked by some process not yet understood. The 
hardening occurs because as the long dislocations are used 
more stress is required to make the short dislocations generate. 
At large strains the many dislocations present prevent addi- 
tional dislocation motion; this is called interaction hardening. 
The temperature dependence of the source hardening in 
aluminum can be understood if it is assumed that all of the 
closely spaced glide lamellas found by electron microscopy in 
one slip band result from one source. The number of lamellas 
per band increases with increasing temperature. T. H. Blewitt? 
has found that source hardening in copper is the same at 
room temperature as it is at liquid nitrogen. This is consistent 
with C. S. Barrett’s* observation that there exists only one 
glide lamella per slip band in copper at room temperature. 
The theory suggests that a search be made for multiple 
lamellas and stress strain curves dependent on temperature in 
copper crystals at elevated temperatures. 

* Supported by the U. S. Office of Naval Research, 

1J. S. Koehler, Phys. Rev. 86, 52 (1952). 


2T. H. Blewitt, see abstract this meeting. 
3C. S. Barrett, Trans. Am. Inst. Mining Engrs. 156, 62 (1944). 


R6. X-Ray Measurements of Cold-Worked Alpha-Brass.* 
B. E. WARREN, B. L. AVERBACH, AND E. WareEkots, M.J.T.— 
Filings of 70-30 brass pressed into a briquet served as the cold- 
worked sample. Peak shapes were measured with a recording 
spectrometer using filtered CoKa. Fourier coefficients were 
determined and instrumental broadening corrected by the 
Stokes method. A log plot of the coefficients for the 111, 222 
and the 200, 400 combinations gave particle sizes L1;, = 180A, 
Lio0=70A, and slopes indicating appreciable distortion. Strip 
rolled to 98 percent reduction was used to get a strong (111) 
orientation and coefficients for (111), (222), (333) determined. 
The (333) points were above the (111), (222) line on the log 
plot indicating that an appreciable part of the particle size 
broadening is due to stacking faults. A small decrease in the 
(111), (200) peak separation and an increase in the (222), (400) 
separation was observed in agreement with Paterson's predic- 
tion for the effect of stacking faults. The distortion corre- 
sponds to a rms strain of 0.007. The results indicate that the 
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x-ray broadening is due partly to distortion and partly to 
particle size, and that the particle size effect is largely due to 
stacking faults on the (111) planes at about every 25th plane. 


* Sponsored by the U. S. Atomic Energy Commission. 


R7. Comparison of Resistivity and Density Changes in 
Cold-Worked Brass. HERBERT I. FusFELD, Frankford Arsenal 
and Office of Ordnance Research.—Experimental results have 
been obtained on the changes in resistivity of cold-worked 
brass with recovery at various annealing temperatures. All 
anneals were conducted below the recrystallization point. The 
curve shows certain maxima and minima. It is observed that 
the curve is similar to results obtained elsewhere on the 
changes in density of cold-worked brass as a function of 
annealing temperature. One curve may be transformed to the 
other by assuming that the underlying processes are identical, 
and are governed by an activation energy of approximately 
19 000 calories per mole. 


R8. Plastic Behavior of Polycrystalline Metals at Very High 
Strain Rates (~10‘/sec). L. ZERNOW AND J. Simon, Aberdeen 
Proving Ground.—The behavior of a variety of polycrystalline 
metals at strain rates of the order of 10*/sec is being studied. 
These strain rates are achieved by the explosive collapse of 
the metal into a high velocity jet'~* along which a velocity 
gradient exists. Observation of the behavior of the metal 
under these conditions is accomplished by means of fractional 
microsecond flash radiography.*4 The face-centered cubic 
metals, copper, nickel, aluminum, and silver, have been found 
to deform plastically quite readily with relatively small 
differences in their comparative behavior. Body-centered 
cubic materials like iron have been observed to undergo early 
fracture, as have also, members of the close packed hexagonal 
family cobalt and zinc. These results are consistent with and 
constitute an extension of the observations of Kramer and 
Maddin! on single crystals of a-brass, aluminum, and §-brass. 
Factors modifying the normal behavior will be discussed. 

1 Birkhoff, MacDougal, Pugh, and Taylor, J. Appl. Phys. 19, 563 (1948). 

? Pugh, Eichelberger, and Rostocker, J. Appl. Phys. 23, 532 (1952). 

J. C. Clark, Phys. Rev. 72, 741 (1947). 


‘L. Zernow, Bull. Am. Phys. Soc. 27, No. 6, 10 (1952). 
51. R. Kramer and R. Maddin, J. Metals 4, 197 (1952). 


R9. Lattice Vibrations in Graphite. HERBERT B. RosEn- 
stock, U.S. Naval Research Laboratory.—Gurney' justifies the 
assumption that, at low temperatures, the only vibrations 
that are excited in the graphite lattice are transverse ones 
propagated in the principal hexagonal crystal planes. On this 
assumption, the frequency distribution may be calculated 
exactly*? for certain values of the force constants a, 8, y, for 
nearest, 2nd-nearest, and 3rd-nearest neighbors. The specific 
heat calculated from these ‘‘exact” distributions is slightly 
sensitive to the choice of B/a and y/a, differing somewhat 
from the 7? law predicted by Debye theory throughout the 
temperature range of interest here. Comparison with experi- 
ment‘ yields a numerical value for the parameter @=hwmax/zk, 
and from this the values of the force constants, which are 
related to wmax, may be inferred. Numerical results will be 
given. 

1R. W. Gurney, Phys. Rev. 88, 465 (1952). 

?E. W. Montroll, J. Chem. Phys. 15, 575 (1947). 


3 W. A. Bowers and H. B. Rosenstock, J. Chem. Phys. 18, 1056 (1950). 
4 Esterman and Kirkland, as quoted in reference 


R10. Plasma Waves in Metals. P. A. Wo.rr, Bell Tele- 
phone Laboratories.—The Hartree approximation is used to 
investigate the effect of the crystal lattice on plasma oscilla- 
tions in metals. The plasma frequency is given by the formula 
w* =4re*no(1/m,*), where mo is electron density and (1/m,*) 
the average of the effective mass over filled states. For free 
electrons this equation reduces to that given by Bohm and 
Gross:! for insulators (1/m,*)=0 and there are no oscillations. 
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Interband transitions induced by the plasma waves cause 
frequency broadening and probably are responsible for the 
large widths observed in Cu, Ni, and Ag.? The matrix element 
for such a transition is the same as for optical absorption; 
d-electrons, being more numerous and more tightly bound 
contribute the major share of the transition probability.* This 
explains why plasma lines observed in Be and Al are much 
narrower than those seen in the metals mentioned above. A 
rough estimate of the frequency shift due to interband transi- 
tions is made and shown to be consistent with experiment. 
1 Bohm and Gross, Phys. Rev. 75, 1851 (1949) 
omnes Ruthemann, Ann. Physik 2, 113 (1948); W. Long, Optik 3, 233 


* The suggestion that d-electrons are mainly responsible for the broaden 
ing was first made by Conyers Herring 


Ril. A New Treatment of Energy Bands. Norman 
ROSTOKER AND WALTER Koun, Carnegie Institute of Tech- 
nology.—The problem of finding the propagating electron 
wave functions of a crystal can be formulated as an integral 
equation, which leads to a stationary expression for the energy. 
If one employs only trial functions which satisfy the Schré- 
dinger equation, the potential can be eliminated from this 
expression. The resulting secular equation depends only on the 
Green's function for the lattice under consideration and the 
logarithmic derivatives of the s, p, d,--- etc., radial functions 
at the inscribed sphere of the atomic polyhedron. The Green's 
function is completely determined by the geometry of the 
crystal lattice while the logarithmic derivatives are deter- 
mined by the ionic potential. Therefore, in this treatment, the 
effects of the type of lattice and of the ionic potential on the 
structure of the energy bands are clearly separated. The 
methods goes beyond the spherical approximation and takes 
into account the detailed shape of the atomic polyhedron. 
Preliminary results for lithium will be presented. We plan to 
apply this method next to transition metals. 


R12. Brillouin Zone Structures of Alloys. Part I. Some 
Implications of Present Theories. E. I. SaLKovitz AND A. I. 
SCHINDLER.—The changes occurring in the lattice parameters 
a and ¢ and their ratio c/a in dilute magnesium solid solutions 
have been carefully studied by Hume-Rothery and Raynor! 
and others. The changes in the c/a ratio of these solutions 
have been interpreted by H. Jones? to be associated with a 
change in the Fermi energy arising from the distortion of the 
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Brillouin zone: that is, these c/a changes are associated with 
an overlap which takes place at a given electron to atom ratio. 
This interpretation implies that an anomaly should exist in 
the conductivity versus concentration curve for these alloys. 
An indirect consequence should be the breakdown of Linde’s 
and Matthiessin’s rules. Indeed Linde’s rule may be expected 
to be invalid on other grounds. The rule was based on dilute 
alpha-solutions of monovalent metals and has not been 
thoroughly checked for bivalent metals. It will be necessary 
to establish the dependence of the scattering probability upon 
alloying addition when c/a varies. These considerations also 
raise doubt concerning the validity of Matthiessin’s rule 


(London) 177, 
Busk, Trans 


Roy Soc 
and R. S. 


1W. Hume-Rothery and G. V. Raynor, Pros 
27 (1940); G. V. Raynor, ibid. 180, 107 (1942); 
Am. Inst. Mining Met. Engrs. 188, 1460 (1950). 

2H. Jones, Proc. Roy. Soc. (London) A147, 400 
(1949); Phil. Mag. 41, 663 (1950) 


1934); Physica 15, 13 


R13. Brillouin Zone Structures of Alloys. Part II. Hall 
Constant Data of Dilute Magnesium Alloys. A. I. SCHINDLER 
AND E. I. Satkovirz.—To explain the peculiar variation of 
the lattice parameters of dilute alpha-solutions of magnesium, 
H. Jones has postulated a Brillouin zone overlap at a certain 
electron to atom ratio. A direct consequence of this theory is 
that a significant effect should be found on the Hall constant 
when overlap occurs. In the application of the Jones’ theory, 
other writers have tacitly assumed that the metals in column I 
of the periodic table have one valence electron, those in 
column ITI have 2, and those in column III, three electrons 
per atom. However, it is generally accepted that the valence 
of the solute is not necessarily equal to the number of outer 
electrons. An insight into the contribution of electrons to 
magnesium by the solute can be obtained from Hall data. If 
overlap occurs, the variation of Hall constant with solute 
concentration should be abrupt at overlap. As a test of these 
ideas, Hall data, using a technique described by Schindler and 
Pugh,! were obtained at room temperature on magnesium 
containing 0.8, 1.3 and 1.8 atomic percent aluminum and 0.1, 
0.2, and 0.3 atomic percent silver. In both cases, the Hall 
constant decreased rapidly as a function of solute concentra- 
tion with the variation in the silver approximately three times 
that of the variation in aluminum. These results will be dis- 
cussed and an experimental program outlined. 


1A. 1. Schindler and E. M. Pugh, Phys. Rev. 89, 295 (1953). 


SATURDAY MORNING AT 10:00 
Venable Hall 


(NELSON FUSON presiding) 


Infrared Spectroscopy 


S1. A New Detector for the Infrared. S. Mrozowsk1, 
B. D. McMicuaei,* ann E. A. Keto, University of 
Buffalo.—In the process of condensation of aromatic mole- 
cules into large graphite planes, the energy gap between the 
filled and empty bands gradually decreases to zero, and the 
corresponding leng-wave absorption edge moves from the 
visible into the infrared. By stopping the condensation process 
at a definite stage, substances with energy gaps as narrow as 
required can be produced. In this work the photoresponse of 
films made by heat-treating cellophane was investigated. A 
remarkable bolometric effect was found and also the presence 
of an internal photoeffect established. In general, the films 
with the best photoeffect showed a signal-to-noise ratio in- 
ferior to the PbS cells (by a factor of about 20 at 200 cycles.) 


However, the frequency response is good (checked only up to 
2000 cycles), the maximum of sensitivity seems to be located in 
the infrared, and the long-wave limit coincides roughly with 
the absorption edge. By interposing another film with a 
shorter wavelength, absorption limit cells responding to a 
specified spectral region can be built. Cells with a sensitivity 
limit only up to about 5u were obtained; the increasing con- 
ductivity of the films preventing a further extension into the 
infrared. 
* Now at the Bell Aircraft Corporation, Niagara Falls, New York. 


S2. An Infrared Analysis of the Associated O—H and 
O—D Stretching Vibrations of Simple Carboxylic Acids.* 
NELSON Fuson, MARIE-LOUISE JOSIEN, AND CONRADE C. 





SESSION S 


Hinps, Fisk University.—This paper reports a study of the 
“fine structure” of the associated hydroxyl group stretching 
vibration band of carboxylic acids, using a single beam infrared 
spectrometer equipped with a lithium fluoride prism. The 
compounds, studied in the vapor and/or solution state, in- 
cluded CFs;COOH, CF;COOD, and CH;COQOD. Previously 
reported experimental results and interpretations! will be 
discussed in relation to the present findings, and a new ex- 
planation for the “fine structure” will be proposed.? 


* This investigation has been supported by a Frederick Gardner Cottrell 
grant from the Research Corporation. 

1V. M. Chulanovskii and P. D. Simova, Doklady Akad. Nauk. S.S.S.R. 
68, 1033 (1949); D. Hadzi and N. Sheppard, Boll. sci. facolta chim. ind. 
univ. Bologna 10, 25 (1952); M. Davies and J. C. Evans, J. Chem Phys 
20, 342 (1952); and Fuson, Josien, Jones, and Lawson, J. Chem. Phys. 20, 
1627 (1952). 

?M.-L. Josien and N. Fuson, Compt. rend. 235, 1025 (1952). 


$3. An Infrared Study of the Infiuence of Molecular Struc- 
ture on the Carbonyl Band in Polycyclic Quinones.* Marir- 
Louise Josten, NELSON Fuson, AND Essie M. SHELTON, 
Fisk University.—A study of the position of the infrared 
absorption associated with the carbonyl bond vibration in 
over one hundred quinones! leads to some interesting corre- 
lations between the C=O frequency and other measures of 
molecular structure such as oxidation-reduction potential, 
bond order, index of free valence, Hammett’s function, and 
the geometrical form of the molecule. Certain hydroxy- 
substituted quinones show spectral anomalies which do not 
seem to fit into the usual category of hydrogen bonded 
compounds. 

* This investigation was supported by a research grant from the National 
Cancer Institute, United States Public Health Service 

1 M.-L. Josien and N. Fuson, Bull. soc. chim. France 19, 389 (1952). 


Lebas, and Gregory, J. Chem. Phys. 21, 331 (1953). 
1206 (1952). 


? Josien, Fuson, 
4 Josien, Fuson, and Pearson, Compt. rend. 235 


S4. The Infrared Spectrum and Molecular Constants of 
Deuterium Bromide. F. L. KELLER AND A. H. NIELSEN, 
University of Tennessee.—High dispersion measurements have 
been made for the first time on the fundamental (v=0—1), 
first overtone (v=0—+2), and second overtone (v=0-+3) infra- 
red vibration bands of DBr. The fundamental was observed 
by using a 40-cm cell and pressures of 90-150 mm. The over- 
tones required the use of a multiple reflection cell with a path 
of 17 meters and pressures of 240-460 mm. It was necessary 
to elminate strong atmospheric absorption in the region of 
each band. The isotopic splitting of the rotation lines was 
measured and molecular constants determined for both iso- 
topic species, DBr7® and DBr®. The principal constants for 
DBr?® are w,. = 1885.33 cm™, x.w. = 22.73 cm™, yw, = —0.0106 
cm”, B,=4.2905 cm™, a, =0.083, cm, D,=0.000096, cm™, 
B= —2,X10-* cm™. The principal constants for DBr® are 
we = 1884.75 cm, xwe= 22.72 cm™, ywe = —0.0106 cm", B, 
= 4.287, cm™, a, =0.083, cm, D,=0.000095, cm™, B= —2, 
x 10-* cm™. These values are in good agreement with con- 
stants obtained from measurements on the funda- 
mental vibration of Thompson, Williams, and 
Callomon.! 


recent 


HBr by 


1 Thompson, Williams, and Callomon, at the Physical Chemistry Labora- 
tory, Oxtord (private communication). 


S5. A Study of the Infrared Spectrum of the Amide Group. 
Harry Letaw, JR.,* AND ARMIN H. Gropp, University of 


Florida.—Two assignments have been proposed for the very 
strong 1560 cm™ band of the N-substituted amide group. 
Lenormant! has suggested its assignment to »v(C—N) and 
Richards and Thompson? have suggested 6(N—H). This in- 
vestigation consisted of a study of the frequency shifts of this 
and other bands in the infrared spectra of several n-butyl- 
and N,N-dibutyl-ethanamides upon substitution of chlorine 
and fluorine in the 2-position. On the basis of these shifts 
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and other properties of the band in question, observed in the 
spectra both of the pure compounds and of their CCI, solu- 
tions, it is concluded that the v(C—N) assignment is correct. 
The apparent absence of the corresponding band from the 
spectrum of the N,N-disubstituted amide group is explained 
by the accidental degeneracy of »(C =O) and »(C—N). 

*U. S. Atomic Energy Commission, Predoctoral Feliow. Now at the 
University of Ilinois 

1H, Lenormant, Ann. chim. 5, 459 (1950). 

?R. E. Richards and H. W. Thompson, J. Chem. Soc 
(1947). 


(London) 1248 


S6. The Infrared Absorption Spectrum of SO:.* R. D. 
SHELTON, A. H. NIELSEN, AND W. H. FLETcHER, University 
of Tennessee.—The infrared absorption spectrum of SO, was 
recorded with a grating spectrometer from 470 cm™ to 8000 
cm with path lengths up to 20 atmometers. Fifteen bands 
were observed. Band centers of v2, v1, v3, vets, 201, vitva, 
2v3, 2vitve, vitvetvs, 3x1, 2v1 +43, 3v3, 3vi 43, and v1 +3ys 
have been assigned frequencies of 517.76, 1151.30, 1361.11, 
1875.58, 2295.82, 2499.55, 2715.30, 2815.98, 3011.25, 3431.19, 
3629.57, 4054.26, 4751.23, and 5165.64 cm, respectively. 
lhe first five had been previously observed.! Combination re- 
lations based on a symmetric top approximation were applied 
to the Q branches of the a, type bands », v2, 2¥; and 2y3. 
These gave respective (A’—B”) values of 1.7009, 1.6903, 
1.7144, and 1.7044 cm™, and respective (A’—B’—A" +B") 
values of —0.00035, +0.0370, —0.0538, and —0.0367 cm™. 
Combination relations applied to v; gave B’ =0.3023 cm™ 
and (B’—B"’) = —0.00010 cm™. Using the B” value from vs 
and the average A" —B" from above, A” = 2.0048 cm™ com- 
pared with A’ =2.0271 cm™ from microwave data.? Calcula- 
tion of the harmonic and anharmonic constants gave w,° 
= 1155.62, w;°= 1368.06, x1, ~ 3.95, x33 = —5.52, x12 = +1.20, 
X23>= —3 59, X1i3> — 13.52 

* Supported by the U. S. Office of Ordnance Research 

1G. Herzberg. Infrared and Raman Spectra of Polyatomic Molecules (D. 


Van Nostrand Company, Inc., New York, 1945), p. 285 
2M. H. Sirvetz, J. Chem. Phys. 19, 938 (1951). 


S7. Infrared Grating Spectrum of CH;CN Vapor. F. W. 
Parker, A. H. NIELSEN, AND W. H. FLETCHER, University of 
Tennessee.—Although the microwave spectrum! and infrared 
prism spectrum? of CH;CN have been investigated, high dis- 
persion infrared measurements have not been reported, and 
spectral regions masked by atmospheric H,O vapor and CO, 
have been inadequately studied. Using a prism-grating spec- 
trograph and suitable absorbants for H»O and COs, it has been 
possible to measure many bands under high resolution from 
1.5-16 mu. The parallel band »,(a,;) at 920 cm™ and per- 
pendicular bands v7(e) and »s(e) at 1050 cm™ and 3010 em™ 
have been well resolved, and partial resolution of the P and 
R branches of 2g(A,) at 715 cm™ has been achieved. A mul- 
tiple reflection cell with path length of 20 meters was used 
with vapor pressures as high as 60 mm in a search for com- 
bination and overtone bands. Resolution of bands at 2100, 
1000, 4400, and 5600-6100 cm resulted. New bands have 
been found at 1800, 4160-4210, 4840, 5014, 5270, 5410, 5845, 
5965, and 6135 which exhibit rotational 
structure. 


cm™, some of 


1H. H. Nielsen, Phys. Rev. 77, p. 130 (1950); Kessler, Ring, Trambarulo, 
and Gordy, Phys. Rev. 79, 54 (1950). 
2p 


Venkateswarlu, J. Chem. Phys. 19, p. 293 (1951) 


S8. An Analysis of the Infrared Spectrum of CF,COCI. 
ROBERT JAMES LOVELL, Vanderbilt University.—The spectrum 
of CF,COCI has been recorded in the rocksalt region from two 
to fifteen microns. Eighteen bands were observed, of which 
six are thought to be fundamentals and twelve overtones and 
combinations. The molecule has at most one plane of sym- 
metry, and, therefore, has been assigned to the C, point 
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group. Of the fifteen possible fundamentals, ten are A’ 
(vibrations parallel to the plane of symmetry) and five are 
A” (vibrations perpendicular to the plane of symmetry). 
The selection rules for this group allow all vibrations (both 
fundamentals and overtones and combinations) to appear in 
the infrared region. Utilizing data from studies (made by the 
author) of the Raman and infrared spectra of the analog 
CF,COBr and a knowledge of the characteristic group fre- 
quencies involved, an attempt is made to follow Morris! and 
Wilson and Wells? in assignment of the fundamentals and 
overtones and combinations present in the infrared spectrum 
of CF,;COCI 


C. Morris, J. Chem. Phys. 11, 230 (1943). 


ij. 
? EF. B. Wilson, Jr., and A. J. Wells, J. Chem. Phys. 9, 319 (1941), 
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S9. Raman Spectrum, Force Constants, and Calculated 
Thermodynamic Properties of Germanium Tetrafluoride. 
LAWRENCE K. AKERS AND ERNEST A. JONES, Vanderbilt 
University.—One fundamental frequency of the Raman spec- 
trum of gaseous GeF,, the symmetrical frequency »;, has been 
obtained. Using this and other previously reported funda- 


.mentals,' force constants using various potential functions 


have been calculated. The thermodynamic properties, heat 
content, free energy, heat capacity, and entropy have also 
been calculated using spectroscopic data and the usual har- 
monic oscillator, rigid rotator approximation. Calculations 
are for ideal gas at one atmosphere pressure for temperatures 
100°-1000°K. 


1P. G. H. Woltz and A. H. Nielsen, J. Chem. Phys. 20, 307 (1952). 


SATURDAY MORNING AT 10:00 
Phillips Hall 


(A. M. WEINBERG presiding) 


Effects of Irradiation on Solids 


Tl. Additional Data on the Resistivity of CusAu during 
Neutron Irradiation. Harvey L. Giick AND W. F. WI1ziG, 
Westinghouse Electric Corporation.—A continuation has been 
made of work! dealing with neutron irradiation of Cu3Au at 
80°C +7C° within a graphite moderated nuclear reactor. The 
initially ordered specimen resistivity continued to increase to 
a value 60 percent above its initial value at 2 10” neutrons/ 
cm*. The initially disordered specimen resistivity reached a 
minimum 7.5 percent below its initial value at 5X10! nvt 
and increased thereafter to a value 4.2 percent below its ini- 
tial value. A disordered specimen held at 80°C without 
neutron irradiation showed that the above effect was not 
produced by temperature alone. Similar specimens were 
irradiated at 140°C+10C°. At 4X 10'8 nvt, the resistivity of 
the initially ordered specimen dropped 6 percent, then in- 
creased slowly to a value 4 percent above its initial value at 
1.4 10” nvt. The resistivity of the initially disordered speci- 
men dropped 12 percent in 4X 10'* nvt, another 5 percent at 
2.5X10'® nvt and then remained substantially constant. A 
disordered specimen held at 140°C without neutron irradia- 
tion suffered a resistivity drop of 4 percent in a day and then 
remained essentially constant. These results indicate that the 
effect of irradiation is dependent upon the temperature of the 
specimen. 


! Glick, Brooks, Witzig, and Johnson, Phys. Rev. 87, 1074 (1952). 


T2. X-Ray and Metallurgical Studies on Neutron Irradi- 
ated Cu;Au. R. H. Fittnow, E. K. HALTEMAN, AND G. F. 
MECHLIN, Westinghouse Electric Corporation.—Metallurgical 
and x-ray diffraction studies have been made on samples of 
CusAu irradiated as a part of the 80°C electrical resistivity 
experiment discussed in the previous paper. Vickers hardness 
has been determined on sets of disordered and ordered ma- 
terial both before and after irradiation. The hardness of the 
disordered material increased by 21 vhn from an initial value 
of 100 vhn after an exposure of 3X10” nvt. The ordered ma- 
terial increased by 48 vhn from an initial value of 110 vhn for 
the same exposure. Photographs of microstructure have been 
made and will be discussed. X-ray diffraction patterns have 
been obtained from powdered material having simultaneously 
received the heat treatment given the electrical resistivity and 
metallurgical samples. Debye-Scherrer patterns were made in 
a 114-mm camera on extruded samples with a starch diluent. 


Visual examination of the pattern indicates essentially no 
change in the disordered material and a perceptible sharpen- 
ing after irradiation on the ordered material. Studies of the 
long range order parameter indicate only a small decrease in 
long range order. Lattice parameter determinations show no 
significant alteration of parameter for the disordered material 
but a significant increase in parameter for the ordered material. 


T3. The Effect of Fast Neutron Bombardment on Diffusion 
in Cu;Au. R. R. Cottman anv T. H. BLewitt, Oak Ridge 
National Laboratory.—Previous work has indicated that fast 
neutron irradiation increases the rate of ordering of CusAu. 
Prior to neutron bombardment two Cu;Au resistors with a 
degree of order corresponding to equilibrium at 376°C were 
annealed at 150°C for 100 hours without appreciably affect- 
ing the resistance. The samples were then irradiated in the 
ORNL graphite reactor at 150°C. One sample was exposed to 
a fast neutron flux of 110" neutrons/cm? and the other to 
2.510" neutrons/cm*/sec. The resistance of the sample ex- 
posed to the lower flux approached a minimum approximately 
25 percent lower than the original value with about half of 
the decrease occurring in the first 24 hours. The other sample 
behaved similarly, however, approached the minimum four 
times as fast. A third specimen was bombarded for one week 
at —160°C in a flux of 2X10" neutrons/cm?/sec. At this 
temperature the sample apparently disordered as a small 
increase (0.6 percent) was observed. Subsequent annealing 
for 3.5 hours at —80°C produced no change in resistance. 
Annealing at 0°C, 100°C, and 150°C indicated a relaxation 
time of approximately 50 hours at 0°C, 25 minutes at 100°C, 
and 10 minutes at 150°C. A total decrease in resistance of 4.7 
percent was observed. 


T4. The Deformation of Copper Crystals at 78°K and 300°K. 
T. H. Biewitt, J. K. RepMAN, AND F. A. SHERRILL, Oak 
Ridge National Laboratory.—Experiments were designed to 
study the phenomena of low temperature recovery of the 
electrical resistance in copper single crystals. Pairs of crystals 
were simultaneously grown by the Bridgman technique with 
identical orientation. One sample of each pair was deformed 
at 300°K and the other at 78°K. The data obtained from four 
pairs of crystals indicate that: 1. The critical shear stress is 
independent of temperature. 2. The rate of work hardening is 
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temperature independent for shear strains less than 0.20. 
For shear strains greater than this the rate of work hardening 
for samples deformed at 78°K is about twice that of their 
corresponding sample at 300°K. 3. No recovery of the elec- 
trical resistance (+0.1 percent) was observed for a 16-hour 
anneal at 300°K when the shear strain was less than 0.20. 
For shear strains greater than 0.20, however, a recovery occurs 
whose magnitude depends on the strain in excess of 0.20. 
4. There is no apparent recovery of the hardness associated 
with the recovery of resistance, however, a definite yielding 
phenomena is observed. It would appear possible that one 
variety of defect capable of moving at 300°K to form Cottrell 
atmospheres is formed by sufficiently large deformations 


TS. Some Deformation Characteristics of Reactor Irradi- 
ated Copper Single Crystals at 78°K and 300°K. R. E. 
Jamison AND T. H. BLewitt, Oak Ridge National Laboratory. 

Characteristics thus far observed on extension of reactor 
irradiated pure copper single crystals appear to be strongly 
dependent on the deformation temperature. Pairs of samples 
of the same orientation and irradiation were extended, one at 
room temperature and the other at liquid nitrogen tempera- 
ture. The critical shear stress is increased at the lower tem- 
perature while the initial rate of work-hardening is decreased 
in such a way that the stress-strain curve after a strain of 
about 0.20 is similar to the curve for unirradiated copper at 
78°K. The room temperature curves are nearly coincident for 
the larger strains. Cross slip is not as distinct at 78°K, and 
the slip lines are more closely spaced and in smaller clusters 
than those formed at room temperature. At 78°K the ir- 
radiated crystals will sometimes break in brittle fracture, de- 
pending on the initial orientation. The brittle fractures are 
preceded by a series of audible clicks with accompanying re- 
leases of stress and formation of crevices in the crystal surface. 


T6. Annealing of Bombardment Damage in Germanium: 
Theoretical. R. C. FLercuer, W. L. BRown, AND S. MACHLUP, 
Bell Telephone Laboratories —On bombardment of germanium 
with electrons of more than 650 kev,! germanium atoms are 
displaced to interstitial positions. Part of the defects thus 
produced will anneal at room temperature, apparently mono- 
molecularly.! The remainder can be annealed at higher tem- 
peratures, but this part of the annealing requires too great 
a range of time at a given temperature to be either mono- 
molecular or bimolecular recombination. It is proposed that 
the complete annealing process can be divided into three 
stages. First, interstitials displaced only a short distance from 
their vacancies will recombine monomolecularly because of 
lattice distortion. Second, interstitials farther away from their 
vacancies will diffuse, some of them recombining but some 
escaping from the vicinity of their own vacancies. Third, inter- 
stitials which have escaped in the second stage will continue 
to diffuse and will eventually recombine bimolecularly with 
other vacancies than their own. Similar considerations apply 
if vacancies diffuse rather than interstitials. Calculation of 
the various stages of the annealing, including the appropriate 
temperature dependence, have been made for an isotropic 
medium and for a diamond-type lattice. These calculations 
show an annealing which covers the range of time observed. 


1E. E. Klontz, Signal Corps Report, Purdue University, June, 1952. 


T7. Annealing of Bombardment Damage in Germanium: 
Experimental. W. L. Brown anv R. C. FLETCHER, Bell 
Telephone Laboratories.—The previous paper indicates that 
the annealing of bombardment-introduced defects in ger- 
manium above room temperature may be described by a 
simple diffusion theory. An interstitial atom moves in the 
crystal by jumping between nearest neighbor sites of the inter- 
stitial lattice. The mean jump time 7 varies with temperature, 
T, according to r=v9"' expE/kT, where E is the energy hump 
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between interstitial positions and vo is approximately the 
lattice vibrational frequency. In the simple diffusion model, 
the extent of annealing depends only upon the total number 
of jump times no matter what the temperature. Five n-type 
samples with an initial room temperature conductivity about 
1 mho/cm were given equal bombardments with 3-Mev elec- 
trons. Each sample was annealed at 100° temperature inter- 
vals for seventy minutes. The five were interlaced to cover 
the temperature range from 140 to 360°C in 20° intervals. 
The annealing curves at different temperatures can be made 
to overlap by adjustment of the time scales. On the resultant 
curve, the times corresponding to 10 percent and 90 percent 
of complete annealing are in the ratio of 10°. From the factors 
arising in adjustment of the time scales, an activation energy 
of 1.8 ev is obtained. 


T8. Effect of Neutron Irradiation on the Phase Change in 
Tin.* JEROME FLEEMAN, Brookhaven National Laboratory. 
The 8-phase of tin transforms into the a-phase at transition 
temperatures below —13°C. The rate of transformation is 
known to vary as a function of the temperature! having a 
maximum at roughly —30°C. We have initiated a study of 
the influence of irradiation on the transformation rate of this 
phase change. Annealed samples of tin 0.25 in. 0.75 in. and 
20 mils thick have been exposed at and near liquid nitrogen 
temperatures in the Brookhaven pile for periods of one and 
two weeks. After removal from the pile they have been kept 
at liquid nitrogen temperature until the radioactivity has 
died down sufficiently to allow visual examination. These 
specimens have been compared with similar tin samples un- 
irradiated. The latter show no evidence of transformation 
whereas the irradiated samples show evidence of the char- 
acteristic grey tin ‘pimple’ indicating marked influence of 
the irradiation upon the transformation. Photographs of 
irradiated and unirradiated specimens will be shown. 

Energy 
199, 97 


*Work performed under the auspices of the U. S. Atomic 
Commission. 
1G. Tamman and K. L. Dreyer, Z. anorg. u. 


(1931). 


allgem. Chem 


T9. Electron Mean Free Path of Damaged Copper in Terms 
of Electrical Resistivity and Thermoelectric Power.* G. W. 
RODEBACK AND W. P. EATHERLY, North American Aviation, 
Inc.—According to Sommerfeld’s theory of metals, thermo- 
electric power involves the energy derivatives of the electron 
mean free paths of the two metals. Measurements of the 
thermoelectric power of an annealed—cold-worked copper 
thermocouple have been made from 4.2°K to 300°K, together 
with resistivity measurements over the same temperature 
range. From these data an attempt was made to determine the 
type of scattering introduced by the cold work. By Mathie- 
son’s rule the reciprocal mean free path of the cold-worked 
metal is the sum of the reciprocal mean free paths for the 
crystalline structure and for the cold-work damage. The former 
mean free path is assumed to vary with the square of the de- 
generacy energy while the latter is assumed to be independent 
of energy, representing the effect of isolated scattering cen- 
ters. This plus the Sommerfeld expressions for resistivity and 
thermoelectric power result in the determination of the tem- 
perature and energy dependence of the mean free paths to- 
gether with a relation for the energy which is independent of 
electron density or mass. The observed constancy within 3 
percent of the energy (4.3 ev) and the fixed scattering term, 
from 120°K to 300°K, appears to verify the assumption of 
isolated scattering centers (for example, vacancies and/or 
interstitials). 


* This report is based on studies conducted for the U. S. Atomic Energy 
Commission. 


T10. Hardness Change in Cu Irradiated with 1.25-Mev 
Electrons.* C. E. Dixon ano C. J. MEECHAN, North American 
Aviation, Inc.—The primary effects of pile and cyclotron ir- 
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radiation in metals are! (1) the production of interstitials and 
vacancies and (2) the production of thermal spikes. The in- 
dentation hardness increases which have been observed as a 
result of such irradiations may be a consequence of (1) or (2) 
or both. It appears that thermal spike effects are negligible 
when the irradiation 1-Mev electrons since no 
disordering was observed upon irradiating ordered CusAu.? 
This result suggests the attractive possibility of using electron 
irradiation to isolate the effects of (1) from (2). A moderate 
(5 10'*® electrons/cm?) of annealed 
copper was carried out at about —20°C. Tukon hardness 
measurements made at room temperature showed a change in 
D.P.H. number from 44.3 to 47.7 kg/mm? between the non- 
irradiated and irradiated portions of the specimen, respec- 
tively. About half of this increase annealed out in 8 hours at 
170°C. It is believed this indicates that either interstitials or 
vacancies can contribute to hardness changes. 


consists of 


electron bombardment 


* This report is based on studies conducted for the U. S. Atomic Energy 


Commission 
1F, Seitz, Phys 
2 Dixon, Meechan, and Brinkman 


Today 5, 6 (June, 1952). 
(to be published in Phil. Mag.). 


T11. Displacement Energy for Radiation Damage in Copper. 
D. T. EGGen ano M. J. LAUBENSTEIN, North American 
Aviation.——-M. Mills! has proposed the measurement of the 
lattice displacement energy in crystals by electron bombard- 
ment. Following this theory, Klontz has measured the dis- 
placement energy in Ge to be about 30 ev? and Denney has 
measured that in a Cu-Fe alloy to be about 26.5 for the iron.’ 
A target box was constructed so as to be an extension of the 
acceleration tube of the NAA statitron. Thin Cu specimens 
were mounted on a heavy copper plate which was immersed 
in liquid air during the irradiation and measurements. Elec- 
trical resistance measurements were made at various times 
during the irradiation. The rate of change of the resistance of 
the damaged sample was plotted for electron energies ranging 
from 0.45 to 1.0 Mev. These slopes were then plotted against 
the electron energy. The zero damage intercept occurs at an 
electron energy between 0.45 and 0.50 Mev (0.49+0.02 Mev). 
This corresponds to a displacement energy in copper of about 
25.0+1.0 ev. 

1. M. Mills (personal communication). 


£. Klontz, Ph.D. thesis, Purdue University, June, 1952. 


i 
2 oe 
1 J. Denney, Bull. Am. Phys. Soc. 27, No. 6, 9 (1952). 
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T12. Low Temperature Fast Neutron Bombardment of 
Copper-Beryllium Alloy. J. W. CLELAND, D. S. BILLINGTON, 
AND J. H. Crawrorp, JR., Oak Ridge National Laboratory.— 
Taylor and Murray! have investigated the behavior of elec- 
trical resistivity and hardness of a solution-quenched copper- 
beryllium alloy containing 2 percent Be under pile irradiation 
at ~300°K. They attribute the appreciable increase in hard- 
ness and resistivity to the formation of precipitate nuclei 
made possible by enhanced microdiffusion associated with 
radiation disordering. Such an enhancement has been demon- 
strated by Blewitt and Coltman? for the in-pile ordering of 
CusAu. In order to check this proposed mechanism for copper- 
beryllium, solution-quenched samples have been irradiated 
consecutively at ~120°K and ~300°ix. The increase in re- 
sistivity at 120°K for a given exposure in the graphite reactor 
is smaller by about a factor of four than that observed at 
300°K. If a sample, bombarded for some period at ~120°K, 
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is subsequently irradiated for a short period at or somewhat 
above 300°K, the total change in resistivity is approximately 
that which would be expected if the total irradiation were 
carried out at ~300°K. These results indicate that the greater 
portion of radiation induced resistance increase depends on a 
process, presumably microdiffusion, which involves thermal 
activation. 

1W. E. Taylor and G. T. Murray, Oak Ridge National Laboratory Re 


port No. ORNL 1323 (to be published in Acta Metallurgica). 
2T. H. Blewitt and R. R. Coltman, Phys. Rev. 85, 384 (1952). 


T13. Nature of Radiation Damage in Diamond.* G. J. 
DIENES AND D. A. KLEINMAN, Brookhaven National Labora- 
tory.—Debye temperature measurements! on irradiated silicon 
indicate strongly that the damage in this crystal cannot be 
explained by the presence of vacancies and interstitials. A 
model of radiation damage, applicable to silicon and diamond, 
has been constructed to explain the above observation and 
stored energy and lattice parameter changes. The model is 
based on the known tendency of carbon and silicon to form 
structures with single and double bonds. Energetic recoil 
atoms rupture the covalent single bonds which then reform 
into a system of double and single bonds. Calculations on 
diamond, which successfully correlate stored energy and 
lattice expansion with radiation dosage indicate that: (a) each 
fast neutron collision produces an isolated disordered region, 
(b) these regions are about 45A in diameter and contain about 
10‘ atoms, (c) these regions are mechanically weak due to the 
rupture of bonds and may be considered as holes in the dia- 
mond. The predicted decrease in the elastic constants of 
diamond is of the same order of magnitude as found experi- 
mentally for silicon. In this model 10-100 times more atoms 
are involved than in the vacancy-interstitial picture. 


* Under contract with the U. S. Atomic Energy Commission. 
1 Keesom, Lark-Horovitz, and Pearlman, Science 116, 630 (1952). 


T14. Irradiation Induced Photoconductivity in Magnesium 
Oxide.* Haro_p R. Day,t University of Missouri.—Photo- 
conductivity in single crystals of magnesium oxide was meas- 
ured by a de method. The spectral distribution of photo- 
conductivity is characterized by peaks at 1.2, 2.1, 3.7, and 
4.8 ev. Irradiation of the crystals by ultraviolet light causes 
an enhancement of the photoconductivity subsequently 
measured in the 1.2- and 2.1-ev bands. The enhancement effect 
reaches a saturation level which is independent of the intensity 
of the ultraviolet light and which is a measure of the density 
of imperfections in the crystal lattice. The ultraviolet activated 
region can be displaced by an electric field in such a direction 
as to indicate that the charge carriers are holes in the valence 
band. Neutron irradiation of the crystals gives rise to a ther- 
mally unstable enhancement of photoconductivity throughout 
the spectrum and also causes an increase in the level of satura- 
tion of the ultraviolet activation. The latter increase is stable 
at room temperature and indicates that the neutron irradia- 
tion produces new lattice defects. This effect saturates with 
increasing neutron flux. The density of lattice defects can be 
estimated from the photoconductivity. An energy level model 
is proposed. 

* Work supported in part by the U. S, Office of Naval Research and a 


grant from R. C. 
t Now at General Electric Research Laboratory, Schenectady, New York. 
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U, 


V, AND W 


AT 11:00 


Library, Assembly Room 


TA. Business Session of the Southeastern Section 


SATURDAY MORNING 


AT 10:00 


Business Administration 


(F. Seitz presiding) 


Invited Papers in Solid-State Physics 


U1. Studies of the Tensile Strengths and the Adhesion of Metals by Means of High Centrifugal 
Fields. J. W. Beams, University of Virginia. (30 min.) 
U2. Theoretical and Experimental Studies of Electronic Phenomena in Graphite. W. P. EATHERLY, 


North American Aviation. (40 min.) 


U3. The Minimum in Electrical Resistance of Metals at Low Temperatures. E. MENDOZA, Carnegie 


Institute of Technology. (30 min.) 


Business Meeting of the Division of Solid-State Physics 


SATURDAY AFTERNOON 


AT 2:00 


Business Administration 


(J. W. Beams presiding) 


Invited Papers in Solid-State Physics 


V1. Possibilities of X-Ray Small-Angle Scattering for Study of Crystal Imperfections. A. GsuINiER, 


Universite de Paris. (30 min.) 


V2. Theory of Conduction-Electron Spin Resonance. CHARLES KitreL, University of California 


(30 min.) 


V3. Thermodynamics of Irreversible Processes. H. B. CaLLen, University of Pennsylvania. (35 


min.) 


V4. The 1952 NRC Conference on the Nature and Properties of Surfaces of Solids. Harvey 


Brooks, [Harvard University. (25 min.) 


SATURDAY AFTERNOON AT 2:00 


Bingham Hall 


(A. FE. RuArK presiding) 


X-Rays; Scattering; Theoretical Physics 


WI. Determination of an X-Ray Spectrum from Absorp- 
tion Measurements by Laplace Transformation.* JupiTH 
Casstpy GuRSKY AND P. K. S. WANG, Vanderbilt University 
The attentuation of the beam from a 50-kv beryllium-window 
x-ray tube has been measured in aluminum and carbon. This 
information is used to determine the spectrum of the beam 
The transmitted intensity J, as a function of the absorber 
thickness x is given by! 


I; ° —u(ar)z ) 

a Sie wOzFOA)dA, 

where f(A) is the fractional intensity of the primary beam. 
u(A) being given, f(A) may be obtained by a simple change of 
variable if J,/Io is known. The inverse Laplace transform of 
(I,/Io)e* leads directly to f(A) where yo is the attenuation 
coefficient of the shortest wavelength Ao. The practical prob- 
lem lies in fitting an analytic expression to the experimental 


curve J,/I9 vs x. The spectra obtained from different fits and 
their comparison with the theory? will be presented 


*This work was supported, in part, by the U. S. Atomic Energy 


Commission 
1 J. A. Greening, Proc. Phys. Soc. (London) A63, 1231 (1950) 
2H. A. Kramers, Phil. Mag. 46, 836 (1923). 


W2. Second-Order Scattering Correction in Neutron and 
X-Ray Diffraction.* Grorce H. ViIneyArb,t Brookhaven 
National Laboratory.—A calculation has been made to estimate 
the multiple scattering correction needed in x-ray and neutron 
diffraction structure determinations. The sample is assumed 
to be a plane slab and to consist of small elements scattering 
with random phases. The intensity of n-fold scattered radia- 
tion may be expressed in terms of iterated integrals. Second- 
order scattering has been explicitly evaluated, with the aid 
of an approximation valid when the single scattering from each 
element is distributed nearly equally in a number of direc- 
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tions, as is usually the case with liquids and crystalline 
powders. Universal: curves have been computed for several 
experimental arrangements. Some features which emerge are: 
(a) In all cases the ratio of 2nd-order to 1st-order scattering 
is proportional to the ratio scattering cross section/scattering 
plus absorption cross sections. For this reason multiple 
scattering is generally more important with neutrons than 
with x-rays. (b) In transm/‘ssion arrangements the 2nd-order 
scattering is nearly isotropic for all scattering angles appreci- 
ably lower than 180°. (c) So long as 2nd-order scattering is 
small compared to 1st-order, 2nd-order is sufficiently represent- 
ative of all multiple scattering 


* Under contract with the U. S. Atomic Energy Commission. 
t On leave from the University of Missouri 


W3. Spin-Relativistic Effects in the Multiple Scattering of 
Electrons.* L. V. SPENCER AND C. H. BLANCHARD, National 
Bureau of Standards.—The slowly convergent Legendre poly- 
nomial series representing the angular distribution of electrons 
which have undergone multiple elastic scattering in traveling 
a given distance in a material has previously! been evaluated 
assuming a Rutherford single-scattering across section with a 
correction for screening at small angles; and, usually, using a 
small angle approximation. A new method? for summing 
Legendre polynomials permits evaluation taking account of 
the spin-relativistic corrections? to the Rutherford cross 
section and without small angle approximation. The results 
show that the spin-relativistic correction greatly improves 
the agreement of the theory (particularly at larger angles) 
with the experiment of Hanson et al.‘ for a thin gold foil at 
15.7 Mev. The various effects other than elastic scattering 
(especially inelastic scattering and energy loss), and also the 
error involved in identifying foil thickness with pathlength will 
be discussed. 

* Supported by the U. S. Office of Naval Research and the U. S. Atomic 
Energy Commission. 

! Moliere, Z. Naturforsch. 3A, 78 (1948). Snyder and Scott, Phys. Rev. 
76, 220 (1949). 

2Spencer, Phys. Rev. (to be published). 

3 Feshbach, Phys. Rev. 88, 295 (1952). 

4 Phys. Rev. 84, 634 (1951). 


W4. Energy Spectrum Resulting From Electron Slowing- 
Down.* U. FANo AND L. V. SPENCER, National Bureau of 
Standards.—-Given a uniformly distributed source of electrons 
of energy Eo, we wish to calculate the flux y(Eo, E)dE of 
electrons of energy E traversing a small unit spherical probe. 
The distribution of energy losses e is very skew, with an ¢? 
tail further extended by bremsstrahlung. This precludes a 
continuous-slowing-down model (according to which y is the 
reciprocal stopping power) as well as the direct integration 
which works for x-rays.' An analytical Landau-type treatment, 
valid at all Eo, yields 


y(Eo, E) = (mv? /2rNZe*) J, du exp(—u)tan™! 
X {w/log[1.5262(Eo— E)/Qmint }}, 


where the symbols have their standard meaning and Qmin is the 
effective minimum permissible recoil energy. The integral is 
essentially an average reciprocal stopping number with slowly 
varying value~0.1. The analytical treatment breaks down 
as E decreases, when departures from the assumptions of 
a constant Qmin and of an e~* tail can no longer be disregarded. 
Here one can switch to a numerical procedure, akin to that 
for x-rays, which takes into account analytically the singularity 
of the cross section for e~0. 


* Supported by the U. S. Office of Naval Research and the U. S. Atomic 


Energy Commission 
1P. R. Karr and J. C. Lamkin, Phys. Rev. 76, 1843 (1949), 


WS. Methods for Calculating Approximate Cross Sections 
for Electron-Scattering. Witt1AM J. Byatt, University of 
Alabama (introduced by Arthur E. Ruark).—In computing 
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differential cross sections for electron scattering, either by 
the Born approximation or the much-improved method of 
Montroll, Hart, and Greenberg, it is very helpful to start with 
a simple closed formula for the potential of the scattering atom. 
The scattering of electrons by He, Ne, A, and Hg is discussed. 
The Hartree fields of these elements are represented ana- 
lytically; and the differential cross section is considered for 
electron energies from 100ev to 1 Mev. Extension of the 
method to intermediate atomic numbers is simple in principle, 
but actual application in this domain must await computation 
of a few Hartree potentials in the region Z equals 30 to 70. 


W6. Nyquist and Einstein Relations Derived from a Scat- 
tering Model. Steran Macutup, Bell Telephone Labora- 
tories.—The Nyquist relation between electrical conductivity 
and thermal (Johnson) noise spectral density, and the Einstein 
(-Nernst-Townsend) relation between mobility and diffusion 
coefficient are classically derived by thermodynamic reasoning 
(equipartition). Therefore any microscopic model of a con- 
ductor which permits calculation of these quantities must also 
lead to the proper relations between them. It was thought 
that verifying the relations for a particular model (scattering 
of electrons in a crystal) may help in gaining insight into the 
model. The model must, of course, be statistical: scattering 
(e.g., by lattice vibrations, impurities) is a random process. 
If interactions between electrons are neglected, a model is 
completely determined by specification of both (1) electron 
distribution function f and (2) transition proabilities. From 
the latter one obtains a relaxation time 7 for each electron 
state. One finds that the electron mobility, the thermal noise 
spectrum, and the electron diffusion coefficient are all propor- 
tional to the same functional of f and 7, making their ratios 
obey the classical relations. 


W7. Energy Exchange in Molecular Collisions. B. Wipom* 
AND S. H. Bauer, Cornell University.—It is shown that the 
semiclassical theory! of inelastic molecular collisions is an 
adequate approximation to the quantum-mechanical theory? 
when the relative translational energy of the colliding mole- 
cules is much greater than the change in internal energy. The 
semiclassical theory, however, fails in the neighborhood of the 
threshold. The average cross section for de-excitation colli- 
sions between carbon-dioxide and water is known’ to have a 
maximum at about 350°K; its falling at higher temperatures 
has hitherto been considered an anomaly. When applied to 
this system, the semiclassical theory yields an effective col- 
lision diameter which is indeed a monotonically decreasing 
function of the temperature, this behavior being a direct 
consequence of the mutual reactivity of these molecules. When 
corrected for the low energy failure of the theory, the calcu- 
lated collision diameter must also fall at low temperatures. The 
results are then in qualitative accord with the experimental 
facts over the whole temperature range. 

* Now at University of North Carolina. 

1C. Zener, Phys. Rev. 38, 277 (193i). 


2C. Zener, Phys. Rev. 37, 556 (1931). 
#A. Eucken and L. Kiichler, Physiks Z. 39, 831 (1938). 


W8. On the Energy-Momentum Tensor of the Electro- 
magnetic Field Inside Matter. N. L. Bavazs, Dublin Institute 
for Advanced Studies* (introduced by Eric Rodgers).—Two 
different energy-momentum tensors have been proposed to 
describe the electromagnetic field inside matter. Abraham 
suggested a symmetric tensor while Minkowski’s tensor is non- 
symmetric. With the aid of a thought-experiment it is shown 
here that only the symmetric tensor satisfies the momentum 
conservation and center-of-mass theorems simultaneously. 


* Now at University of Alabama. 
W9. Nuclear Shell Structure as a Many-Body Phenom- 


enon.* INGRAM BLocH AND YU-CHANG HstenH, Vanderbilt 
University —A nuclear Hamiltonian containing pairwise 
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Hooke’s law interactions between the nucleons! provides a 
first approximation to many-body nuclear theory. The normal- 
mode oscillators obey a more restrictive exclusion principle 
than that which applies to individual nucleons. The ground- 
state energy of one set of oscillators depends on the number of 
neutrons present, while that of another set depends on the 
number of protons present. The magic numbers have not 
emerged from the simple Hamiltonian described, but may be’ 
derivable from a refined Hamiltonian. 

* Assisted by the U. S. Army Office of Ordnance Research and by the 
Carnegie Foundation for the Advancement of Teaching. 


1W. V. Houston, Phys. Rev. 47, 942 (1935); 49, 206 (1936). For other 
references, see H. Margenau and K. G. Carroll, Phys. Rev. 54, 705 (1938). 


W10. Magic Numbers and the Statistical Model of the 
Nucleus.* H. W. Newson, Duke University, AND E. MERz- 
BACHER, University of North Carolina.—While the Fermi gas 
model of the nucleus is well known to predict the general 
features of energy level densities in fairly excited nuclei, 
particularly their dependence on excitation energy and particle 
number, it fails, of course, to describe such details as the ob- 
served increase in the average level spacing in compound 
nuclei near neutron magic numbers. In an attempt to incor- 
porate some effects of shell structure into the scheme of indi- 
vidual particle energy levels, which the nucleons of the gas 
can occupy, a “semiconductor” model for the nucleus was con- 
sidered. The following sequence of individual particle energy 
levels was assumed: A low-lying n-fold degenerate level, 
separated by an adjustable gap from the set of energy levels of 
a free particle confined to the nuclear volume, where, however, 
the levels immediately above the gap are as dense as those 
near the Fermi energy in the conventional model. Calculations 
for low temperatures were made, and the entropy versus 
excitation energy was plotted for various sizes of the gap. 
Several ways of correlating the variables in the model with 
characteristic nuclear quantities will be discussed in the light 
of the empirical evidence. about level spacings. 


* Under contract with the U. S. Atomic Energy Commission. 


W11. On the Statistical Theory of Nuclear Reactions. 
BERNARD L. CoHEN, Oak Ridge National Laboratory.—lf 
Weisskopf’s expression for the energy distribution, N(£), of 
particles emitted from nuclear reactions which proceed via a 
compound nucleus is generalized by dropping his assumption 
that the sticking probability, 7, for the inverse reaction is inde- 
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pendent of energy, one obtains 1/2(E, Eo)=—2@ logn/dE 
+1/7T(Eo—E) where 2 =| —0/dE(logN(E)/E)}™, the slope 
of the energy spectrum as usually plotted. The following 
evidence is cited to show that the —@logn/dE term (here- 
after (A)) is not negligible: (a) all observed neutron and 
proton (E>Coulomb barrier) energy spectra curve away 
from the axis whereas assuming (A)=0 demands curvature 
toward the axis; (b) comparing these observed spectra shows 
that & is definitely not a function of (Eo—£) alone; (c) the 
values of (A) required to remove the large discrepancies be- 
tween observed and calculated (nm, p) and (n, a) cross sections 
are roughly consistent with those obtained from the experi- 
mental energy spectra. Assuming (A) not ignorable means that 
selection rules operate to make transitions to low-lying levels 
excessively probable. It also demands that if excited nuclei 
could be bombarded, sticking probabilities would not be unity 
as they are when ground-state nuclei are bombarded. 


W12. The Energy-Momentum Tensor in General Stream 
Electrodynamics. M. AvramMy MELVIN, Florida State Uni- 
versity.—Unnecessary use of the canonical formalism may 
hinder insight into the structure of a theory. This is exhibited 
in recent discussions of the energy-momentum tensor in the 
“new classical electrodynamics,”’ where the final symmetrized 
tensor turns out to be the same for both the first and second 
theories of Dirac. It is also the same for the more general 
stream theory discussed by the author. The simple reason for 
this sameness is that the form of the energy-momentum tensor 
does not depend at all upon the gauge conditions which 
characterize the different theories; this tensor is a consequence 
only of applying to a fine-grained stream of corpuscles of mass 
u, charge ¢, specific concentration N (i.e., number of corpuscles 
contained in a unit comoving volume), and continuous differ- 
entiable 4-velocity field u* =dy%/ds (1) the Lorentz force law 
(L) for the individual corpuscles, and (2) the Maxwell equa- 
tions: (\/,) expressing the vanishing of the cyclical divergence 
{Aag,y+ecyel.} of the electromagnetic field Agg, and (Mz) 
equating the divergence A“, g to the current density Neu. 
The law of conservation of specific charge is as usual an 
identical consequence of (M:). Assuming also de/ds=0, we 
have also (M,') the vanishing of (Nu*%),q. The total specific 
force density is obtained upon multiplying (Z) by N. Inte- 
grating this by parts and using (M,’) gives: (Nuuaqu®), g 
= (AggA®”), y—A* Aaa, 4. 


SATURDAY AFTERNOON AT 2:00 


Venable Hall 


(E. Kk. PLYLER presiding) 


Ultraviolet Spectra; Theory of Molecular Structure; Mass Spectroscopy 


X1. The Near Ultraviolet Absorption Spectrum of p- 
Difluorobenzene Vapor. C Dewey Cooper, University of 
Georgia.—The vapor absorption spectrum of p-difluorobenzene 
has been investigated in the 2900—2400A region with a Bausch 
and Lomb Littrow quartz spectrograph. Most of the bands 
are double with a separation of only 3 or 4cm™!. The 0,0 band 
is located at 36 843 cm™. Prominent bands on the violet side 
of this band are found to involve the excited state frequencies 
of 163, 409, 819, and 1250cm™. Both the 819 and 1250 fre- 
quencies are found in progressions. Weak, temperature de- 
pendent bands on the red side of the 0,0 band are found to 
involve the ground-state frequencies of 247, 452, 860, and 
1260 cm™!. In the p-difluorobenzene spectrum the 0,0 band is 
shifted 1246 cm~ toward the red relative to the calculated 


0,0 band of benzene. This shift will be compared with similar 
shifts for other mono- and di-substituted benzenes 


X2. A Correlation of the Infrared and Ultraviolet Spectra 
of Associated Alcohols.* GLapys A. ANSLOW AND IRENE S. 
Wuite, Smith College.—To aid the interpretation of the ultra- 
violet absorption in alcohols, ascribed to OH*---O and 
OH---O association,' freshly distilled specimens, showing no 
impurities in the infrared, have been investigated in the 3u 
region with a Perkin-Elmer double-beam spectrometer and in 
the ultraviolet with a Beckman spectrophotometer; recording 
spectra at numerous concentrations in carbon tetrachloride 
and isooctane, respectively. Changes in the ratio of polymer 
to dimer components in the infrared were paralleled by corre- 
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sponding changes in the ultraviolet. Values of the monomer 
fraction a measured in the infrared permit the calculation of 
the degree of association f and the polymer length, also a 
correlation with the concentration c.2 Specimens which indicate 
OH*---O association in the uv obey the F(a, f, c) equations 
for polymers, and those indicating OH---O association indi- 
cate dimer association, Specimens which appear to be mixtures 
show similar spectral irregularities at concentrations at which 
monomerization proceeds rapidly 

* Supported by the U. S. Office of Naval Research and by the Research 
Corporation 

' Gladys A. Anslow et al., Faraday Soc. 


Rev. 88, 154 (1952) 
7K. Me ke, Faraday Soc. 


Disc. No. 9, 299 (1950); Phys. 


Disc. No. 9, 161 (1950). 


X3. The Near Ultraviolet Vapor Spectrum of Thianaphthene. 
R. C. HeckMan* anp H. Sponer, Duke University.—The 
near ultraviolet vapor spectrum of thianaphthene has been 
photographed using the large and medium Hilger quartz 
spectrographs. The spectrum arises from two, possibly three 
electronic transitions. The 0,0 bands for these transitions 
have been assigned the frequencies 34 060 cm™ (2935.2A), 
38 300 cm™ (2610A) [or possibly 38 240 cm™ (2614A)] and 
tentatively 43070cm™ (2320A). The first system exhibits 
sharp vibrational bands while bands in the other systems are 
diffuse. Correlations of vibrational differences with Raman 
lines have been established, particularly in the sharp system. 
A comparison has been made of the observed spectrum with 
the electronic band systems of naphthalene in the near 
ultraviolet. 


* Charles F, Kettering Foundation Fellow. 


X4. Electronic Energy Levels of Molecular Oxygen.* 
AtviIn MEcKLER,ft M./.7.—A configuration interaction study 
of the lower-lying electronic energy levels of molecular oxygen 
has been made. With the 1s and 2s shells kept filled, the re- 
maining eight electrons were distributed among the twelve 
spin-orbitals arising from the 2p levels on each atom. The 
molecular orbitals were formed as symmetrical linear com- 
binations of the atomic orbitals, simply for convenience. In- 
clusion of all configurations implies complete equivalence of 
all possible constructions of linear combinations. Out of the 
495 many-electron determinants a group of nine states of 
3, character was set up and twelve of !2,+ character. The 
interaction matrix of each block was computed and diagonal- 
ized (by electronic computer) yielding excellent results for the 
triplet ground state, not as accurate ones for the lowest singlet. 
The energies and wave functions for the lowest triplet and 
singlet were calculated and compared for various values of 
internuclear separation. The history of the molecule is there- 
fore correctly traced from infinite separation inward, revealing 
the competition between the magnetic and nonmagnetic states 
and the deviation from the single configuration approximation. 


* Supported by the U. S. Office of Naval Research. 
t Now a staff member of Lincoln Laboratory, M.L.T. 


SESSIONS X 


AND Y 


X5. A Molecular Orbital Treatment of the Contribution of 
the x-electrons to the Electric Dipole Moments of Some 
Phenyl Halides.* R. H. Knipe, Duke University (introduced 
by H. Sponer).—The contribution of the z-electrons to the 
electric dipole moments of some mono- and di-halogenated 
benzenes has been treated by the molecular orbital method 
without overlap. The influence of the additional z-orbital 
brought into the system upon substitution of the halogen is 
studied by introducing semi-empirical parameters. Using the 
known bond lengths, the approximate additivity rule has 
been verified numerically for a range of values of the halogen 
Coulomb integral 


* Supported by the U. S. Office of Naval Research. 


X6. Application of the Thomas-Fermi Method to the Cal- 
culation of Certain Molecular Vibration Frequencies. W. A. 
Bowers, University of North Carolina.—An attempt has been 
made to use the Thomas-Fermi method to calculate the fre- 
quency of the “breathing” vibrations of tetrahedral and 
octahedral molecules. This is done by an extension of the 
calculations of March,! who regarded the nuclei of the outer 
atoms as smeared out over a spherical surface and applied the 
Thomas-Fermi method to the resulting spherically symmetric 
problem. The energy can then be calculated, and has a 
minimum as a function of sphere radius; hence bond length 
and vibration frequency, or force constant, can be found. The 
force constants found in this way have been compared with 
the experimental data for a number of tetra-halide molecules; 
the agreement is poor, as March found in the case of bond 
lengths, if the actual nuclear charges are used. However, by 
assigning effective nuclear charges to the atoms, corresponding 
to compression of the inner shells into the nucleus, a reason- 
able correlation with the data can be obtained. 


IN. H. March, Proc. Cambridge Phil. Soc. 48, 665 (1952). 

X7. Determination of Molecular Weight of Organic Com- 
pounds by Mass Spectrometry. JoHN R. SITES AND BERNARD 
L. STREHLER, Oak Ridge National Laboratory.—An investiga- 
tion is being undertaken to determine the molecular weights 
of some organic compounds essential to luminescence in the 
firefly lantern extract. Data will be presented which were 
obtained during preliminary observations on_ riboflavin, 
luciferesceine, and luciferin. The molecular weights of these 
compounds are less than 400. 


X8. Mass Spectrometer Analysis of UO.F, in UF,. Russe. 
BaLbDOocK, JOHN R. Sites, L. O. GiILpatrick, AND Howarp E. 
Carr,* Oak Ridge National Laboratory.—A time integration 
method has been developed for the quantitative analysis of 
UO.F, contamination in UF,. Data are collected from a sample 
held at constant temperature in the mass spectrometer until 
the sample is completely used up. 


* Consultant, Alabama Polytechnic Institute 


SATURDAY AFTERNOON AT 2:00 


Howell Hall 


(W. C. DuNLAP, JR., presiding) 


Semiconductors, III 


Yl. The Electrical Resistance of Graphite at Low Tem- 
peratures.* H. W. HemstrREET AND J. M. REYNOLDs, Louisi- 
ana State University.—Measurements, previously reported,! 
on the resistance of polycrystalline graphite, have been re- 
peated with greater precision to allow extrapolation of the 


resistance to absolute zero temperature. These measurements 
were made on two samples over a range of temperature from 
room temperature down to 1.35°K. The resistance was found 
to increase smoothly as the temperature was lowered to about 
20°K. At this temperature the resistance begins to level off 
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until at 4°K it is virtually temperature independent at a value 
about double the room temperature resistance. Below 4°K the 
resistance seems to fall slightly. From 3.5°K to 1.35°K the 
drop is about 0.1 percent where the probable error of each 
point is 0.025 percent. 


* Supported by the National Science Foundation 
1H. W. Hemstreet and J. M. Reynolds, Phys. Rev. 87, 178 (1952) 


Y2. Thermoelectric Power of Carbons.* E. E. Lorsner, 
University of Buffalo.—The thermoelectric power of various 
soft carbons has been previously investigated by the author 
at room temperature as a function of the heat-treatment 
temperature H. In this work measurements were performed 
with an improved technique at three temperatures 7 (a) 88°K, 
(b) 308°K, and (c) 573°K. A single batch of carbon rods was 
used, rods being heat-treated to progressively higher tem- 
peratures and investigated after each heat-treatment. The 
thermoelectric power and electric resistivity of these rods were 
determined at the three temperatures and plotted as a function 
of H. Each of the three curves for the thermoelectric power ex- 
hibits a shallow minimum (around 1300°C of H) and a 
maximum. The position of the maximum varies with the 
temperature of the sample: (a) 2180°C, (b) 2080°C, (c) 1990°C 
of H. The total variation of change in the power from the 
minimum to maximum is roughly proportional to the absolute 
temperature 7, thus indicating a metallic behavior of an 
unfilled energy band for carbons in the baked range (1000°C 
<H <2000°C). All three resistivity curves show the well- 
known plateau:'! the extent of the plateau varies with 7, 
becoming shorter for higher 7's, this being caused by a varia- 
tion in the position of the high H end of the plateau 


* Supported in part by the U. S. Office of Naval Research 
1S. Mrozowski, Phys. Rev. 85, 609 (1952) and 86, 1056 (1952). 


Y3. Electrical Properties of Indium Antimonide, InSb.* 
R. G. BRECKENRIDGE, W. R. HosLer, AND W. OSHINSKY, 
National Bureau of Standards.—Measurements have been 
made of the electrical resistivity and Hall coefficient of 
indium antimonide, InSb, for a temperature range from liquid 
air to 200°C. This compound, whose physical properties 
strongly resemble germanium, has been prepared by the 
vacuum melting of high purity indium and antimony. The 
material was found to be a semiconductor with a low resis- 
tivity of the order of 10°°2cm at room temperature, a low 
activation energy for intrinsic conduction, ca 0.4ev; and a 
high mobility of charge carriers, ca. 2.1 104 cm?/volt sec, for 
electrons at room temperature. It has been possible to prepare 
both n- and p-type samples by control of the composition of the 
melt. An analysis has been made of the temperature variation 
of the charge carrier densities and mobilities obtained from the 
resistivity and Hall coefficient data for both p and n type 
samples. 


* This work was supported by the U. S. Office of Ordnance Research. 


Y4. Thermally Unstable Disorder in p-type Ge Produced 
by Fast Neutron Bombardment. J. H. Crawrorp, JR., J. W. 
CLELAND, D. K. HOLMEs, AND J. C. P1GG, Oak Ridge National 
Laboratory.—A number of P type Ge samples have been 
irradiated at a variety of temperatures in the low temperature 
facility in the graphite reactor. The conductivity of P type Ge 
decreases with bombardment over the low temperature range 
investigated (—90°C to —160°C) at an initial rate which is 
about one-half that of N type material over the same tem- 
perature range. Warming the samples to room temperature 
and recooling indicates that a major portion of the disorder 
introduced below —90°C either anneals out or rearranges to 
a form which radically modifies the nature of the electronic 
energy levels associated with the disorder. Warm-up experi- 
ments also show that there are at least two types of thermally 
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unstable disorder produced energy levels. Material bombarded 
below —140°C shows an additional decrease in conductivity 
on warm-up until the temperature rises to about — 120°C, 
after which continued warming causes an increase in conduc- 
tivity. Material irradiated above ~—140°C shows only a 
conductivity increase on warming. The disorder introduced 
above —140°C appears to anneal out or rearrange by a first- 
order process. 


Y5. The Surface Tension of Liquid Silicon and Germanium. 
PauL H. Keck AND WENDELL VAN Horn, Signal Corps En- 
gineering Laboratory.—The surface tensions of liquid silicon 
and germanium were determined using the drop weight 
method. It was found to be 600 dynes/cm for germanium and 
720 dynes/cm for silicon at their freezing points. The parachors 
of the group IVb elements as derived from surface tension 
measurements of the molten elements are compared with the 
atomic parachors calculated from compounds. The differences 
are interpreted as structural parachors which indicate that 
the bonding between neighboring atoms in the liquid state 
increase in nearly uniform steps from lead to germanium. 
Molten germanium and silicon have nearly the same structural 
parachor indicating similar structures which probably consist 
of tetrahedral groups of atoms. 


Y6. Electrical Properties of Carbon Bisulfate Compounds. 
E. A. Kmerko, University of Buffalo.—The conductivity of 
graphite is known to be increased when bisulfate ions are 
introduced between the aromatic layers, this being due to 
formation of holes in the normally full #-band of graphite.! 
Results of an investigation of similar compounds using sub- 
stances ranging from baked carbons to polycrystalline graphite 
will be reported. Baked carbons exhibit little change in con- 
ductivity and thermoelectric effect when bisulfate ions are 
introduced. Changes are increasingly larger for carbons heat- 
treated to higher temperature. For instance, the initial rate 
of change of resistance with ion concentration is for poly- 
crystalline graphite (3000°C) 6 times greater than for a carbon 
baked to 1400°C. Baked carbons possess many traps on the 
crystallite boundaries (free carbon valencies)*? which create 
large numbers of excess holes in the w-band of the pure ma- 
terial. Thus addition of a small number of extra holes by the 
formation of the compound changes only slightly the elec- 
tronic properties of the substance. The number of traps is so 
large in baked carbons that the Fermi level is depressed below 
the inflection curve and the Hall coefficient is negative for 
these materials 


Chem. Phys. 19, 922 (1951) 
Rev. 85, 609 (1952) and 86, 1056 (1952) 


1G. R. Hennig, J 
2S. Mrozowski, Phys 


Y7. Electrical Properties of the Compound Aluminum 
Antimony. R. K. Wi_Larpson, A. C. BEER, AND A. E. MIDDLE- 
TON, Battelle Memorial Institute-—Preliminary investigations 
of the electrical properties of aluminum antimony indicate 
electrical characteristics somewhat similar to those reported 
for silicon with impurity additions. High purity aluminum 
and specially refined antimony* were reacted in approxi- 
mately stoichiometric proportions to form the compound 
AlSb. The material was then processed to obtain specimens 
containing active impurities varying from approximately 0.5 
percent to less than one part in ten million. Measurements 
were made of electrical resistivity, thermoelectric power, and 
Hall voltage over the temperature range from 90°K to 1200°K. 
Extrinsic conductivity of both n- and p-types was observed. 
The intrinsic conductivity indicated an energy band separa- 
tion somewhat greater than that of silicon. The mobilities of 
the positive holes in the polycrystalline specimens of lower 
carrier density are given by 5X 1057 4 cm?/volt-second at the 





244 


higher temperatures where lattice scattering predominates. 
The effect of scattering by ionized impurities became signifi- 
cant at lower temperatures, the maximum of the mobility 
versus temperature curve occurring below room temperature. 


* Supplied by Bradley Minjng Company, San Francisco, California. 


Y8. The Magnetoresistance Effect in InSb. M. TANEn- 
BAUM AND G. L. Pearson, Bell Telephone Laboratories.— 
H. Welker! has shown that the compound indium antimonide 
is a semiconducting material having properties akin to the 
fourth column elements germanium and silicon and that it has 
unusually high electron and hole mobilities. The preparation 
of this compound in a highly purified form through the use of 
zone-melting techniques? will be described. Polycrystalline 
specimens of 0.03 ohm cm resistivity are obtained. These are 
n-type at room temperature and change to p-type near 175°K. 
Magnetoresistance measurements with /7 perpendicular to J 
give Ap/p=8X10°*H? which corresponds to an electron mo- 
bility of 15000 cm?*/volt-sec. Welker has reported Hall 
mobilities as high as 25000 cm?/volt-sec. The magneto- 
resistance effect approaches zero for H parallel to J thus in- 
dicating spherical energy surfaces. This is in contrast to 
measurements in m-type germanium where a_nonspherical 
shape of the energy surface has been proposed? to explain the 
results 

'H. Welker, Z. Naturforsch. 7a, 744 (1952), 


2W. G. Pfann, J. Metals 4, 747 (1952) 
1 W. Shockely, Phys. Rev. 78, 173 (1950); Phys. Rev. 79, 191 (1950). 


Y9. Hall Mobility in Insulation Photoconductors.* ALFRED 
G. RepFieLp,t University of [llinois.—A technique has been 
developed for measurement of the electronic Hall mobility in 
insulating photoconductors which avoids difficulties caused by 
space charge effects and crystal nonuniformities. The crystal 
is illuminated by short bursts of light so that negligible space 
charge is built up during the time of illumination. The Hall 
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electrodes are of unconventional design. Preliminary results 
on several diamonds between 100 and 300°K fail to give a 
unique value of the mobility, possibly because of variation in 
impurity content from diamond to diamond. The room tem- 
perature electronic Hall mobility in diamond is evidently in 
qualitative agreement with previous! Hall mobility measure- 
ments and much lower than the value of drift mobility ob- 
tained by Pearlstein and Sutton.? 

* Partially supported by tue U. S. Office of Naval Research. 

+ U. S. Atomic Energy Commission predoctoral fellow. 


1C. C. Klick and R. J. Maurer, Phys. Rev. 81, 124 (1951). 
2E. A. Pearlstein and R. B. Sutton, Phys. Rev. 79, 907 (1950). 


Y10. Preparation of Gray Tin Filaments. A. W. EwaALp, 
Northwestern University.—Filaments of gray tin suitable for 
direct electrical measurements have been prepared, and the 
specific conductivity and the temperature dependence of the 
conductivity have been determined. The method of prepara- 
tion consists in drawing fine wires of pure metallic tin in an 
inert atmosphere by the Taylor process.! After dissolving away 
the glass envelopes, the filaments are inoculated with gray 
tin powder and stored at a reduced temperature to allow the 
transformation to proceed. Interrupting the transformation 
when short segments of the gray modification have been pro- 
duced facilitates making electrical contact through the ad- 
joining metallic portions. Electrical conductivity measure- 
ments on five samples ranging in diameter from 50 to 200 
microns and in length from 1 to 3 mm have yielded the values: 
(2.25+0.05) X 10°" cm™~ for the conductivity at O0°C and 
(0.088+0.002) ev for the activation energy determining the 
temperature dependence in the intrinsic range. These results 
are in satisfactory agreement with those of Busch, Wieland 
and Zoller? obtained by eddy current loss measurements on 
gray tin powder 


1G. F. Taylor, Phys. Rev. 23, 655 (1924). 
2 Busch, Wieland, and Zoller, Helv. Phys. Acta 24 (No. 1), 49 (1951). 


SATURDAY AFTERNOON AT 2:00 
Phillips Hall 


(Eric RopGeErs presiding) 


Solid-State Physics, Including Diffusion 


(Papers Z1 to Z8 grouped together by request) 


Zl. X-Ray Study of Graphitization. J. C. Bowman, Na- 
tional Carbon Company AND S. HAYES AND R. SMOLUCHOWSKI, 
Carnegie Institute of Technology.—The so-called carbons are 
highly imperfect structures which on annealing can be gradu- 
ally transformed into graphites of various degrees of perfec- 
tion. This process of graphitization in carbons, heated for 
very short time in the range between 1600 and 2000°C, has 
been studied by means of high resolution small angle x-ray 
scattering and by means of x-ray diffraction. In the range of 
angles between 10 and 30 minutes the small angle scattering 
indicates a total increase of about 40 percent in the number of 
particles in the range between 100 and 200A. This growth is 
accompanied by a substantial decrease of the number of small 
particles which scatter at higher angles. Diffraction patterns 
indicate a parallel increase in the average particle size in the 
c-direction from about 90A to 240A. A proposed mechanism 
of growth will be discussed 


Z2. Small Angle-X-Ray Scattering in Proton-Irradiated 
Diamond.* S. Hayes aNnpD R. SMOLUCHOWSKI, Carnegie 
Institute of Technology.—Study of irradiation effects is par- 


ticularly convenient in diamond because the high stability of 
the lattice minimizes annealing of the effects at room tempera- 
ture. Natural uncut diamonds in form of thin plates, obtained 
through courtesy of the Koebel Diamond Tool Company, 
were irradiated by 360-Mev protons in the Carnegie Institute 
of Technology synchrocyclotron and the small angle x-ray 
scattering on irradiated and unirradiated crystals was com- 
pared by means of a high resolution instrument. Preliminary 
results indicate an appreciable increase of scattering in the 
range of angles between 10 and 30 minutes. No appreciable 
coloring was observed. 


* Supported by a U. S. Atomic Energy Commission contract. 


Z3. Changes in Conductivity of NaCl Produced by Bom- 
bardment with 360-Mev Protons.* FE. A. PEARLSTEIN, Car- 
negie Institute of Technology.—Single crystals of NaCl, previ- 
ously annealed in He at 650°C, have been irradiated with 360- 
Mev protons in the Carnegie Institute of Technology super 
synchrocyclotron. Amounts of bombardment were of the 
order of 10!*/cm?. Large decreases in electrical conductivity 
were found, in agreement with the work of Nelson, Sproull, 
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and Caswell! on KCI. Much of this decrease annealed out at 
about 200°C in one hour. More annealing took place between 
250°C and 300°C. No further annealing was observed up to 
about 470°C. After this annealing the conductivity measured 
between 100°C and 200°C was the same within 10 percent as 
in unirradiated crystals. The conductivity at higher tempera- 
tures could not be restored by annealing at temperatures up 
to about 470°C. Data will be presented on the magnitudes of 
conductivity and of irradiation. Calculations based on Seitz’s 
work? indicate that each 360-Mev proton produces only about 
3 sodium vacancies per cm of trajectory. This would lead one 
to believe that this flux of protons changes the conductivity 
mainly by producing ionization, except for the fact that the 
change does not completely anneal with regard to the tempera- 
ture dependence of the conductivity. 
* Supported by a U. S. Atomic Energy Commission contract. 


1 Nelson, Sproull, and Caswell, Bull. Am. Phys. Soc. 28, No. 1 (1953). 
2 F. Seitz, Disc. Faraday Soc. No. 5, 271 (1949). 


Z4. Density Change in Proton Irradiated Potassium 
Chloride.* W. J. Letvo, Carnegie Institute of Technology. 
Single crystals of potassium chloride were irradiated with 
about 10'° per cm? 360-Mev protons in the Carnegie Institute 
of Technology synchrocyclotron. The irradiation was fairly 
uniform as evidenced by color centers which were produced 
throughout the interior of the crystal. The change in density 
of the crystals upon irradiation was measured and it was 
found that the crystals decreased in density. This change in 
density was determined by observing the difference in sus- 
pension temperatures of the crystals when suspended in 1,3- 
dibromo-propane. To prevent burning of the crystals and 
contamination of the surface during irradiation, the crystals 
were enclosed in a thin-walled aluminum container which was 
filled with helium. An exposure of one hour in the proton beam 
produced a decrease in density of 5X10-§ g/cm’ which is 
large compared to theoretical expectations. 


* Supported by a U. S. Atomic Energy Commission contract. 


ZS. Mechanical Properties of Proton Irradiated Alkali 
Halides.* W. H. VAuGHAN, W. J. LEIvo, AND R. SMOLu- 
CHOWSKI, Carnegie Institute of Technology.—The elastic and 
plastic behavior of single crystals of potassium chloride which 
were subjected to proton bombardment in the Carnegie Insti- 
tute of Technology 360-Mev synchrocyclotron was deter- 
mined by bending. The crystals were loaded at their midpoint 
while being freely supported at their ends and the maximum 
deflection as a function of the load was measured giving the 
Young's modulus and the elastic limit. Crystals which were 
irradiated for one hour in the cyclotron were compared with 
unirradiated crystals having the same dimensions. Pre- 
liminary results indicate an increase of Young’s modulus. 
Hardness of irradiated and of unirradiated single crystals of 
KCl and of NaCl was measured by a Tukon tester which made 
indentations about 10-* mm deep. Irradiation increased the 
hardness of the surface of the crystals (for NaCl from 16.3 to 
36 while) the hardness of the inside of the crystals as measured 
on cleaved irradiated samples. Surface hardness increased with 
increasing beam intensity. 


* Supported by a U. S. Atomic Energy Commission contract. 


Z6. On Change of Metallic Conductivity Through Change 
in Thermal Scattering.* R. SMoLucnowsk!, Carnegie Insti- 
tute of Technology.—In many changes of electrical conductivity 
observed in metals, the effect can be interpreted in terms of 
changed periodicity of the lattice or as a result of introduction 
of imperfections. The first occurs, for instance, in ordering 
phenomena, the latter in irradiation by nucleons. However, 
both these changes may be accompanied by a change in the 
vibration spectrum of the lattice and thus by a change in the 
thermal scattering of the conduction electrons. A rough esti- 
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mate of these changes in ordering and in irradiation effects is 
given and the results compared with experimental data. 


* Supported by a U. S. Atomic Energy Commission contract. 


Z7. Anisotropy of Grain Boundary Diffusion.* L. CouLING 
AND R. SMoLUCHOWSKI, Carnegie Institute of Technology.— 
As a result of a study of diffusion of silver and of zinc in grain 
boundaries of copper, a definite structure of these beundacies 
has been proposed.' In particular in grain boundaries between 
grains having one cubic direction in common and the angle @ 
between the other cubic directions varying from about 15 to 
35 degrees the diffusion would occur along ‘‘rods”’ of distorted 
lattice caused by clustering of dislocations (or high concentra- 
tion of vacancies). This would lead to an anisotropy of diffu- 
sion in various directions in the boundary. Diffusion in direc- 
tions forming an angle g=0, 45, and 90° with the common 
cubic direction has been measured using radioactive silver 
and an autoradiographic technique on bi-crystals of copper. 
Early indications of anisotropy of diffusion have been con- 
firmed for the above-mentioned range of @ while for @ near 
45° little or no anisotropy has been found in accord with the 
model of a uniform and isotropic grain boundary. 


* Supported by a U. S. Atomic Energy Commission contract. 
R. Smoluchowski, Phys. Rev. 87, 482 (1952). 


Z8. Grain Boundary Self-Diffusion in Body-Centered Lat- 
tice.* C. W. HAYNES AND R. SMOLUCHOWwSK!, Carnegie In- 
stitute of Technology.—Pronounced grain boundary diffusion 
was previously observed in face-centered cubic lattices in 
which the difference between the close-packed inside of the 
grain and the distorted grain boundary material is presumably 
large. In body-centered lattices, this difference would be ex- 
pected to be much smaller. Bi-crystals were grown by means 
of the strain-anneal technique in iron containing about 3 
percent silicon (to promote growth of large crystals). The 
relative orientation of the crystals was predetermined by 
Dunn's ‘‘seed” method.! The crystals had a common [110] 
direction and an angle 5°< 6< 86° between the axes in the 
(110) plane. The specimens were plated on one side with Fe 
to about 5105 cpm, diffused at various temperatures be- 
tween 804°C and 827°C, and the depth of penetration of the 
radioactive isotope determined by autoradiography and by 
counting. The results indicate absence of measurable grain 
boundary diffusion at angles up to about 6=20 degrees and 
an increasing boundary penetration up to @= 85 degrees. There 
appears to be a cusp in the neighborhood of @=45° 


* Supported by a U. S. Atomic Energy Commission contract. 
1C. G. Dunn, J. Metals 1, 72 (1949). 


Z9. Diffusion of Antimony in Silver.* E. Sonper, L. 
SLIFKIN, AND D. Lazarus, University of Illinois.—As part of 
a general program of investigating diffusion of various neigh- 
boring elements into silver, diffusion coefficients for antimony 
into single crystals of 99.99 percent pure silver have been 
measured over a temperature range of 500 to 940°C using 
Sb as a tracer. A least squares calculation yields D=0.19 
exp(—38 500/RT) cm*/sec. This is consistent with tentative 
values reported earlier and confirms the sharp disagreement 
with the data of Seith and Peretti, who obtained D=5 
x 10° exp(—21 700/RT) cm?/sec.! Experiments concerning 
grain boundary diffusion for Sb'™ into silver will also be 
discussed 

* Supported in part by the U. S. Atomic Energy Commission 

1 Seith and Peretti, Z. Electrochem. 42, 570 (1936) 


Z10. Diffusion of Cadmium in Single Crystals of Silver.* 
T. Tomizuka, L. Stirkin, AND D. Lazarus, University of 
Iilinois.—As part of a program to obtain the dependence on 
atomic number of the diffusion in silver of neighboring ele- 
ments, diffusion of cadmium 115 in 99.99 percent pure single 
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crystals of silver was measured. A thin wall beta-counter was 
employed for the immersion counting of a thin cylindrical 
layer of solution and the reproducibility thus obtained was 
satisfactory. Measurements at higher temperatures give a 
tentative value of 41 kcal/mole for the activation energy 
This differs radically from the data of Seith and Peretti.! This 
will be compared with the activation energy of self-diffusion 
in silver? and with that of the diffusion of antimony in silver.’ 
S. Atomic Energy Commission. 
Elektrochem. 42, 570 (1936). 


Appl. Phys. 23, 1032 (1952). 
Appl. Phys. 23, 1404 (1952). 


* Supported in part by the I 
IW. Seith and E. Peretti, Z 
*Slifkin, Lazarus, and Tomizuka, J 
4Slifkin, Lazarus, and Tomizuka, J 


Z11. The Influence of Impurities on Diffusion in Solids.* 
ALBERT W. OVERHAUSER, University of Illinois.—The elastic 
distortions introduced into a lattice by impurity atoms will 
modify the potential barriers over which atoms must jump 
during the diffusion process. A statistical distribution in bar- 
rier heights results which increases the average rate of diffu- 
sion by a factor e’/, where f is the atomic fraction of impurity 
atoms and + is a constant. Diffusion by means of vacancies 
was assumed. The elastic strains about each impurity were 
estimated from the degree of misfit of the impurity atom. The 
change in barrier height at the saddle point due to a given dis- 
tortion was assumed to be due to the change of the repulsive 
exchange potential of the nearest neighbors. A repulsive po- 
tential of the usual exponential type, fitted to the elastic 
constants, was used. An increase in the rate of self-diffusion 
has been observed for small amounts of Cu in Ag by Holloman 
and Turnbull, for Pb in Ag by Hoffman and Turnbull, for K* 
in NaCl by Etzel, and for interstitial Cu in Cu by the writer. 


2 AMD SP 

The observed magnitudes for the coefficient 6 in each of the 
above cases are about 10, 10%, 410°, and 10‘, respectively, 
and agree with the computed values to a factor of two. 


* This work was supported by the U. S. Atomic Energy Commission. 

Z12. Activation Entropies for Diffusion Mechanisms.* 
H. B. Huntinoton, G. A. SHIRN, AND E. S. Wayjpa, Rensselaer 
Polytechnic Institute.—For all diffusion mechanisms there are 
associated changes in the entropy associated with the occur- 
rence of the activated complex that affect the diffusion co- 
efficient as exp(A.S/k). An effort has been made to estimate 
these quantities from a simple atomic model considering only 
the changes in the vibration spectrum caused by the lattice 
defect during the diffusion jump. The calculation has been 
applied to a fcc metal with long range cohesive forces and 
close-range exponential repulsion between ions. The changes 
in the atomic vibrations can be considered as arising mainly 
from the central repulsive forces and their effect on the en- 
tropy is calculated from the basis of an Einstein model. These 
local effects are somewhat offset by the changes in the medium 
far from the defect where the condition for zero surface pres- 
sure affects the solition of the spherical elastic defect. For some 
defects AS is negative contrary to current thinking by some 
workers. For the particular case of an interstitial defect 
(using a repulsive force law fitted to the elastic data of copper) 
AS was about —4.3k. The negative result arises from the high 
density at the defect. For a vacancy defect with the same 
model AS is about + 1k. 


* Supported by the U. S. Atomic Energy Commission 


SUPPLEMENTARY PROGRAMME 


SP1. A Versatile Radiation Oven.*t RrcHarp B. BELSER, 
Georgia Institute of Technology.—The construction of an 
economical, high temperature, infrared oven consisting of a 
one-liter beaker, lined with a reflecting material, and a single 
250-watt, infrared bulb has been previously described.' This 
oven has been developed further into a more versatile tool. 
The position of the axes of the beaker and the lamp with 
reference to a horizontal axis is of little importance in the 
oven's efficiency. By operation of the oven, with the beaker 
inverted over the lamp, the placing of samples to be heated 
is facilitated. The oven may be powered by a photoflood lamp 
or ultraviolet sun lamp as well. It thus offers intense fields of 
visible or ultraviolet radiation. By using a lamp with a hole 
drilled in its face the oven may be operated within a vacuum 
chamber. The heating efficiency is greater within the vacuum. 
A temperature of 725°C was reached within the oven with 135 
volts across the lamp's filament. By use of this oven as a 
heating agent, without and within a vacuum, some interesting 
studies of the ‘‘aging”’ of thin metal films have been made 


S. Army Signal Corps 


* Supported by | 
# Session I if the Chairman rules that time 


t To be given at the end 
permits 

'The Research 
1952, p.9 


Engineer, Georgia Institute of Technology, January, 


SP2. A Phase Transition in ND,D,AsO,.* ¢ B. C. FRAzErR, 
Brookhaven National Laboratory.—It was shown by Matthias! 
that, as in the case of KD.PO,4,2 ND,D.PO, has a transition 
temperature about 90° higher than the undeuterated salt 
(an increase from 148°K to 242°K). The transition tempera- 
ture for NH,H2AsO, is 216°K, which suggests that deutera- 
tion should shift the transition above room temperature. This 
has been confirmed by dielectric and optical studies. The 
transition temperature observed was 31°C. Thus the shatter- 
ing or cracking which has usually interfered with investiga- 
tions below the transition temperatures of the ammonium 
salts can be avoided, since ND,D.AsO, crystals can be grown 
at room temperature directly in the orthorhombic phase. The 
preferential axis of growth was identified optically and by 
x-rays as being what becomes the tetragonal C axis in the 
transition. Measurements were made in the laboratory of 
Dr. Ray Pepinsky at the Pennsylvania State College. 
1. S. Atomic 


* Research carried out under the auspices of the | Energy 


Commission. 
+ To be given at the end of Session E if the chairman rules that time 
permits. 
1B. T. Matthias, Phys 
?W. Bautle, Helv. Phys 


Rev. 85, 141 (1952) 
Acta 15, 373 (1942) 
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